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Preface 


This collection of problems is intended as an accompani- 
ment to a course on discrete mathematics at the universi- 
ties. Senior students and graduates specializing in mathe- 
matical cybernetics may also find the book useful. Lectur- 
ers can use the material for exercises during seminars. 

The material in this book is based on a course of 1ес- 
tures on discrete mathematics delivered by the authors over 
a number of years at the Faculty of Mechanics and Mathe- 
matics, and later at the Faculty of Computational Mathe- 
matics and Cybernetics at Moscow State University. 

The reader can use Jntroduction to Discrete Mathema- 
tics by S. Yablonsky as the main text when solving the 
problems in this collection. 

The book consists of eight chapters. The first two chap- 
ters are devoted to Boolean algebra which forms the ba- 
sis of discrete mathematics. About a quarter of the total 
teaching time during lectures and practicals at the Com- 
putational Mathematics and Cybernetics Faculty at Mos- 
cow University is devoted to Boolean algebra. The ma- 
terial in this part introduces the student to the concepts 
of discrete functions, superposition, and functionally 
complete sets. It also acquaints the student with various 
methods for specifying a discrete function (tables, poly- 
nomial representation, normal forms, geometrical repre- 
sentation using an n-dimensional unit cube, etc.). Me- 
thods for testing the completeness and closure of sets of 
functions are also considered. 

The third chapter is devoted to k-valued logics. The 
problems presented are intended to acquaint the reader 
with the canonical expansions of k-valued functions, equiv- 
alent transformations of formulas, closed classes of the 
k-valued functions, and methods for testing the complete- 
ness and closure of functions. Several problems in the 
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chapter iblustrate the difference between & valued logics 
(k => 2) and Boolean algebra 

The fourth chapter contains problems on the theory of 
directed and undirected graphs and the network and circuit 
theory The chapter describes the basic concepts methods 
and terms of graph theory which are widely used 10 de 
scribe and investigate the structural properties of objects 
in various branches of science and technology The prob 
lems are intended to consolidate the basic concepts of 
graph theory to illustrate the application of network and 
graph theory to the construction of circuits representing 
Boolean functions ta count the number of objects with a 
given geometrical structure еіс The authors hope that 
the lecturer wili also find problems in this chapter to 
help him demonstrate the mathematical rigor during the 
proof of geometrically obvious statements 

The fifth chapter describes the basic concepts of coding 
theory The problems concern the properties of error cor 
recting codes, alphabetical codes and minimum redun 
dancy codes 

The sixth chapter contains problems demonstrating 
difierent ways of describing discrete transformers (auto- 
matons) Problems aimed at revealing deterministic and 
boundedly deterministic automatons are also given Other 
problems concern the different ways of representing auto- 
matons (diagrams canonical equations and schemes (cir 
cujts)) the investigation of the functional completeness 
and closure of sets of automatan mappings and alsa tha 
properties of operations involving such mappings 

The seventh chapter deals with the elements of algo- 
rihm theory and is intended to provide an idea about 
efective computability and complexity of computations 
[t is also about certain ways for specifying algorithms 
such as Turing s machines and recursive functions 

The eighth chapter describes the elements of combina 
toral analysis While studying discrete. mathematics 
one frequently comes across questions concerning the 
existence counting and eslimation of various combina 
torial objects Hence combinatorial problems are in 
cluded in the book 

For the sake of convenience the authors have started 
each section with a theoretical background 

Hants and answers are provided for most (but not all) 
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problems. Solutions are given in a concise form in the 
form of notes, and trivial conclusions are omitted. In 
some cases, only the outlines of solutions are presented. 

The exercises in the book have various origins. Most of 
the material is traditional and specialists on discrete 
mathematics are all too familiar with such problems. 
However, it is practically impossible to trace the origin 
of the problems of this kind. Most of the problems were 
conceived by the authors during seminars and practical 
classes, during examinations, and also while preparing 
this book. Some of the problems resulted from studying 
publications in journals, and a few have been borrowed 
from other sources. Several problems were passed on to 
us by staff at the Faculty and by other colleagues. The 
authors express their sincere gratitude to them all. 

The authors are deeply indebted to S.V. Yablonsky 
for his persistent interest during the preparation of this 
book. His comments and suggestions played a significant 
role in determining the structure and scope of this book. 

We are also grateful to our reviewers V.V. Glagolev 
and А.А. Markov for their critical comments and sugges- 
tions for improving the collection. 

G.P. Gavrilov 
A.A. Sapozhenko 


Chapter Опе 


Boolean Functions: Methods 
of Defining and Basic Properties 


1.4. Boolean Vectors 
and a Unit 72-Dimensional Cube‘ 


A vector (um, @,  ,&,) whose coordinates assume 
values from the set (0, 11 15 called a binary or Воо 
lean, vector (tuple) We shall denote such a vector by 


a^ or &. The number nis called the length of the 
vector The set of all Boolean vectors of length n 1з 
called a unit n dunensionalcube and is denoted Бу £^ 


The vectors a” are called the vertices of the cube B" 

The weight or norm || ua") of the vector a^ 15 the num 

ber of coordinates of this vector ihat are equal to unity, 
Th 

1e |а" |1-= 2; =, The set of all vertices of the cube B^ 
{ 


having а weight к 13 Called kh stratum of the cube 
B^ and 15 denoted by Ба To each Boolean vector а”, 


кы ы 
thers corresponds a number v (07) = 2 «277, called 


the number of the vector c^. The tuple a” їз obviously 

а binary expansion of the number v(a"} The (Ham- 

ming) distance between the vertices a and |) of the cube 
"^ 


B^ {а the number p (a, B) = У уо, — 6,1, equal ta the 
Is 1 


number of coordinates in which they difer The Ham- 
ming distance 1з a metne, and the cube В" 15 a metric 


space ‘The tuples & and B Irom E" are called adjacent 
po ты Per Few 
if p (c, В) = 1, and opposite if p (a, B) = п Au unor 


і Tlus section 1з aurihary We shall be using only problema 
110416, 1111 1115, 1115. 11 1134, 1135 
An 
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dered pair of adjacent vertices is called an edge of the cube. 
The set Bh (о) = (B: p CA B) — k) is called a sphere, 
while the set Sz (с) == (B: D (a, В) < k) is a ball of ra- 
dius k with a centre at о. The tuple a” is said to precede 
the tuple B^ (notation: a" < В") if ax: В, for all 
i = 1,n. If in this case о Æ В", the tuple a” is said 
lo precede В" strictly (notation: "P В"). If at least one 
of the relations а" < В" or B^ < a” is satisfied, a” and 
В" аге called comparable. Otherwise, a” and В" are said 
to be incomparable. The tuple a" directly precedes В" 


fo^ < В" and р (o^, В”) — 1. The precedence relation 
between the tuples is the relation of partial order in В", 


Fig. 1 


Figure 1 shows the diagrams of partially ordered sets 
D*, B? and B+. The sequence of vertices of the cube 


(eo. о, p on} is called a chain connecting Cy and 
a, (notation: [a,, cl) if p CH о.) = 1 (1 = 1, k). 
The number k is called the length of the chain [бе a]. 
The chain (e, ол, E ©} is called ап ascending chain 
if Qi < а: (i = 1, k). A chain z of the type (a, Oy. єз 
Œr} is called a cycle of length k if " = "m Let о = (ot, 
Obras 5 €,)andp = (Di; Bo... +)» Ba) be vectors from В", 
We denote hy a Ф B the vector (e, Ө B, а, Ө Ba, . 


* ах 
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®„ Ф p,) obiaimned by exclusive sum of vectors M and 8 
By aU P we denote a vector whose t th coordinate 1s 


equal to zero if and only 1ї œ; = В, = 0 and by «ПЁ 
a vector whose t th coordinate 1s equal to 1 1f and only if 


= =p: = 1 By @ we denote a vector loppostte to a) 
whose i-th coordinate assumes the value Q i£ a, — 1 and 
the хаме і ofa, — 0 if a € (0,15, we put ox = 


{са,, са, , o2@,} The symbols ( and 1 are used to 
denote vectors (0, 0, , 0) and (1, 1, ‚ 1) respec- 
tively 


Theset B, " 2, '* of all tuples (a, @„) from B^ 
for which а, =o, (у = 1, K) is called a face of the 
cube В" The set i ={y ‚ i} as called the direction of 


the face the number А the rank of the face, and n — k 
the dimension of the jace 


fii. (f) Find the number {57 | of tuples а" having 
a Weight À А 
(2) What 15 the total number of vertices in the 
cube 5"? 

і 1.2. (1) Find the numbers of tuples (1001), (01101) 
and (110010) 

(2) Find a vector of length 6 which 15 a binary 

expansion of the number 19 


1.1.3. Find the number of tuples a Є Ба satisfying the 


condition 2" tav (tz) << 2" 
1.1.4. Show that the following relations hold for any 


a, B, yin E^ 
ЧУ р (к, сре рф. ч), 
ap aypa bhre py, O 
(3) p, = nel --ubt—20e пр, 


(4) p (а, B) la Ou 
115 (1) Find the number of unordered pairs of adja- 
cent vertices of B" 
(2) Find the number of unordered patra of tup 


les (о, В"), such that p (a^. $^) = i 
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1.1.6. Let а and B be the vertices of a cube В", 


р (в, P — m. Find the number of vertices К satisfying 
the condition 


(1) p (a, ») + e (9, B) = p (e. B); 

Q)p@y=k, рф, yr 

(3) о (с, т) <, р (В, т) =r 

Ш) рб, сЕ, pyr. 

1.1.7. Prove that the following systems of relations аге 


incompatible for a, В and Y in В", nz 2: 


(D p (a B)—2n/3, р(, ү) > 2n/3, p, 2 
nio; 


Q)ve<vGOyx), vB)-viveo » (1) < 
v (a © В); 

3) Па > uüBevinBli 1те |, vil 
leei е п( пт) 1 = 0; 

(4) Па Вет 0, |а еве = п – 1. 


1.1.8. Let c, б and ү be the vertices of a cube В", Show 
that: 


(1) а < В is equivalent to a f B = 0; 
(2) iU В = 1 is equivalent to B< a; 
(3) «n(«UB = а; 

(4) ар (а NB) = a; 

©) @U B) nuU т) = с пту 6; 


(Tax leads to the relation c {J (f (13) = (aU B) y; 
(8) a< Y is equivalent to aU @пт»< @П ё) пу; 
9) епу &npuGne-«u& п (у Ў 


(vU a). 
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119 How many vectois (a, G ) in 8, satisfy 
the relation У agmi? forall m 1 12? 
ix 


am - 

{110 Find the number of vectors z in Bj, 1A x 5/2 
igra (п —A)/A 1) which have at least r zero 
coordinates between two unit coordinates 

1111. (1) Show that В contains a set consisting of 
m | pairwise incomparable vectors 

(2) Show that any subset containing not less 
than n -+ 2 vectors includes a pair of incomparable 
Vectors 

1112 Let Ox «kx п and let A (x) beasetof al] 
vettors in B. comparable with a Pind the power of the 
set € 

(СА (=) NAR ae Af, 

(2)C -A@) BF «cB 

(3) € — A (a) u CH, 

1113 Let Ac B? and Д be a set of all tuples in 
Б, that are comparable with at least one set in А 


| А! 

Prove that Cy) ey 

} k 

{114 (1) Show that В" contains л! patrwise different 

ascending chains of length п 

(2) Show that the number of pairwise different 

ascending chains of length п contarning a fixed vertex 
с in Dg 18 equal to Kkl(n — ÀM 

i 1 15* (1) Show that the power of any subset of 

pairwise incomparable tuples of cube B" does not exceed 


| [ :/2] | 
(2) Show that if the subset А cz B" consists 
of pairwise incomparable sets and [Ja || for any «СА 
then | A| x | i for kx n/2 
[116 Let p, p, p» be pairwise different prime 
numbers and № be the set of all numbers that can he 
presented in the form рз раа ра" where a, € {0, 1} 
г=1,п Let A C N be a subset such that none of the 
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numbers a € A is a divisor of any of the numbers 6 C A 
other than a. Prove that | A [< nm )- 


1.1.17. Let с and 8 be the vertices of a cube В”, such 
that а < В, О (a., В) = k. Prove that the number ої 
tuples Y satisfying the relation а < y < В is equal to 2^. 

1.1.18*. Prove that the cube В" can be represented as 
a union of pairwise nonintersecting ascending chains 
having the following properties: 

(1) the number of chains having a length (n — 2h) is 
equal to | н) -( Е. , k=0, [n/2], the minimal tuple 
of each chain having a weight k and the maximal tuple 
a weight n—k; 

(2) if б, Citas and "A are three consecutive vertices 
of an ascending chain having a length n — 2k, the ver- 
tex В satisfying the relation о; < В < «ja, В Kain, 
belongs to a certain chain of length n — 2k — 

1.1.19. Leta and B be the vertices of the cube B” such 
that р (ac, В) = К, and let C (a, 8) be a set of all verti- 


ces Y for each of which there exists a chain [o., B] of 
length which is not more than & + 2r containing this ver- 


tex y. Find the power of the set C (a, 8). 
1.1.20. The set A = B" is called a complete set in В" 


if any vector B € B" can һе uniquely reconstructed under 
the condition that the distance o (о, 8) is known for each 
a С A. A complete set in B" is called a base set if for each 
vector @ in A, the set AN {a} is not a complete set. 
К (1) Prove that any ascending chain Gto, б, — 


Оп. in B" forms a base set. 

(2) Show that the sets B? and В" _; are complete in 
Б" for n — 2, Indicate a number n > 2 for which Br 
15 not a base set. 

(3) For what n and k is the set B? not complete in B"? 


(4) Prove that any base set А in B" satisfies the con- 


TE n 
dition Tanp «14 | «n. 
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(5) Prove that none of the faces having a dimension 
п—2 13 а complete set in B" 
(б) Prove that the number Ф, of base sets in B^ 


satisfies the inequalities 2 (nl) V, "i | 
1.1.21. Let ф be a one to one mapping of Л" onto 1 
self The mapping p 15 said to preserve the distance be 


tween vertices Ff p (с. р) = р {Ф (а), {р (BY) for all a Ё 
in B" Prove that the mapping g preserves the distance 
if and only if it can be obtained with the help oi 

(1) a certain commutation of coordinates simultaneous 
ly in all vectors in Л", 

(2) a substitution of O by 1 and 1 by 0 1n certain coord: 
nates of all vectors 

1122 The mapping ф of the set #’ onto itself is called 
monotonic if the condition v (а) v (В) leads to the 
inequality v {p (а) v (qo (85, Find the number of 
ynanotenic mappings of the cube Д” 

1.1.23. Let x € Bg The set ME (а) = {у vis 
via} v € BE} is called the initial segment of the stra 
tum BR Let A = B", we denote by 27 (A) the set of all 
tuples В € AP for each of which there exists an a € A 
such that pa a 

(1) Let «€ BR, and а, 4, QUU Luxe 

<< Аш п) be the numbers of those coordinates af 
the vector & which are equal to unity Show that 


блан 059) 
(2) Show that tË is% Ё and A is the mittal segment of 


the stratum Sy, the set ZF (A4) 25 the 101112] segment of 
the stratum #? 


(3) Let a € B? and bry 83, a (gua < 

„їч л) be the numbers of those coordinates 

of the vector « which are equal to unity Let 4 = 
Mita) and Ix А Show that 


ааа (т) T) 
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(4)* Let «т< | х ). Prove that the minimum of 
the quantity | 221 (А) | for all А < B; satisfying the 
condition | А | = т is attained at the initial segment 
of the stratum Вр. 

(5) Let Lm ( 5 ) and <k. Prove that the mini- 
mum of the quantity | ZP (A) | for all Ac Вк satisty- 
ing the condition | А | = т is attained at the initial 
segment of the stratum By. 

(6) Let ay, а,, ay ...,а, be given numbers for which 
there exists a set A of pairwise incomparable tuples 
such that | Af] B? |a, (Е=0, п). Then the mini- 
mum of the quantity | Z} (A)| for all such sets A is 
attained when the set А N B? is the initial segment 
of the stratum B? for all iL. 

1.1.24*. Let A с B" be a set of all tuples such that 


there are no tuples n B, y in A for which a n B = 0 
and о |] В = v. Let a, = | A N Bg |. Show that 


м) (а) 
for all natural numbers & апа m that do not exceed л. 


— 1.1.25. The set T (A) = (à: & € BN A, p(&, А) = 1) 
is called the boundary of the subset A с B". Let 1 i i, < 


la L... < ір < n. We denote by an eera t ha 


Giz... 6 
set of all tuples in A for which the coordinate with number 
z 15 equal to О} (j = 1, k). 

The centre of set A is defined as a tuple whose i-th coor- 
dinate is equal to zero for | Ai |> 1/2 | А | , and equal 


to unity otherwise. We denote by aiti» "14 the tuple ob- 


tained from с by reversing the values of coordinates with 
numbers à, i,, ..., iy. 

(1) Show that for any А < В" there exists an A’ œ В" 
such that |4'|—]|A]|, I|r(A)|] 2|T (4)| and 
the centre of A' is the vertex 0 — (0,0, ..., 0). 

(2) We shall say that the set A c В" has the property 


I if for all i = 1, п it follows from « € Ai that ai € A. 
Show that for all А c P" there exists aset A’ with cen- 
2—0636 
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treatÜ, such that |4' | = |А |, A possesses the 
propeity 1, and | T 442 ] | (4) ] 

(3) We shall say that the set А & D" possesses the 
property II if for all t, J (1.5z ¢ <t fg n) itfollows from 


a € Ai! that ai) CA Show that for any A having its 
centre at Ò and possessing the property 1, there existis ап 
A’ with centre at 0 possessing the properties I, 11, and 
such that [А] = 1А |, and |T (A) I< | T (A)! 
(4)* Show that the minimum of | Г (A) | for all A =й" 


kai oy n 
satisfying the inequality pA | i ) < [A] <2 ( .) 


is attained on the set A = SP; (0)U Aff (a), where 
Л (а) is a certain Gnite segment of the stratum Ök 
) 


(seo Problem 1 1 23 
1.1.26. Let q (n) (p (лу) be the maximum power oi 


the set А = B" such that iei n8 || == 1 (resp | а f 


3 Ца i) for any twa different vectors ia А Shaw that 
(1) p(n} «n; (2) p (n) == 277 
1.1.27. Let F (n, k) be a family of subsets A of the 


set П" such that T 08 ls k for any a, B m А Let 


p (n, k) = max [4] Prove the following state 
AE Fin Ау 
ments 
" 
(en B2 X (1) 
gan PAS 
rri 


(2) Let A C F (n, к); then | Af) Br] +) Af? Bror- x 
n 


i 
(3) For tS the equality | A N BPIH LAN 


Bg 14a - t| == | |) holds only when A f) 811-1 = 2 


U) e( = X (T) for even ath, 
nth 
—— 


{= 
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gu 


юй 


p (n, k) = con У (7) for odd n+é. 


1.1.28. Let Р, (п) be a family of subsets А c B" such 


that о (a, В) «cor for all а and ? in A. Let ф„(л)= 
max | A |. 
AEF (п) 


(1)* Show that the maximum of БЯ is attained for 

all AEF, (n) on sets of the type Sp (о) and is equal to 
п 

У (i): 
k= 

(2) For odd n and r = (n — 1)/2, give an example ofa 
set А ЄР. (п) which is not a bal) of radius г, and for 
which ГА | = Ф, (л). 


1.1.29*. The subset А = В" is said to possess the 
property 1 if any two vectors in A have a common unit coor- 


dinate, property 2 if for any a C А the opposite vector 
a does not lie in A, and property 3 if it follows from 


& € A and a xz В that D € A. Let xp (п) be the number of 
subsets А с: B" possessing properties I and Il simulta- 
neously, and ọ (n) be the number of subsets B c Б" 
possessing property 3. Show that: 


n-i 

d) poslom); (ду р) р (n— 1) 

1.1.30. Let A CB", ара R (A) be the number of such 
edges C. | В) thata € А, B Є B, A. Show that | R (A) [> 
min ДА р, 2"— 14A 

1.1.91. Prove the following statements: 

(1) The number of diflerent faces in a fixed direction 
fiis ts, .... à) is equal to 2*. 

(2) Two different faces in the same direction do not 
intersect. 

(3) The union of all faces of the cube B" having а 
given direction is the entire cube. 

(4) The number of all faces of rank А in the cube B” 
is equal to А 2; 
| „аш total number of faces of the cube B" is equal 
О H 
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(6) The number of faces of dimension А containing a 


given vertex Q 18 equal to " 
(7) The number of faces of dimension & containing a 


given face of dimension / 1s equal to (i T ;) 


(8) The number of k dimensional faces intersecting 
a given Z dimensional face of the cube Д" 1з equal to 
mimk n 


ip; [h] 

a % р }2 (22) 
1 1.32. We define the interval oj the cube B" as a set 
of the form fy ax PES В), where а and | are certain 


vertices such that ax D The ntimber p (a, В) is called 
the dimension of the interval Show that a face of dimen 
sign & 15 an interval of dimension k 
1.1.33. Let gi, g,, ga be the faces of the cube В" Show 
that the relations g; fg: = Ø, ga Пэ Ø, Baf 
ру == i lead to the mequality (g, ngo П Ёз 6 2 
1.1.34. Let na, п, be non negative integers 
jJ 


such that >) 999" In this case, B° contams pair 
i 


Wise non intersecting faces р,, Ba, QE, Whose dimen 
Sons are respectively equal to rm, n, л, 

1.1.35. The faces р, and р, of the cube 8" are called 
incomparable if neither of the inclusions g, S g, and 
Ёз €x Рр 15 satisfied 

(1) Show that there exis a set of faces of the cube В" 
consisting off usd nap} pairwise incomparable faces 

(2) Show that the power of any set of palrwise incompa 


Tabie faces of the cube B* does not exceed | (un) X 
апад 

1.1.36. Let Lin, К) be the minimum number of wer 
tices їп 2" such that each A dimensional face contains at 
Jeast one of these vertices Prove that 

(1) L (n, 1) = 2°-, 

(2) Il (n, n — 1) — 2, 

(3) £L (n, 2)< [27/3], 

(2%) mx; L (n, n — 2) m + 2, where т 19 the smal 


lest integer for which me | cn; 
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{nJR} 
- n Y. 
б) Le, e У (p) 
i=0 
(6) L(n, DWD (г, К), EKTn. | 
1.1.37. Show that tuples in B" can be expanded into 


a sequence «ү, Go, «os Gon which is a cycle. 

1.1.38. Show that В” does not contain cycles of odd 
length. | 

1.1.39. The binary vector (00, ©, .. ., @y_}) is 
called n-universal if for each vector (Bo, Di, .. -, Pn-1) 
in В" there exists a number К such that f; = cgi (i = 
0, n —1), where kGi-—Ek-ri(mod N). Will the 
vector a be n-universal if 

(1) = = (001), n2; 

(2) а = (01041), n= 2; 

(3) a = (00110), п 2; 

(4) œ = (00011101), n = 3? 

1.1.40. Prove that for each natural number љ there 
exists an n-universal vector of length 2", and no n-univer- 


sal vector having a length smaller than 2”. 
1.1.41. The cycle Z of the cube B" iscalled a 2d-cycle 


if IZ(S2(x)| —2d-- 1 for all € €Z, ie. if for 


any vertex a in the cycle Z the set of vertices of the cycle 
situated at а Hamming distance not exceeding d coin- 
cides with the set of verticesata distance not exceeding 
d “along the cycle”. 

(í) Let 1 (n) be the maximum length of a 2-cycle in 
B", Find the value of 1 (п) for п = 2, 5. 

(2) Let Z be a 2-cycle in В". Show that any face of di- 
mension 4 does not contain more than 8 vertices of the 
2-cycle Z. 

(3)* Show that the maximum length of a 2-cycle in 
B" does not exceed 2", n > 3. 


1.1.42. The pair (би, бз) tormed by two consecutive 
vertices of the cycle Z in cuhe B" is called an edge of the 
cycle. Show that B? contains a cycle of length 32, any 


four consecutive edges of which have pairwise different 
directions, 
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1 1.43. Leta, a, be such numbers that a, 22 {: = 
1 п) Show that the number of sums 


У) (tye, op €{0 1: Tn 
tz I 


"i 
satistying ithe condition Pe LIS does 


not exceed | y 


1144 Let 4 = B" |А | 2%: Show that at least 
n edges of the cube are completely contained in A 


1.2. Methods of Defining Boolean Functions. 
Elementary Functions. Formulas. 
Superposition Operation 


We shall assign the symbol z^ (or z) to the tuple of 
variables (хт, =, Ta} and denote the set of the 
variables by X" The function f (z^) which rs defined on 
the set B” and which assumes values from the set {0 11 
is termed a Hoolean function We shall denote the set of 


all Boolean functions of variables х, =, I, 
hy P,(X") 


The Boolean function f (z^) can be presented 1n tabular 
form T (f) (see Table 1) Here the tuples c are arranged 


Table ! 


in ascending order of their numbers Assuming such an 
arrangement to be the standard procedure in the fol- 
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lowing, we shall defino tho function f (z^) through the vec- 
tor Ta = (hp, Gy >> %n_,) in which the coordinate 
с, is the value of the function f (2") on the tuple o with 
number i (i = 0,4,..., 2'—]). 

The symbol JV, will be used to denote the set (o: (с € 
B") & (f (0) = 1)}. R 

The Boolean function f (z") can be also presented 
through the rectangular table П, һд (7) (see Table 2) in 
which the value f (01, 02, . . ., On) of the function f lies 


at the intersection of the "row" (m, 04, .. ., ол) and 
the "column" (Олы, Од o: © + 89 05), jx k < n, 


Table 2 

00... Okr >t ‚+1 
0 0 * "D Онал ге и 1 DR. 
0 1 On 1 Zn 

Xi у e. » > TR 

0 0 0 

0 0 s ow 4 : 

С Oy Oh МТПП 

1 1 1 


Boolean functions described in Tables 3 and 4 аге 
assumed to be elementary functions, 


Let us now consider the notation and names of these 
functions. 


Table 3 
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Table 4 


0) 1 
1 Ч, 
1 o 
0 0 


(1) The functions О and 1 are called zera (or 0 function) 
and unity (or 1 function) respectively. 

(2) The function jf, 1з called an identity function and 
is denoted by = 

(3) The function f, 1s called the negation of z, denoted 
by zor “Jz, and often read as “not x” 

(4) The function fa 1s called the conjunction of х, and 
r, denoted by z,&z,, OF T, X, OF xr, Ty OF MIN (3, Zah 
and often read às “г, and xq" 

(5) The function ў, 18 called the disjunction ој ху and z,, 
denoted by zx, \ r,, or z, -+ r, or max (хі, z,), and often 
reads аз “гу or ry, 

(6) The function f, 15 called the exclusive sum af x, and 
r,, denoted by zr, Ө zp and often read as 'z, plus x," 

{7} The function f, is called the equivalence of z, and Ta, 
denoted by дүе х, or zr, +> r, or riz Z, and often 
read as “д, is equivalent fo za 

(8) The function fy 13 called the implication of x, and 
Xa denoted by x, —> Za or 2,2 z} and often read as 
“т, tmiplies La 

(9) The function f, 15 called Sheffer's stroke for x, and 
z,, denoted by т, | r,, and often read as "not both т, and 


4 

(IU) The function } 19 called the Peirce's arrow of 
zi and r4, denoted by т, $ r,, and often read as "neither 
x, nor ту 

Sometimes, the functions О and 1 зга treated as 
functions depending on the empty set of vartables 

The symbols |, &, V, B, =, ete are used im the 
notations of elementary functions and are called senten 
tial connectwes 

Let us fix a certain (finite or countably infinite} alpha 
bet of variables X Let Ф = (f, бо), } be a set 
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of functional symbols, where the superscripts indicate the 
number of sites where the symbols can be placed. Some- 
times the superscripts are omitted if the arity of the 
functional symbols is assumed to be known. 

Definition 1.1. A formula generated by the set Ф is 
such (and only such) expression as 

(1) fa and f; (zi, хх... Tinh where f; and /; are 
funetional symbols of zero and п arguments respectively, 
and ж, Ti +++, Ti, are variables in the set X; 

(2) fm (911, Me, . . ., Ap), where fnm is a functional sym- 
bol of s arguments and 9[; is either a formula generated 
by Ф or a variable in X, i — 1, s. 

In order to accentuate the fact that formula 9[ con- 
tains only variables in X (or only functional symbols in Ф), 
we shall write 9[ (X) (resp. 9 [«b]). 

Sometimes, formulas of the type f (=, are written 
in the form (zfy) or rfy, and formula f (х) in the form 
(fz) or fx. The symbol f is called a connective. 

Usually, connectives are denoted by symbols from the 
set 6 -—(]&V,G,-—,- |, 4}. 

Definition 1.2. A formula generated by the © is such 
(and only such) expression as 

(1) z, i.e. any variable from the set X; 

(2) (1%), (3&8), (A VOS), (UG Ж), (A~ $5), 
(9 — B), (A |B), QA { 88), where Y and $8 are for- 
mulas generated by ©. 

The following convention is usually adopted for ab- 
breviating the notation of formulas generated by the set 
C of connectives: 

(a) the outer brackets in the formulas are omitted; 


(b) formula (^] 90) is written in the form Y; 

(c) formula (9[& ©) is written in the form (A-V) or 

(d) it is assumed that the connective ]is stronger than 
any connective of two variables in ©; 

(e) the connective & is assumed to һе stronger than any 
of the connectives V, Ө, ~,—, |, |. 

With the help of this convention, we can write, for 
example, the formula (( ]z) — ((z&y) Vz)) in the form 
z—- (zy V 2). 

Mixed" form of notation is also used, for example, 
T Ө f (y, 2) Or zf (a 0, Жз) Vaf (1, La, 3). 


20 CH І BOOLEAN FUNCTIONS 


Suppose that each functional symbal i ' 1a the set 


Ф has a corresponding function Р, В "O? В The con- 
cept of the function. фу, represented by formula Y genera- 
ted by the set Ф, 1s defined by induction 


(ж Se SEQ) af values af the variables Ту, 
Lis xj the value of the function фу is equal 
to Ё, (a, ty L Gn |). 


(2) sf W= f(t, 9; Wah. where fco, а= 
Wn (ур, Ук Vas) 18 а formula generated by Ф or 
a variable ұл X, and on each tuple (Spt ар, Fay) 
of the values of variables yyy, Ур s Wee, the function 
Py, 18 equal to B, {k=1, m), then 
Tor CNT On, 1 C ais L yi Gh sha, | Ст" 


mn: Sina = Е, ‚Вз. , Uu) 
(here F 13 the function corresponding to the funcional 
symbol f) 
if B= fi" zz. jp J» Og 15 usually denoted by 
E, (xj Жу, L2" If, however, 


"n = F(T, Ws, |I m). 
then py 13 denoted by 


F (фе, ERT Hi: ' Ji) Ф n Um А Un, )) 


The concept of the function qq represented by formula 9[ 
generated by the set of connectives © isintroduced asfollows 

(1) the formula 9| = r where ЄЛ з juxtaposed 
to the identity function фу (z) = г, 

(EA = ( 183) (or A = (BOC) wher O Є{& y e 
~, — | $j), then og = oy (resp Фф, == фр Ogg, where 
the symbol © should now be considered as the notation for 
the corresponding elementary Boolean function — see 
Tables 3 а) 

Let iz, Zz ‚ ту} be a set of variables which аго 
encountered їй at least one of the formulas ў or 8 
Formulas ў and % are called equivalent (notation Y = 
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B or A = 8) if on each tuple (a, Gs, ..., Oy) 
of the values of variables z,, £}, . . . Zn the values of 
functions фо and pø represented by formulas Y and Y 
respectively coincide. 

Let Ф be a set of functional symbols (or sentential con- 
nectives), and P be the set of functions corresponding to 
them. The superposition generated by the set P can be 
defined as any function F that can be obtained through a 
formula of the set Ф. 


1.2.1. What is the number of functions in P, (Х") 
that assume the same values on opposite tuples? 

1.2.2. Find the number of functions in P, (X") which 
assume opposite values on any pair of adjacent tuples. 

1.2.3. Find the number of functions in P, (X") that 
assume the value 1 on less than k tuples in В". 

1.2.4. Using the functions f (z,, x,) and g (£3, zi) spe- 
cified in the vector form, write the function A in the 
vector form: 


1) æ; = (1011), а; = (1001), 
h (25, Ez, Ly) = f (E (Хз, T4), T3); 


2) a, = (1014), ty = (1001), 


: h (2) = f (xy, гз) V g (Ta, 2.) 
3) ау = (1000, a, = (0111), 


h ($) = f (т, 23) & g (ey, 2). 
1.2.5. Let v, be a number having its binary expansion 
in the form of the tuple (z,, z,), and let v, be a number 


with its binary expansion in the form (r4, ху). Let f; (a) 
be the i-th order of the binary representation of the num- 
ber | v — və |, i <= 1, 2. Construct a rectangular table 


П,; of the functions f, (2?) and f, (23). 


1.2.6. (1) The function f (23) is defined as follows: 
it is equal to unity either for z, = 1, or when the varia- 
bles z, and т» assume different values while the value of 
the variable z, is less than that of the variable z,. Other- 
wise, the function is equal to zero. Compile the tables 


T (f) and П,, (f) of the function f (23) and write down 
the tuples of the set V fe 
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(2) The functiion f (x* is defined as follows if is 


equal ta zero only on such tuples & = (a, mq, x3. Ta) 
that satisfy the inequality a, + а, > a, + 2a, Com 
pile the table T (f) and write down the tuples of the set 
N, of this function 


[.2.7. The function f(z") is called symmetric 1i 


f(z. zs Pa) =F (Tyr Xi — Tt) upon any subst 
і 2 fh 
tution " " 1) 


(1) Show that if f (z^) 15 a symmetric function, the 
equality 19" 1= i| B^ || leads to the equality f (a^) = 

n 

(2) Find the number of symmetric functions in P, (X71 

{.2.8 Let f(z") he an arbitrary Boolean function 
(п 2= 1) We associate with it a symmetric function 
SICUT Уз Um]. where m = ад —1 S(a")-— 
РВ") if а" {| — v (B^) Prove that 


S ix, » TL Lo, " to, |o ' "TM 1 
мыл. тр =. mm —— ami (P Á— — 
0971 times 2"—2 times ot times 
T0-i Еп хл) FAT, Lr + Tis = pei In) 
in a md 
2 times 


1.2.9, Which of the following expressions are formu 
las generated by the set of sentential connectives 
Lh & у >a 

(1) x — y, (3) (= — (y & (| z))), 

(D (4) lw (б (r&y y, 

3)» (7) (122)? 

(4) (y — (2), 

01.2 40 In how many ways can brackets be arranged 
in the expression A so that a formula generated by the set 
[Г], & V — of sentential connectives 15 obtained each 
lime af 

e ym lt —y Ed 

( == уб A ET 

(3) A DIA id Tz? 

1.2 11. The complerity of a formula generated by the 
set of sententialconnectives Gis defined as the number of 
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connectives in it. By induction with respect to the com- 
plexity of a formula, show that in a formula 

(1) of nonzero complexity, there exists at least one pair 
of brackets; 

(2) the number of left brackets is equal to the number of 
right brackets; 

(3) two connectives cannot be put next to each other; 
and 

(4) two variable symbols cannot be put next to each 
other. 

1.2.12. The connectivity index in a formula is defined 
as the difference between the number of left brackets 
preceding the connective under consideration in the for- 
mula and the number of right brackets preceding this 
connective. Prove that any formula of nonzero com- 
plexity generated by the set { |, & V, — } 

(1) contains a single connective of index 1; 

(2) can be uniquely presented in one of the following 
forms: ( JA), (A & 8), (A V 58), (A — V), where 9[ and 
3 are formulas generated by { |, &, V, — }. 

1.2.13. Let us consider the formulas generated by the 
set of connectives ( |, &, V, —j in a form without bra- 
ckets. Instead of ( | x), (x & y), (zc V y) and (x > y), we 
shall write |х, &&ry, Vry, ху. 

For example, the formula (( | х) —(yNV( ] 2))) will 
assume the form — ]|z My lz. Prove that if each of the 
connectives &, V, — is evaluated as the number +1, 
each variable symbol as the number —1, and the con- 
nective |as zero, the expression for А in a form without 
brackets will be a formula if and only if the sum of esti- 
mates of all occurrences of the symbols in A is equal to 
'—1 and if this sum is non-negative in each proper initial 
segment of the expression A. 

1.2.14. Find out if the expression A is a formula gene- 
rated by the set @ if 

(1) A = fOBOR, y), f (zx), Ф = (fO, g, pM); 

(2) A= )z (Фф), D = gh, qo 

(3) А = qO(fO(1, zy), Ф = {/®, QM}; 

(4) А = gO@M, FO, y, PM), Ф = (fO, g9, qt); 

(9) А = (gO(fO(z, Pz), Ф = (f, QM}. 

1.2.15. Find the vector a, of the function @ represented 
by the formula 9 generated by the set Ф = (A, 9, git. 
the functional symbols f2, К, g® are put in correspond- 
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ence with Boolean functions defined by vectors (10), 
(4041), and (1000) respectively 

(1) y= fen (gir, f" (9. у 

(2) Y= gomma, y), g” (^ AS 4» 

(3) A = A EP &, gj zr, yh fy (y)))) 

і 2.16 Compile the tables of functions represented by 
the following formulas {generated by the set of connec 
tives @} 

(1) (x — y) © (у — 2) © {z —2x)) 


(2) (Vy) VG 4 e~ y) 
(3) z — {z~ (y ® zz), 
ЖОЛЖЕПДЕ 
A formula generated by a set Gis called identi- 
rally ruth (udentically false) M the function represented 
by it is equal to 1 (resp zero) on any tuple of values of 
variables Find out which of the following formulas are 
identically truth and which aie identically false 
(1) (z —) => {ir V гу +> (у V т)), 
(2) (zB уул 2) (2 2), — 
iS) хуур Ө ш Ө (х oy — ir V у), 
(2) (s V уус (с 0) Ө у) G2) 
2 18 Find out if the following formulas Y and £5 are 
equi alent 


io A = (куу Va -rvy ZV a) B = os, 


à) Of = (z +») — 2 = roy — 2), 

(3) 1. = ((r Ө y) — (z V y) (x — y) — (z Ө у)) 
=f 

(4) € = (xr — y) V ((z — z) y), = (ry) (y — 22) 


1.2 19 Find all functions “hich depend only on 
variables of the set(x, y] and are superpositions generated 
by the set P 

(1) Р == {uy Ф ay i}, 

(2) P = luu, Ө (и, V ну), 

(9) P = {f (uj), иь) = (1101), g Ga, Ча, И 

ЖИТ, 


1.2 20. Depth of a formula Y generated AA the set Ф 
(notation depa (M) 15 determined by induction 

(1) 11 Of 15 the symbol of a variable or a functional sym 
bol of 0 arguments, then деро Ў = 0, 

* Here and below, while presenting a function 1а the vector 
form we shall use the notation f =É tustead ef & = В 
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(II) if A = A ..., Ua), where f? Є Ф, then 
depo (9[) — — depo (9[;) + 1. 
жып 


Find the formula 9[ generated by the set {}}, having 
a minimal depth and representing the function 

Q)fHeVy (2i-zGOy (3) f= ту. 

1.3.21. Find out а function f сап be represented by а 
formula Y of depth & generated by a set of connectives 5 
if 

(1) / = 55у, k=2, == {|}; 

(2) == у, Е = 3, 85 = (ү, ~}; 

(3) f—rgyGz = 2, S={->, &}. 

1.2.22. Prove that а function f cannot be represented 
by a formula generated by a set of connectives S if 

(1) = хөу, S = {&}; 


3) f=zVy, S={~}. | 

1.2.23. Is it possible to represent a function f by a 
formula of depth & + 1 generated by a set 5 if it can be 
represented by a formula of depth Ё generated by the 
same set? 

1.2.24. A function f in P, can be represented by a 
formula of depth А generated by a set 5. Show that the 
function f can be represented by a certain formula of 
depth more than / generated by the same set S. 


in operations involving Boolean functions, it is of- 
ten expedient to use the following equivalences (we shall 
call them basic equivalences in the following): 

О у= у О т (commutativity of a connective О, 
where the symbol О is а common notation for the con- 
nectives &, V, Ө, ~, hk 

«Оу О 5 = zO(yOs») (associativity of the connective 
О, where О is the common notation for &, V, Ө, ~); 

r&y-—rcrVyandz уу = х & у (De Могтап`5 laws); 

tV (r&y) =x and = & (х\уу) =x (absorption 
laws); 

r V(e&y)=zrVy and z&(zyVyy)-—zrz&y; 

z & (y V2)=(z&y)V(z&z) (distributivity of 
conjunction relative to disjunction); 

М (y &2) = (x Vy) & (x V з) (distributivity of dis- 
Junction relative to conjunction); 
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т&{ Ф 2) — (28 у) Ө {х&з) fdisinbutivaty ni 
conjunction relative ta exclusive sum) 

0— z:&zr-—-rir&Ü0—zrGr 

Ó-—-ziVi-rVi-rer 

т=т—д\/т УРЕ Б АТА! 


r— г Oi rog (х By) Ф 1 
#@ у —@&д\(&&) x — y — (dy) @ 2) 


1225 Verify i the following relations are valid 
(Тү zy (yo 2) — a N yeo ir 

(2) х-н {y~ 2) — (ху) ~ (т — z2) 

(3) z& (gez) — (ed y)~ (ea 2) 

(4) x --(y Va) — (r-cy) Vir 6 2) 

(0) T (у & z) — {£ — y} &(r--z) 

(D) т (y +2) — {r Фу) — (x @ =) 

(i} zx — (y — 13) — {z -= y} — (x — zl 

і 226 Represent the function } by a formula gener 

ated by the set of connectives 5 if 


(1) f — x ->y sop Vi 


(4) f —rly = Ц} 
1227 Using the basic equivalences prove the equiv 
alence of formulas Ў and 8 i 


0) 9 —-(z& ) V (z&y) V (x&) 

= убу rAz 

(2) A = (r y) — (ky) D (zu 

B (VykirVy) 
(3) A = r- (r&y -> (ry) > y} а) 
B -y-—-(r---z) 

1228 Let 9 and & be formulas generated by the 
et(] & V Ө м - | }} and A = (9t —- 8) > 
S A — BW --(08-- (94 —- ур Prove that Y — B= 
1 1 and only uf “| Q[, — A.) — 1 

{229 Prove that formula 9?[ contaimng only the con 
nective ~ r$ identically truth if and only if any varra 
ble fram formula Ж appears in it an even number ol 
times 

1230 By SEW) we denote the formula obtained 
from formula A as a result of a simultaneous replace 
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ment of each occurrence of variable r by formula б. 
If formula 9 does not contain x, then by definition we 
put SEW] = YW. 

(1) Prove that 9 is identically truth if and only if 
the formula S$ y, 9 | is identically truth, y, and у» 
being variables not appearing in formula Ў. 

(2) Can the condition that y, and y, do not appear in 
formula 9 be neglected in (1)? 

1.2.31. (1) Suppose that the function f (z, y) from P, 
satisfies the relation 


Í (F (ж, f (у, 2), f (5 (ж, y), F (m, 2)) = 1. 


Prove that the following equivalences are truth in this 


f (2,2) == 1; 
(b) f (z, f (y, х)) = 1; 
(c) f (f O @ y), f (ж, 2). f (ж, FY 2) = 1; 
(d) f (f (c y), f (ж, f (у, 2)), / (ж, 2))) == 1; 
(е) f F (у, D) FQ ] (ж, 2) = 1. 
(2) Do the equivalences (b), (c) and (d) follow from (е)? 


1.3. Special Forms of Formulas. 
Disjunctive and Conjunctive Normal Forms. 
Polynomials 


The formula zi; & af? &... &х=т (formula т! V 
г 

TON EY, zin), where ол € (0, 1}, Ti. = Tip 
Zi, = Tipik Є (1,2, ..., п} for all Ek-1,r, is 
called a conjunction (resp. disjunction) generated by the set 
of variables АХ" = fZ, 2a, ..., хь}. A conjunction 
(disjunction) is called elementary (abbreviated as e.c. and 
e.d. respectively) if Ti, Æ m, for joy k. For the sake 
of brevity, the symbol & in an e.c. will be omitted. Ex- 
pressions of the type zu will be called characters. The 


number of characters in an e.c. (e.d.) is called the rank 
of the e.c. (e.d.). The constant 1 will be assumed to he 


the e.c. of the rank zero, and 0 will be called the e.d. 
of the rank zero. 


t nnno 
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Formulas of the type 
BKK VA, (1) 


; LA 
(concise notation V. Ky}, where A, G = 1, s) are conjunc 
ы 


tions, are called the disjunctive normal forms — (abbrevi 
ated as d nf) 
Formulas of the type 
Ж = D = Э. & D. (2) 


J Begg v 
(concise notation & Ру) where D, (i = 1, s) are disjunc 
{—1 


tions, are called conjunctue normal forms (abbreviated 
аз сај) The number s 13 called the length of the da f 
(c nf) The sum of the ranks of conjunctions (disjunctions) 
is called the complexity of dn f. fen f ) The disjunctive 
(conjunctive) normal form generated by the set X" = 
ENET ‚ Za} of variables is called perfect if it 
is formed by pairwise different elementary conjunctions 
(disyunctions) of the rank a 


Let j (z^) be a Boolean function and jet. dz 


Ahn Ву foo! o," (z^) (or sometimes by 


Soa, A (x")) we shall denote the function obtained 


irom f(x") by substituting the constants O, Ta, 7, 

respectively for the variables z,, Zip (024, The 
i, i 1 м 

function foo, с,” ("у 1s called the aj! mi! А. 


component of the function f (z^ ora subfunction of f(x") 
The subfunction fa al s (z") 1s called proper if куеп 
k 0 The sublunctions of f (z^) are different 1 they dier 
as functions of the variables z,, zo, 


‚Т 
Let 1551,21, < «a, п in tins саз, the fol- 
lowing representation is valid 


et . E бі 4, dẹ i, Лы 
i(z"}= V ге zit TQ а, Ts g М (z^) (3) 
(0, о dA) 
where the disjunction includes all vectors (су, 0, сь) 


ш B* For k=n this representation has the form 


H um V 20227 Ta fO а уо} (4) 


1 Os :PT 
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Representation (4) can be written in the form 


Fa = V au s.c (5) 
d: f(3)-1 
The right-hand side of this formula is the perfect d.n.f. 


of f (z^). Similarly, the following representations are 
valid: 


RE) & (узу... Уз 


(91, STEET д) 
ths is, "ME ~n 
V foor... o, (€ ), (6) 


~ ÉL S 8 
Н") 5= & (ауа ү... V 2r”) (7) 
ois fo" )=0 
An elementary conjunction is called monotonic if it 
does not contain negations of variables. The formula 


P (1) = K,@K,@...@ K, (8) 


where K, (i = 1, s) are pairwise different elementary mo- 
notonic conjunctions generated by the set X", is called 
Zhegalkin's polynomial or mod 2 polynomial, The highest 
rank of elementary conjunctions appearing in a polyno- 
mial is called the degree of this polynomial. The number 
$ js called the length of polynomial (8). For s == 0, we 


assume that P (z^) = 0, 


1.3.1. Using equivalent transformations, reduce the 
following formulas to d.n.f.: 


(1) F = (x, V 2225) (гу V =з); E 
(2) Е = (к V жшж) (xa V Ta) > 212924) V 2223) V 
(ту V 2); _ = 

(3) Е = ((т, —z12,) (т.т, Ө лу) — T124) V an. 


Р а Present the following functions as а perfect 
п: 


(1) (23) = (2, Ө x.) > 2923; 


38 CH 1 BOOLEAN FUNCTIONS 


1.3.3. Using transformations of the type A = Arf 
Ат, AV A =A, reduce a given daf D(z) toa 
perfect d nf af 

(t) D (P) = дү V 2, Ts 

(2) D (25) == гут; V TIS 

(3) D (2) = a V Irta V хо 


i 3.4. Using relations of the type z M yz = (z V y) x 
(z ҷу х), transform the d n f in the previous problem to 


а ед 
1.3.5 Construct a perfect enf for each of the func- 


tions in problem 1433 


i 3 6. Count the number of functions f (z^) for which 
a perfect e nf 1s simultaneously a d nf 


f 3.7 Find the length of the perfectd nf of the func 
tion j (a^) 

QeG@)=2,07,8  @Өт„п;>1, 

(2) fi) = {жу V т, М V хь) n V т, V 
Vital n 2, 
2, e) { (z^) p б Мл, "ERA (т, ET V 24) Gr, 


з 8. Let us suppose that thesets X" = jz, ze, | 
т} and У" = (yag, |» im} do not intersect 


Assuming that the perfect d n £s of functions f (27) and 


g (y^) have & and і terms respectively, find the length 
ої ihe perfect dni of the following functions 


(0 убу ав (у), DIEVU 
(3) f G7) Өе") ] _ 

1 3.9. Present the z, ,2z, and r,r, components of the 
function Ki (23) by using the minimal complexity d nf for 

(1) ў (2) = (01101101), 

(2) f (2) = (z, >z P Laly 

(8) }(@) — +27) 9 л, 

1.3.10. Find out which of the functions depending on 


variables г, and х, have largest number of pairwise differ- 
ent sublunctions 
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1.3.11. Find the number of Boolean functions f (z^) 
which are transformed into themselves upon a commuta- 
tion of т, and Ta. . А 

1.3.12. Two functions f (x") and g (z") are commuta- 
tively equivalent if there exists a permutation x of numbers 
1, ... n such that f(z, ..., Ta) = E (Tams -- 
хм). Find the number of classes of commutatively 
equivalent functions in Р, (Х?). 

1.3.13*. The function fp (x^) is defined by the fol- 
lowing recurrence relations: 


f; (2*) = тү, (23 V z4) V г; (т\т, V 224) V 212313214, 
fasi (271) = fn (Xy т»... En) nti V ту, 
-nTn (nÈ 4). 
For each function in the sequence ffn} find the number of 


lb ea, 


different subfunctions of the type f; (z"), i = 1, n, 
o € (0, 13, such that no two functions are commuta- 
tively equivalent. 

1.3.14. Prove that the number of diíferent functions 


f (2") for which a given function g (z^) is a subfunction is 
not less than 


9. (97 477^ kxn). 
1.3.15. Let fi (z^) = fi (z^) for any i (1<%і< п). Prove 
that f (z^) Is à constant. 
1.3.16. Find the number of functions f (z^) such that 
foy (z") = fit? (2^) for all 1<i<j<n (n>). 
13.17. Let h(z)—[(g (z"), ..., gia (29), gi(z^), 


gi (z^), 2, En (£0)), nz2, and the following relation 
is satisfied for any i—1, 2, ..., n and o€ {0, 4}: 


Sch (z^) | = f ($g, (z") |, ..., Sigi (z") |, о, 

Sg, (ШЖ [% жуз 558, (z^) |), 
in other words, the z{-component of the superposition 
of the functions f, 81, +++, Bi Eb Bien -++) En 18 
equal to the superposition of the z?-components of the 
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functions /, £,, » Finny Ёз ‚ En Moreover, let 
the 23/14 component of the function gilt”) coincide 


with the z,/z,"-component of the same function g, (27), 
i=1, п, for all fj, k (1xzj Аа) and dj, o from 
{0,1} Prove that А (z") is a constant 

1 3,18, Find the number of monotonic elementary con- 
Junctions of the rank r generated by tha set X" 

і 3.19, Find the number of polynomials of power r 
generated by the set of variables A” 

1320 Find the number of different polynomials of 
length k generated by the set X", vanishing at the tuples 


Gand 1 (Palynamials are considered to be different if 
they differ in the composition of ec } 

We adopt the following numeration of monotonic ele 
mentary conjunctions generated by the set X^" = 
Iz Ta, £a} of variables We correspond each 


monotone ec K with a vector g (К) == (01, 04, . 
Ca} in В", in. which o; = і if and only if z; ap- 


pearsin K The number K of ane c ig defined asy (a (KY) = 


2! g,2"*! The constant 1 will have the number zero 


in this numeration Thus, each polynomial P (1^) can 
be presented in the form 


Pie") = Bb GBA, OBE,O OB.) 


where К, 18 an ec with number : (1 = 0, 2" — 1) 
The vector Pp = (0, P, ‚ В.а 1) 25 called. the 
vector of coefficients of polynomial Р (x^) 

The method of indeterminate coeffictents for constructing 


Zhegallin s polynomial representing the function Р(х") 
сап be described as follows We consider a polynomial 


n the form (9) and for each u € В“ we compose an equa- 
tion ] (a) == P (о) The solution of these equations gives 
the coefficients of the polynomial P (z^) 
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Example. f (x?) = ty >In Р (27) = В, Ө р, =, Ф 
Bot, Ө Darm. 
f (0, 0) = 1 = В, © В, 0 Ө В, :0 Ө p,-0; 
f (0,1) = 1 = В, Ө B,-1 Ө B,-0 Ө ps-0; 
f (1,0) =0 = By © p,-0 Ө Bart Ө B,-0; 


(1,1) = 1 = В, € Б,-1 Ө Bat Ө р, `1. 


We obtain В, = В, = В, = 1, В, = 0. Hence х, =, = 
i @ 2, Qr. 

1.3.21. Using the method of indeterminate coefficients, 
find Zhegalkin's polynomials for the following functions: 


(1) f (5) = (1001); 
(2) f (z) = (01101000); 


3) f (33) = (41111000). 
` 1.3.22. We introduce the operation T generated by 
vectors in 8°", If n = 1 and a = (o, @,), then Т (x) = 
(a, 0, D =). Suppose that for each o € B? the 


vector T (c) is defined and the vector a in B?"'! has the 


form œ = (Во. Bi, ~~ +s Banco Yon ++ + Yun). Let 
Т (ро, Bo ..., Dan. ,) = (бу, Ó,, e.s бәл |), 
T (Yor Vis -es Poy) = (Eo En +++, Egy) 
In this case, 
T (a) = (8, Di. 2s боп _,, б, D £o 0, © &, 
oa дп Ө 8„л_,). 
For example, if a = (1011), we obtain 7 (о) = (1101). 
Show that the vector 7 of the values of the function 
f (z^) is related as follows to the vector Bp of the coeffi- 
cients of the polynomial P (х”) representing the function 
f(x"): ay = T (Bp). Bp = T (9). 
1.3.23. For а function f(z") such that a, = 


(1011001000101101) find the vector Bp of Zhegalkin’s 
polynomial coefficients. 
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One of ihe methods of constructing Zhegalkin s poly 
nomial from formula F involves the construction of an 
equivalent formula generated by the set of connectives 
{&, —}, followed by the replacement of х by xr @1 
throughout, the opening of the brackets the application 
of the distributive law (z Ө y) z = 22 Ф yz and the col- 
lection of terms 

Example. Ewe, = дут, = r(x, Ф 1) © 1 = 
уй» Ф at Ф 4 

{324 Construct the polynomials for the following 
functions 

(1) f & = (T) | Za $ Ta 

(2) f o) = (x, — Tg) (ху $ Tah 

(2) f (2°) = (iz) — x9) V 23) | zi 

t ‚ Any Boolean function f can be written in the 
form of a polynomial by using conventional arithmetic 
operations of multiplication, addition and subtraction 
For this purpose 1t is sufficient first to express f in terms 
of a conjunction and a negation and then replace sub- 
formulas of the type A by 1 — A and open the brackets 
Using the arithmetic operations find the expressions ior 
the following functions 

(1) f = zi Ø x, 

(2) f (27) = (2) Z= T) + Xa, 

(3) f (2°) = (10000001) 

1.3 26. Find the function f {x°} whose polynomial has 
а length 2" times the length of 115 perfect d n f 


13 27. Prove the validity of the following formula for 
expansion in & vartables 


me й 
(x^) = уу zu» za" f (0,, Os, 
Ci, Ta LINES 


* On, IL kd t (o } 
1.3.28. Prove that i 


0) £6") — 206) efe ncm _ 
@ 1G") = (V 0G) m f Ke 
[.3,20 Show that the function f (27) represented by a 


polynomial of degree А >> 0 becomes equal ta 1 au at 
least 2"-^ vectors in H^ 
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1.3.30. Determine the number of tuples in B" on 


^ч? 


which the polynomial P (x") becomes equal to unity: 
4) P(x") =... x, ху... ty (Ute c ny 
(2) Р (2) = 41 a x, p хүл» Ө “э e Tilo ‚,„ Tn = 


n 


10 2) 2; s.. Ше 
1.3.31. Show that for апу l (L< 2") there exists а 


polynomial P (z^) of length not exceeding n, so that 
Р(х") 


1.3.32. Prove that any function f (2) other than 0 at 


n = 1 can be presented in the form f (2%) == » Ki, 


i=} 
where A; ( = 1, s) are elementary conjunctions con- 
taining not more than one negation of the variable, 
and s< 2771, 

1.3.33. Show that if the symbol V in a perfect d.n.f. 
is replaced by Ө everywhere, a formula equivalent to 
the initial one is obtained. Is this statement true for an 
arbitrary d.n.f.? 


чы 


The derivative of a Boolean function f (x") with respect 
to the variables £i, zi, .. ., ti, (or the Boolean differ- 


ence) 15 defined as the function 


—= 


af (z^) = 
0 (x, T — zi) — f (2, ELLE Li * 2989) Dip „ ч э Lp) 


a one 

©] (24, cory Фу, onn ng Tii TET £2). 

дї (2%) 
dz. 

1.3.34. Prove the following properties of a derivative: 


à) d (229) = d йз, 


[For k=1, the notation lS used. ) 


dz; атр daj i 
opi) o TE 
GE rone у Qu very By) 
з) 24% @ eG) E g E 


à (zi, ЖЕТ Tin) ð (Tia TET 2) à (zi, ec, T; )' 
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d (f (z^ 27) c," dg(z") а. df" 
aj (zs) dg (29 
ax, dz; ' 


o 


Pu u^ a 2 i^ m d de^ 
(5) ee y (ze PE. a ga") SE 
аР) dg(z* 


a —— 


Дт] dx; ' 


(6) HE 9 if and only if х, does not appear explic 
itly in the Zhegalkin polynomial of the function f (x^), 

(7) ab F(z) = tE (ty Fy Zn) OB ty ш, Lads 
then, HE шз, Eqs » ty) 


1.3 35. If g(z,, ‚ Tm) and Rh(zq4, + Tp) аге 
Boolean functions and 1zzi;s т for all }==1, Е, then 


(1) ate @ A) _= ag 
9 Ga zb 96, zb 
air &h) __ og 
(2) Hian e 2,0) a (а, бт), 
oleva 7 ĉe 
O Sep lie 94) 


1.4, Minimization of Boolean Functions 


The admissible conjunction or implicant of the func 
tion f (х) їз an elementary conjunction A of the set of 
variables {x,, х}, ; „| such that A Y f(z") = 


f(z) The wapleant K of a funchon ў 15 called prime 
М the rejection of any character from A leads to an ele 
mentary conjunction that 1s not an implicant of the func 
tion f Tha disjunction of all prune implicants of the 
function f 1s called a contracted d пі af the function f 
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A disjunctive normal form is called 

minimal if it has the smallest number of characters 
among all equivalent d.n.f.s; 

shortest if it has the smallest length among all equiva- 
lent d.n.f.s; 

terminal (irredundant) if the omission of any term or 
character leads to a non-equivalent d.n.f.; and 

a d.n.f. of the function f if it represents the function f. 

Jf an elementary conjunction A is an implicant of the 


function f (2°), the set Ng of such vectors a in B" for 
which К (о) = 1 forms a face belonging to the set Ny. 


This face is called the interval of the function f (x") cor- 
responding to the implicant K. The interval of the func- 
tion f which is not included in any other interval of the 
function f is called the mazimal interval. Maximal inter- 
vals correspond to the prime implicants of the function f. 


1.4.1. Isolate prime implicants of the function f (2") 
from a given set of elementary conjunctions # if 

(1) Æ = (x, хз, тух Lor}, (23) = (00101111); 

(2) Æ = (xm Tyg, тү, хулоса), f (23) = (01111110); 

(3) Æ = {тү, Ly, Lory, хәз), 

f (33) = (1010111001011 110). 

Blake's method of obtaining а contracted d.n.f. from 
an arbitrary d.n.f. involves the application of the fol- 
lowing rules: rzK,WV ЕК, = хКу\/хК„\/ K,K,.  (gen- 
eralized pasting) and К, V K,K, = К; (absorption). 
It 15 assumed that these rules are applied from left to 
right. At the first stage, the operations of generalized 
pasting are continued as long as possible. At the next 
Stage, the absorption operation is carried out. 

Example. Obtain the contracted d.n.f. for 2 (x) = 
Жүл, V угз V Laks. 

After the first stage, we obtain 


After the second stage, we get 


Da = тх, V T. 
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1.4.2, Using Blake в method, construct the contracted 
dni lora given dni a 

(1) Ж = гут, Y Tiat, EROR AN 

(2) B= туғ: V Tity V гул, _ 

(3) Z = nz V Ita ETUR AS V граал 

The contracted dn f of the function f (7) specified 
in the form of 3 en can be obtained as follows First 


the parentheses are opened by using the distributivity 
law After this, characters and terms are cancelled fram 


ihe obtamed dní by using the relations zz = 0 
дг т, DM o roc— d. K V К,А, = 
Example. Find the coniractied d n1 for 
f (x5) = (4, V ty) (x, V&V хз) 
After opening the parentheses, we get 
S / == 7,7, M yr, M ats V Xi V Efa M XQ. 
Applying the above mentioned rules, we obtain 
w= 404 V Ta 


1.4.3. Construct the contracted daf by using the 
following given cnís 

(1) (0 V 2, V Ta) (т) V X, M 25) (т, V ту}, 

(2) @, ED (Zp V £s V ту) (zi V 2, V 23), 

(3) (Vay VEA. (z, V ду) (т, M Xs M n) 

1.54 Let М, be a set of tuples а € B". such that 
ў (a) = 1 and If) 1s the length of the contracted d n f 
of the function ў Show that (f) sz {Ny LEN, | + 1) 


1.4 5. Find the lengih of the contracted dn È of the 
loMowing íunctions 


(1) x, Ө =, Ф Ф Yn) 
(2) (zy V zi V r4) (x V xz, V r$) Ө £a Qr, 


ns 


(3) (т, V 2; V z3) (2; V г, V т) (т, Pr, Ө 


Enji 
(4) (x, Ө Gr) (ть, Ө Фф Zn]. {= К n, 
(9) (zy V M Tali V V Ty M TES MERE Vin) 


= М 
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1.4.6. Let f(z") besuchthat N; = {a:k< [oa I< k -+ 


т}, and kx; lx; k + т, a € Bp. 
(1) Find the number of terms in the contracted d.n.f. 
of the function f, which become equal to unity on the 


tuple c. 
(2) Show that the length of the contracted d.n.f. of 


the function f. (z^) is equal to E] Pl 


1.4.7. Suppose that the functions f (x") and g (y") 
do not have common variables, K is a prime implicant 
of the function /, and L a prime implicant of the function g. 
Show that К & Listhe prime implicant 
of the function f & g. 

Each elementary conjunction gener- 
ated by the set of variables {£}, x4, . . ., 
тһ} has a one-to-one correspondence 
with the face of the cube B” formed 


by the vertices a at which the e.c. be- 
comes equal to unity. This allows us 
to construct a contracted d.n.f. from 
the geometrical representation of a 
Boolean function. Vertices of the set №; of the function 
f are marked on the cube В". The faces contained in Ng 
and not contained in any other face formed by vertices 
from the set N; are written down. Each such face is as- 
signed а prime implicant. 


Example. Let the function f (23) be defined by the vec- 


{ог ©) — (11111000). Find its contracted d.n.f.. 

Solution. The set N; is formed by ((000), (001), 
(010), (011), (100)}. The faces have the form g, = 
(000), (001), (010), (011) _ga = ((000), (100)). 
The faces g, correspond to the е.с. z,, and g, to z,z3. The 
contracted d.n.f. is given by x, V ror, (see Fig. 2). 

1.4.8. Construct the contracted d.n.f. of the function 
f (^): 

(4) f (z*) = (1111100001001100); 

(2) f (x*) = (0000001111111101); 


(3) f (2%) = (0001101111011011). 


4b CH i BOOLEAN FUNCTIOX4 


149. Calculate the number of functions ў (z") for 
which a given elementary conjunction of rank r is 

(1j an imphicant, 

(2) a prime implicant 

{410 Let i, (f) be the number of implicants of rank 


r for the function f (z") and s,(f) be the number ol 
primeimplicants of rank г Let P, be the set of Boolean 


functions of the variables ту, =, , TO, aid 
i, (n =~ У i, (f), 
2 
fE Pa 
(а) = "i by s, (f) 
2 ЕРА 
Show that 


(1) 5Q)-(7)27* 7, 
(2) $9 -(^)7- e COS "y 
For smali values of n, the contracted d ni ofthe func 


ton / (z") can be found with the help of the rectangular 
table (minimizing chart ot a Karnaugh map) For exam 


pie, suppose that the function T) is defined with the 
help of Table 5 Combining the cells corresponding 10 
Table 5 
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unit values of the function f into the maximal intervals 
as shown in Table 5 and comparing them with the e.c., 
we obtain the contracted d.n.f.: 


PS. V Ath V Tar, V PA V 112024. 
1.4.11. Find the contracted d.n.f. for functions de- 
fined by the following tables: 


A prime implicant is called a core implicant if its re- 
moval from a contracted d.n.f. leads to a d.n.f. that is 
not equivalent to the initial one. For each core implicant 
K there exists a tuple of variables which turns K to uni- 
ty and the remaining terms of the contracted d.n.f. to 
zero, Such a tuple is called a proper tuple of the core im- 
'plicant. 


А -— Isolate the core implicants from the contracted 
ats 


(1) түл V 2923 V 2125 V хүл» V A V 212324; 

(2) Lial V агол, V Xs, V EAV түй gt; V DE? V 2124; 

(3) x25 V Lally V уду V Lita V EA V ЖУЛА V yita. 

1.4.13, Show that the number of core implicants of an 
arbitrary function f (z^) does not exceed 2"-!, 


1.4.14. Find the number of core implicants of the 
functions in Problem 1.4.5, 
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{4.45 Find the number of Boolean functions f (z") 
for which the ec zi т, їз à core implicant 

f 4.16. Let А К, and A, be conjunctions from the 
contracted d n Ë, and ғ, гу and r, be the ranks of these 
conjunctions Let Ky КУМУ A, = K,'y К, Show that 
nod rr 

1.4.17. Construct all terminal d n fs of the following 
functions 

(1) f (33) = (01111110), 

(2) f (x!) = (1110011000010101), 


(3) f G9 = (0410101114011440) 


14.18 Find the number of terminal and minimal 
dnfs for the functions appearing in Problem 145 
1.4.19. Show that the number of terminal dnfs 


for an arbitrary Boolean function f (z") does not exceed 
nic 


2n 

t 4.20*. How many terminal d n f s exist for a func- 
tion having 2"! core implicants? 

1.4 21. Find out if the following d n fs are terminal 
or shortest, or minimal 


(1) 3 = zz, V ту -- 

(2) 2 = тул, V TZ, M түшү? з, 

(3) Z = r,z, V хүл, V тото, V r.i 

1.4.22. Let L (Р be the complexity of the minimal, and 
l О the length of the shortest din f of the function f 


show that L {f (z^y) sz nl (f (2")) for an arbitrary function 
f (2) 

1.4.23, Show that I (f (z^)) жб Әлі F {f TEA 527-1 
for any function f (x^) 


1.4.24. For how many functions f (z^) are the fol- 
lowing relations valid 

(1) L(f(z)-- n2, — (2) LG) = 02" 1—n? 

1.4.25. Give an example of a number k (0 < k xz n2") 


such that there is no f (z^) having a minimal d nf of 
complexity К 


1.4.26. For ihe functions of Problem 145 find the 
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complexity of the minimal and length of the shortest 
d.n.f. 


1.4.97. Let us consider a family of belt functions, i.e. 


the functions / (z^) for which there exist numbers k and m 
such that 


М, = (a: ke || o < k + m). 
(1) Find the number of core implicants of the belt func- 
tion f (z^) for different values of k and т. 


(2) How many belt functions f (х”) have the maximum 
number of core implicants? 


1.4.28. The function f (z^) is called a chain (cyclic) 
function if the set №; can be arranged in a sequence that 
is a 2-chain (2-cycle). 

(1) Find the number of terminal and minimal d.n.i.s 
of a chain function f (z") if | №, | = I. 


(2) Find the same for a cyclic function f (z^) such that 
| Ny | — 2m (m > 2). 


1.5. Essential and Apparent Variables 
The variable x; of the function f (zi, Zo, . . ., Zn) is 


called essential if there exist tuples о and p such that 
о = (04... My 1, hints + ey Anh В = (ul. ion 


9 


0, Bitsy oo oy &,) and f (a) f (B). Otherwise, the 
variable z; is called an apparent variable of the function 


f (z^). Two functions f (2") and g (x") are called equal 
if the sets of their essential variables coincide and on any 
two tuples, differing perhaps only in the values of appar- 
ent variables, the values of the functions are identical. 


е [Lia Ki <... <in. We shall say that the 
unction Ф (2,, а. Ti-l І; Titis a. Ti-l? Diblr:c coc: 


Tip- Tiptir 2.5, Ly) is obtained from f (z^) by identifi- 
cation of variables £i, Zin . . ., zi, if q is obtained from 


j by ZEN of z in place of variables £i, Xi, .. +; 
Ti, 


or х we can take any variable not belonging 
to the set X"\ (zi, Zin ..., Tip }- 


1.5.1. Show that the statement “т; is an essential variable 


of the function f (z^)" is equivalent to each of the fol- 
40636 
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lowing statements _ 
a) A Gc AG) 


2) there are váriables z,,, ty, (Ht ј = 1, К) 
and constanis 0; , ок Sth that the function 


1 th m~ 
в, LA ^ (r") depends essentially on л; 


1.5 2. Enumerate the essential variables of the fol. 
lowing functions 

(1) f (2°) = (z,— (n V 2) 13 

(2) f (z*) = (2, V Ta) ~* #;, _ 

(3) / (z^) = e V Xs V тта V түтүїз) T6 
_ OE (7) = (21 V xà V 23) (t V т, V 23) Ga V oz V 
у) {ту V Ta V T3) 

[.5 3. Show that z, 1s an apparent variable of the func 
iion f (express f through a formula that does not con 
tain zr, explicitly) 

(1) f (2) = (xz, © х,у f 2), Е 

(2) 7 (27) = (Шз шу} V тү} {те n) Хз) Ө з 

(9) f (27) = (ai V 22) (à WV Ta) — (21 — 2273)) Ze 

1.5.4 Indicate the apparent variables of the function 


(4) У (25) = (11110000) 

(2) f (22) = (00110011), 

(3) ў (22) = (00111100) 

15.5. Let the function f (z^) be defined by the vec- 
tor &, == (d, e, ; Ф.п) Show that if z, 1s an appar- 
ent variable, @,=an-4,,; for all г on the segment 
[gon ki (2s -4- 1 gn kh. 41, s— í | 9À 1.4 01.4 

1,9 6. Show that if there are apparent variables among 


the variables of the function ў (z^), п> 1 the function 
assumes the value 1 on an even number of tuples Is the 
conversa true? 

15.7. Let the function / (z^) be such that | № |= 
2^ (21 -— 1) What is the maximum possible number of 


apparent variables of the function /? 
1.5.8, Using the results of Problems 1 5 5. and 1.56, 
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find the variables on which the function f depends essen- 
tially: 

(4) f (23) = (1011100111001010); 

(2) f (zi) = (0011110011000011); 

(3) f (ri) = (0111011101110111); 

(4) f (z*) = (0101111100001010). | 

1.5.9. For each function in Problem 1.5.8. construct 
an equal function that depends essentially on all its 
variables. 

1.5.10. Find the values of n (п> 2) for which the fol- 


lowing functions depend essentially on all their variab- 
les: 


(1) f(x") = (21V xo) Ө (zV 23) Ө... Ө (r4. V Tn) 
Ф (Tn V 24); 
(2) f(x” == (д, —> Ty) (29 —> 11) Ф (Ta — T3) (z4 — Xp) 
‚.. Ө (zy > 23) (7, 9 ха); 
(3) /(к")=(...(шф}з)}х)}... фа) 
—> (ж, | (£a |(х,[...[|х„)...)); 
(4) f (z^) = (ж, — 2.) (Ta — x3 ©, (Z4, Lp) (En — 4) 
> (LOLA... PL, Ө 1); 
(5) f 2") = ( \/ fig. 


i 
1=1,<1,< ees &i[n/2] &n a1 


SE 0 — 


& V EID i e T; | —»- (7 Lo 
m e Xi [n2] €n iji, !(n/2] ( 1 D 2 Ф 
aa ӘЗ): 


1.5.11. Let the functions / (2?) and g (y?) depend es- 
sentially on all their variables and let the variables 
Zi, 2.25. Tns Ju o... Ym ре pairwise different. Show 
that the function f (z,, ..., En- E (у, ..., Ym)) de- 
pends essentially on all its variables. 

1.9.12. Let Р(Х") be a set of all Boolean functions 
depending, and that too essentially, on the variables 
Er ar peus dos 

(1) Enumerate all functions in P* (X7). Pant 

(2) Find the number | P*(X?) |.. 


T EXIT 
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(3) Show that |Р (X) | = У, (— t ( н ) gz" 
k=) 


(4) Show that lum 27?" | PF (X^) t= 1 


1.5.13. Let а, B and ? be such tuples in B" that 
ax Bey Let the function f (2°) be such that ў (2) = 


f (y) =Æ f (B Show that f (x") depends essentially on at 
least iwo variables 

1.5.14*. Show that z; 13 an essential variable of the 
function f if and only if this variable appears explicitly 
in the eontracted d ni of the function f 


1.5.15, Show that z; Із an essential variable ol the 
function f 1 and only if z, appears expheitiy in the 
Zhegalkin polynomial of the function f 


15.10. Let vH 0005-0 for any non empty 
A(t, n un те} 
set {zis . тү} of vartables defferent from т, Does 
f (2*1 have аа apparent dependent on 2; 

1.5.17. Show that any symmetric function ў (z”) other 
than a constant depends essentially оп all its varrables 

1.5.18. Suppose that the functton f (z") changes its 
value m times at the vertices ol the chain a, Bas А 
Baas y connecting these vertices a, ү of the cube 


H^, for which p (a, ү) =k Show that f Ti depends es- 
sentially on at least m variables 


1.5.19. Let j (27) depend essentially on at least two 


variables Show that there are three vertices m, 8, ¥ 
of the cube B" satisfying the condition 


о (а, В) = р (6, 9) = 1, aJ, fU) Go) 


1.5.20, Let f (z^) depend essentially on all its varia- 
bles Prove that for any : (4a, im п) there exists а у 
such that a certain substitution of constants in place of 
variables other than z; and ху leads to a function de- 
pending essentially on 2, and zy 


3 
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1.5.21. Show that for any function f (2") that depends 
essentially on n variables there exists a variable zr; and 


a constant œ such that the function fa (z^) ESI S5 
Zi- Oy Zip +++, Zn) depends essentially on n — 1 
variables. 


1.5.22. Let f (a?) depend essentially on all its varia- 
bles. Check the validity of the following statements: 
(1) there exists an i such that for any j there exist con- 


stants whose substitution into f (z") for variables other 
than x; and z; leads to a function depending essential- 
ly on z; and zj; 

(2) for any two variables x; and z; there exist constants 
whose substitution into f (z") for variables other than 
x; and z; leads to a function depending essentially 
on z; and zj. 

1.5.23. Enumerate the functions in P, (X^) that can be 
obtained by identifying the variables of the following 
functions: 


(1) f£ = (10010110; (2) 7 (29) = (11111101); 


(3) f (25) = үл», V Lol, V X32, 
(4) f (23) = т,х„х, Ө rot, Ө 257, Ө x, Ө 1. 
1.9.24. Show that the identity operation on the func- 


м? ^ч? 


tion f (2") can lead to a constant if and only if f (0) — f (1). 


1.5.29. Find the number of functions f (x?) for which 
the identification of variables cannot lead to a function 
depending essentially on one variable. 

1.9.26. Can the identity operation on the symmetric 


function f (z^) lead to a function that depends essentially 
on all its variables and that is not symmetric? 


К 1.5.27. Let о, B, Y be three vertices in B" such that 
9 P< ү, and let f (z") be such that f (a) = f (ү) 5 
f (B). Show that it is possible to identify certain varia- 
bles of the function f in such a way that the function 


depends essentially on at least two and at the most three 
variables. 


1.3.28*. Show that for the function ] (z^), nz, re- 
resented by Zhegalkin's polynomial of power not less 


54 CH 1 BOOLEAN FUNCTIOMS 


than 2, there extst two vartables whose identification de 
creases the number of essential variables by one 

1.5.29. Enumerate all the functions f (z?) that depend 
essentially on three variables and in which the identifica 
tion of any two variables leads to a function depending 
essentially on exactly one variable 

1.5.30 Let the function f (2°) be such that | Ny] > 
27-1 Show that the identification of any two variables 
of the function leads ta a function that 15 not identically 
equal to zero 

1 5 31.8how that ihe number of functions  (z,, tn , 
+1} which lead to a certain function g (f, £2, + 
Ту} as a result of identification is asymptotically 


equal to en 2" as n-» оо 
1.5.32. Show that af f (z^) depends apparently on Zu 


the identification of this variable to any other variable 
leads to a function that depends essentially on the same 


хага Щеѕ as the function f (z?) 
15,33. Let n о>» 1 and let the functions f (z^) and 


g (z^) be such that |} Nip, | = 1 Show that for any 


: = 1, п, at least one of the functions f or g depends es 
sentially оп т, 


1.5.24. Show thatif [Л | 15 odd, the funt- 


f xt engin y 
tion Ф obtarned from f (z^) by identifying the variables 
z, and z; depends essentially on п — 1 variables (nz d) 

1.0.d0* Let the function f (z") depend essentially on 
n variables Lei ve (cz) be the number of vertices D for which 
f @) f (R) and р (а, B) = 1 Let v (0) = шах vy (0) 


ae Ri 
Find v(j) for the following functions f 


(1) 12") ==, Ф х, Ф Qr. 
CS) PGA у Мау (ану У) 
& & (Та tini] -1)41 V V z&qnap, dm kx 
(8) j (27) шл, (a, Ga) uf ght — (ay, Gu 


Съ. баң, А быт}, where y (ФА, qn isthe num 
her of the tuple (a,, — ., с) 


Chapter Two 


Closed Classes and Completeness 


2.1. Closure Operation. Closed Classes 


Let M be a certain set of Boolean functions. The 
closure [M] of the set М is defined as the set of all func- 
tions from P, that are superpositions of functions in the 
set M. The operation of obtaining the set [M] from М 
is called the closure operation. The set M iscalled a func- 
tionally closed class (in short, closed class) if [M] — M. 

Let M be a closed class in P.. The subset А in М is 
called a functionally complete system (in short, complete 
system) in M if [A] = M. The set A of Boolean func- 
tions is called an irreducible system if the closure of any 
proper subset A’ in A is different from the closure of 
the entire set A, i.e. [A'lc [А] and [A'1 = [4]. An 
irreducible complete system in the closed class M is called 
the basis of the class M. The set M’ contained in the 
closed class M (among other things, in the entire set Р.) 
is called a precomplete class in M if it is not a complete set 
in M, but the equality (М U (f]] = M is satisfied for 
any function f € MN M'. | 

Functions f, and f, will be called congruent if one of 
them can be obtained from the other by a change of 
variables (without identification). For example, the func- 


tions x+y and y-z are congruent while the functions 
£y and 2-2 are not. While considering questions concern- 
ing closed classes, it is convenient to indicate one repre- 
sentative each from the set of pairwise congruent func- 
tions. For example, the class (z, y, 2, ..., 21, Zos...) 
н by all identity functions will be denoted by 
x, 

lf M is a certain set of functions, then M (X") (or 
M^) will denote a subset of all functions in M depending 
only on the variables тү, to, ..., Zn. 


55 CH 2 CLOSED CLASSES AND COMPLETENESS 


211 Justfy the following closure properties 

(4) (AIL = EI, 

ALM = М, (МАЕМ, 

(3) (М, UMA М рМ, 

(2) 101 = Ø 

2.1 2. Does relation (4) in 2 1 1 follow from relations 
1) (3 
| s. Is the set A a closed class? Assume that together 
with each function f їп A, tha set A also contarns all 
functions in P, that are congruent ta f 


О) A= {0,1}, @) A=} (3) A= И, х), . 


(4) A == E d "а, T1 Ta "XT " ay Ta 
Enr z 

(5) А = M ay Vaa V Via naei} 

(6) 4 = tr, OnO Ora, net}, 

(1) A = {9, T1 a Ea aq d Гад 


n> 

214. Wrte down all functions from the closure of the 
set A which depend only on variables х т, z, and are 
parvis поп congruent 


(1) A == {т => 1}, 
(2) A = 40, x}, 

(3) А = (х\/ у), 
(4) А = fz") 

(2) А = ir @ y zh 
(B) А = 


215. Prove that if a closed class in P, contains a 
function depending essentially on п> 2 variables 1 con 
tains an infinitely large number of pairwise non congruent 
functions 

2.1.6, Enumerate all closed classes in P, whith con 
{аш only a fimte number of pairwise non congruent 
functions 

21.7 In P, 

(1) 1s the intersection of closed classes alwavs a closed 
class? 

(2) is the difference between closed classes always a 
closed class? 

(3) can the completion of a closed class never be a 
closed class? 

4 1.8. Through reduction to a priori complete set 
in Pa, show that the set А 13 complete in P, if 

d) A = fz} у), 

OPERATE (t— y) d 2), 
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(3) А = {r>y, x ® y Ө 3}; 

4) A = {x — y, (1100001100111400) }; 
(5) A = (0, m (x, у, 2), z" Ө 2}; 

(0) A = {(1011), (1411110011000000) }. 


2.1.9. Which of the relations >, c, 2, €, =, £ 
is satisfied for the sets? К, and K, (the relation = means 
that none of the relations D, C, Z2, c, = is satisfied)? 

(1) К, = [M, f) Mj], К, = [M] N IM; 

(2) К, = IM, Mj], К, = [Mil IM; 

(3) К, = IM, U (M:N Mh К = IM, UMAN 

(M, U МУ; 


(4) К, = IM, N (M: U Ml A, = Uy N M; U 
[MLN М]; 
(5) К, = (МММ, NM), K = (МИМ, Mal. 
2.1.10. Let M, and M, be closed classes іп Pa, such 
that МММ, = Ø. Give examples of concrete classes M, 
and M, that also satisfy the following conditions: 
à) МПМ, = 5, МУМ, б, M \) М] = 
M, UM; 
(2) M, QAM: Æ Ø, MNM, =Æ Ø., [M U М] = 
M, UM»; 
(3 М> М, [M NM] 5 МММ; 
4) МПМ, = Ø, MN M 5 ҝӧ, IM NM. = 
MNM., 
6) M, NM, d. M,N М, Ø, IM, ӨМ 
М, Ө M,. 
2.1.11. Isolate the basis from the set А that is com- 
plete for the closed class M = [A]. 


(1) A = (0, 1, =, zy; 

(2) A= (1, хФуӨ2 Ө 1}; 

(3) A = {1 Vy, zyez, x V yz, (x V у) 2); 
(45А = iz 1, Oy Oz, ma, у, 2)}; 
(9) А = {х\уу\у2, rez (к-у) 2, 


(0) 4 = (к-у) = (у 2), ж\/у\/ (у Gy 

(1) A = fry, r\Vy,r>y, «By Oz Фи). 

2.1.12. Show that апу precomplete class іп P, is 
a closed class. 


ann ry 


1 Ву m (=, y, 2) (or h, (z | 

» 3 ; у, 2)) we denote the function zy 

E yz called the median (or majority function). , 
The sets are taken in P,. 
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2.1.13. Let Af, and Af, be different precomplete classes 
in the same closed class Af? Show that if Af] s ЛП, 
then М = М fre classes M, and M, "differ" even on 
a set of functions that depend on only one variable} 

2.1.14, Enumerate all precomplete classes in the closed 
class M _ 

(1) М = (0,21, (2 M = (0, хуу, 

(2) M = [0, i], (5) M = (0, гу] 

(3 Af = [ғ yl, 

2.1.15. Метку if the following sets form closed classes 
in Р 
(1) the set of all symmetric functions, 


(2) the set of ali functions f (z^), n> 0, satisfying the 
condition f (0^) = f (17) = 0°, 
(3) the set of all functions j (z^), тр і for which 
n-1 


Pic 

2.1.16. Show that if M is a closed class in Pa, then 
[M U tz) — M U fz} 

2.4.47 Prove that the set P, of all Boolean functions 


Cannot be presented as a union T M, (sz» 2) on pair 


{= 
wise non intersecting closed classes m Р, 

2.1.18. Prove that any closed class in P, containing 
а functton. other than a constant also contains the 
function z 

2.1.19. Prove that її a closed class in P, has a fintte 
basis, then each basis of this class 1s finite 

2.1.20. Majorize the power of the set of all closed 
classes in P, containing finite complete sets 

2.1.21. Prove that 1f a non-empty closed class in Р, 
differs from the sets {0}, {1} and {0 i}, it cannot be 
extended to a basis in P, 

2.122 Let Af be aclosed class in P, containing a fi 
nite number of precomplete classes (in Af) It 15 assumed 
that any closed class in AF can be extended to a precom 
plete class in M Prove that the number of functions 
in any basis of class WM does not exceed the number of 
precompiete classes (in Mj 


З We assume that Af c Р, 
t IE n= 0 then fas а constant equal to zero considered as а 
function. of zero arguments 
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3.1.93. Prove that a closed class [z — y] contains only 
such functions in P, which can be presented (barring the 
notation of the variables) in the form z; Vf (21, 25, . - ^ 


zy), Where f (x") CL as 


2.1.24. Let the function / (z^) belong to the closed class 
[х y], and depend essentially on at least two variables. 
Prove that | №, |> 2". 

2.1.25. Prove (without the help of Problem 2.1.18) 
that each precomplete class in P, contains an identity 
function. 


2.2. Duality and the Class 
of Self-Dual Functions 


The function g (£j. Tz, . . ., Zn) is called dual to the 
function f (zy, zs, . . S2) TE g (xi, 254... Жа) = F(X) 
Toy ER Ta). By дабов, the dual function for con- 


stant О is constant 1 and, conversely, constant 0 is a func- 
tion dual to constant 1. The function dual to f (z,, 
I4, .. ., Ln) is denoted by f* (xj, as, ..., Zp). 

The following statement, called the duality principle, 
is true: if D (x, Ta, «+ sy Zn) = f (fi Gy ә, ..., Zah 
Dus fm (Zis Zas se oe Zn)), then P* (£i, Za, vu хь) = 
IU (Фе Pas sce оО жа 

Let M be a set of Boolean functions. By M * we shall 
denote the set of all functions that are dual to the func- 
tions in the set M. The set M* will be called dual to the set 
M. If M* = M, the set М is called self-dual. 

The function f (шу, Zə, .. ., Zn) is called self-dual if 
f'(x x4... En) = Í (£i, Lo, ..., r4). The set of all 
self-dual functions is denoted by S. 

It follows from the definition of self-dual functions 
that a function is self-dual if and only if it assumes oppo- 
кч values оп any two opposite tuples of values of vari- 
ables. 

The following statement, called the lemma 0] non-self- 


dual function, is valid: if the function f (x") is non- 


self-dual, the substitution of the functions z and z for 
its variables wil] lead to a constant, 
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2.2.4. Is the function g dual to the function f if 

Су ј= лбу g=r~y, 

(2)f--:r—y gayer, 

(3) ў = ry VITIN yn gg = ту QD хт yz 

(4 = т Фу Әг g=r®y 02, 

(5) f = хуу (уе д), gta, y, 2) = (01101101)? 
2 2.2. Let the function f (2") be defined by the vector 


d, = (Zo, has + hon l Prove that the function i* (z^ 
is defined hy the vector (any EZECH 

22.3. Using the duality principle, derive a formula 
for representing a function dual to f Simplify the ob 
tained expression (by presenting 1t ina disjunctive normal 
form or in the form of a Zhegalkin polynomial) 

(1) f = ay V yz V xt V zt, _ 

(2) f — x 1 Vy (zt NO) V ги, 

(3) f= (3) Ө (Ey) | (xo va) 

(4) f = Сууу Ө ty 


2.2.4 Suppose that the function f (z^) 15 represented 
by the formula M generated hy the set {0 1, ^], &, V! 


Prove that the function f* (i^) 1з represented by the 
formula 9(*, called the formula dual to Y and obtained 
from it by replacing each symbol & by YV V by &, 0 
by 1 and 1 by O 

2.2.0 Prove that if formulas M and $ generated by 


the set (0, 1, 7], &, V] are equivalent, formulas 1° 
and 35* are also equivalent 


22 6. Prove that if the function f (z^) depends essen- 


ually on the variable т, (15 := п), the function /* (27) 
also depends essentially on г, 

2 2.1. Prove that 

(1) the set dual to M* is identical to M, 

2) the set М їз а closed class if and only if the set M* 
t8 a closed class, 

(3) 1f the set M, 1s a complete system (or basis) in the 
closed class M, the dual set M? forms a complete system 
(resp basis} in the closed class Af*. 

(4) i$... M, => M,, then MT > Mt 

2.2.6, Count the number of functions depending on 
variables z,, Za , ZT, in the set (ЛЗ IM] 
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4) M= {0, zh BQ) М = {fe Фур (3) M= 
(zy, z V y, 

2.2.9. A the function f self-dual in the following case: 

(4) f = m (=, у, 2); 

(2) f = (к->у) Vue rh 

(3) f— (z Vy V2) t V zy 

(4) f = (0001001001 1001112) 

(5) = т, Өг. Ө... Ө z,,44€ o, where ø € {0, 1}? 

2.2.10. Prove that the function f (a^) is self-dual if 
and only if its z,-component f} (r") is dual to its Ty- 
component f, (r"). 

2.2.11. deii that if f (^) is a self-dual function, 
then | N; | = 

2.2.12. ws би there are по self-dual functions 
depending essentially on two variables. 

2.2.13. Determine the number of self-dual е 
depending essentially on variables z,, Zə, .. 

2.2.14. Enumerate all self-dual functions that depend 
essentially on variables z, y, 2. Show that each of these 
functions can be presented in the form m (2°, y®, zY) or 
rOyGOzGQGo,where«, В, y, с belong to the set (0, 1}. 

2.2.19. Determine the values л> 2 which make the 


function f (2% self-dual: 


(1) f (2) = a, (22 V ty V... V En) V xo (x5 V ..- V En) V 
i M asap V. En) V Eneas 
(2) f(z") — z, (T2 D 24 Ф... D Tn) OG T2 (x4 Ф 
Өх.) Ө... Q n-z (zi, Ф Tn) S424 
(3) f(z") = (д, — 2,) Ф (25 24) Ф... (zi. La) 


e (Tn > T1); 


(4) f (x^) = V Xil... Fingal 
Ixii.cuc. OXipyopmn 


Here the disjunction is taken over all monotonic — 
tions of length In/al formed by variables z,, Ta, . . ., t4. 


2.2.16. Let f(T") = z, Өх. 6... 0 z,, gt б”) = 


8п-1+1, (z^ ) i= 1, 2,..., n. Is the function f (g; (г? ), 
‘ser 8n (2™)) self-dual? 
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2.2.17. Prove that i _ 

1) f(z, Т», ' In) Eo, then f (Т, i, t x} £ {2, zi 

(2) Е S, then m (z,, f,z; P r, Df) Dx, Or Es, 

(3) / Ё К^ then n e Tata D rjr, Ф Taf a La ce T € 5 

2.2.18. Let the functions f (z") and f* (2°), az, 
satisfy the condition | Ny | = Wy. | Prove that 

(1) uf FS f* = const, then / € 5, 

(2) uf f Bf f* == const, then / € 5 _ 

2.2.19. Substituting the functions z and z for the 
variables obtain a constant using the non self-dual 
function f 

(1) f = (00111001), _ 

(2) f = (= Vy V3 t WV ту 

(2) f = (z t y) (x Ф 2), 

(4) f = zy V za V yt zi 

2.2.20. Prove that 1$ a non self dual function depends 
essentially on at least three variables the identification 
of some of its vartables can lead to a function that de- 
penás essentialiy on two variables 

2.4.21, Prove that Ч identification of variables 10 the 
function f (z"}, n= 3, cannot lead to a function de- 
pending essentially on two variables, 'the function f 1s self- 

ual 

2 2.22. Let f(z, y, z) = m (x^, уб, zY), where a, fs 
y belong to the set (0, 1} Prove that for any nz» 4, we 
can apply the superposition operation to the function f 
to obtain a function depending essentially on n variables 

2.2.23. Prove the following equivalences O 

(1) z Gy Qz = m (m (z, у, 2), m(x, y, з), mtn v 
z)) = "n {т, m (z, y, 2), HE (2, Y, z)) == Mi (m (2, Y, 2}, 
пъ (х, y, 2}, 2), 

(2) (cz Vy Vz)tVayz— т (т (у, z 1), z, t) = 
т (т (x y, t) m (z, z, t), m (y, 2, t), 

(3) m (т, y. 2) =n (m (z, 7,2), у, 2) 

2.2.24. Let f (r Е P, and по» З Prove the 101- 
lowing relation 


fX. T. Tay Tas ‚ Жу) 
= f (21, "n EN Ta. Tq}, M (Ti Fe, Tah Las | Za} 
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Ф f(m(z, Lo, Хз), Lay M (Lis Lor Lg), Lays. (a Tn) 

Ө f (M (Zis т», Ly), m (y Sa, 23), Lg, Ly, «+ +) Ly). 

2.2.25. (1) Using the problems 2.2.12., 2.2.14., 2.2.23. 
(item 1) and 2.2.24., prove that [m (z, y, z)) = [т (=, 
p. 31 = 5. 
Р (2) Prove that any basis of the class 5 of all self-dual 
funetions contains not more than two functions. 

2.2.26. Can the superposition operation be used to 
obtain the function g using the function f if: 

(1) f = (10110010), g = (1000); 

(2) f = (1111011100010000), g = (00010111); 

(3) f = (11001100), g = (00110011)? 


2.2.27. The function f (z^), nz, has the following 


properties: / (x") & S, and the identification of any 
2 [V n] variables in it leads to a function from class S. 
What is the largest number of essential variables in the 
function f. @")? 

2.2.28. Enumerate all functions depending essentially 
onthe variables z}, £a, 23, £4, any zii-component of which 
is a self-dual function. 

2.2.29. Is the set M self-dual in the following case: 

() M = {re Oy 2, т(х Фу, r~z, y~z); 

(2) М = {x-y т\/ у, 2 Фу Ө т (х, у, zy 

(3) М = ((r—y)—y, («@ Vy) Bz Oy, (= Vy V2) 
tV хуз); 

(4) M=S\ {с Фу Ө 2, т (к, у, 2)}? 


2.3. Linearity and ihe Class ої Linear Functions 


The function f (z^) is called linear if it сап be pres- 
ented in the form 


fie) =a, Ө ох, Paw, Ф... Фах, 


where о; € (0, 1), OK i< n. The set of all linear func- 
tions is denoted by Г, while the set of all linear func- 
tions depending on the variables ту, ль, .. ., Zn is 
denoted by L". The set L is a closed and precomplete 
class in P,. The following statement (lemma on non- 
linearity of a function) is valid: 

If f¢ L, the substitution of the functions 0. 1, £, у, 
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z, y for the variables can lead either to zy or to zy 
lf f£ & L, fas called nonlinear 


2 3.4. Expanding the function f into а hegalkin poly- 
nomial, find if 1% 18 linear 


(1) f (3) = (духа V түл) Ө n. 

(2) f(z’) = Ж (т, Ф Fals B 

(2) f(z") = дух. V 1525 V Fafa M Ifi 

(4) f (3) = Gm) >) ~ oy 

2.3.2. Prove that 1? the function f (z") assumes oppo- 


site values on any two adjacent verhices & and P in В", 
tt 19 a linear function Js the converse true? 


2.3.39. Prove that x f (27% $33 a Uyneaz funchen other 
than a constant, | V, | = 2%" Is the converse true? 

2.3.4. Find out if the function f ig linear 

(1) f (29) = (1040 1010 0110 1000), 

(2) f(z*) = (4004. 0110 1001 0140), 

(3) f (x) = (4001 0310 0110 1001), 

(4) fiz = (0110 1001 1010 0101) А 

2.3.5. Show that the number of near functions f (z^) 
depending essentially on exactly k variables of the set 
(21, x, 1» £4) 18 equal to 2 {7 


2.3.6. Find the number of self dual functions be- 
longing to the set Z^ 

23.7. Show that the function z—-p cannot be ob- 
tained from thelunctions z © y © z, z Ө i,x Ө y with 
the help of the superposition operation 


2.3.8. Gan the function f lead to zy 1f the functions 
Q, 1, х, y, х, y are substituted for ita variables? 

(1) f (a°) = (1110 1000}, 

(2) f (35) = {01135 1112), 

(3) f (7) = {4004 1001), 

(4) f (27) = (x, > x4) (zr, -H F,)0 (2, e Ea 45 ta) 
Ф (тъ Ty (x, —- Za.) 

2.3.9, Find out 1f the function x — y can be represent- 
ed by a formula generated by the set Ф, where 
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(1) D = L U (zy V zz V лу}; 

(2) Ф = INS; 

(3) Ф = (L U (zy V yz V zzj) ә; 

&) D = (L 0 (zy) У 8. . 

2.3.10*. Prove that if the function f (z"), depending 
essentially on all its variables, is linear if and only if 
the substitution of any subset of constants for any subset of 
variables leads to a function that depends essentially 
on all the remaining variables. 

2.9.11*. Prove that a polynomial of degree A> З can 
lead to a polynomial of degree k — 1 as a result of iden- 
tification of variables. 

2.3.12*. Show that by identifying the variables in the 


ы 


function f (z"), n> 4, we can obtain a nonlinear function 
depending on not more than three variables. Enumerate 


all nonlinear functions f (2%) from which a nonlinear 
function cannot be obtained as a result of identification 
of variables. 

2.9.13. Show that the identification of variables in 
a non-linear funetion can lead to a function that is con- 
gruent either to zy Ө І (х, y), or to zy Ө yz Ө zz Ө 


l (x, Y, z), where Г (х, y) and l(z, у, 2) are linear 
functions. 


2.9.14. Show that if f(z") ¢ L, there exists a two- 
dimensional face in 8” on exactly three of whose vertices 


the function f (x) assumes the same value. 

2.3.15. Let the function f (z"), nz» 3, be such that for 
all i, j @<і<ј< п) F (£a) = JË (z^). Show that 
| (z") € L. 

: 2.9.16. Which of the following sets form a basis in L: 

(i) (1, Өү}; . 

(2) iz y, x By O 2}; 

(3) {л лә y, x Q y, 03; 

(2) {0,2 Dy Oz @ 1); 

5) Orey Oz, 2 Oy @ 2} 


2.3.17. Single out all bases in the following sets 
Complete in L: 


(1) (Q,1,rO01,zr—y,rQOQy @ 2}; 
(2) {т^ у, @~y)~z,2 By Dz rOy Oz Ot}; 


(3) 10, (z~ у) ~ 2, Ж Ө 1, z Ө у} 
3—00636 
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2318 Prove that any set complete in £L contains 
а! least bw у Лици mis 

2319 Piove that any basis in È contains not more 
than three functions 

24320 Prove that only а ноце number of closed clas 
ses can be formed by linear functions alone Last all 
such classes 

2321 Show that any closed elass formed by a finite 
number pi pairwise non tonginent (functions 13 con 
tained in £L 


2322 The function 7 iz"), noe 1 satislies the condi 
Lions 
(1) | V; 40 2^ (2) JF @ Је 15 a constant 


Show that f (29) € b US for nzxz 3 Give an example 
when the function / satisfying the conditions (1) and (2) 
does not belong to the set L 1) 5 

2323 Prove hati NS- kr By Әх 1) 

2324 Show that L* — £L 

2425 Enumerate all pairwise non-congruent func 
tions f satisfying the following conditions 

(53762 

(2) any proper subfunction of f is huear 

2326 Determine the number of self dual linear f inc 


tions f (z^) thal depend essentially on all their variables 

2327 in how many ways can biachets be wrianged 
in the expression Ty — 7, —— 2, — л, — 7, so that to give 
a linear function? 


4428 Let f(i)cLpns fo 0 0) = 
fo 0 {and fia, t аһ) = Find the 
value of the function f (a, а, Gn 4 tn} 

2229 For what values of n can ihe linear function 


f(x ) satisfy theconditionf(0 0 0) И 1 1) 
and be symmetric’ 


2330 Let f (x ) be such that 


n^ a (T) and foo’ a "(D т, 
Show that f (z^) GLUS 
23 31+ Enumerate all pairwise non congruent pon 
linear functions f. such that апу identification of varrables 
leads to a [unction in /, 
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2.9.92*. Enumerate all pairwise non-congruent func- 
tions f¢ L U S for which any identification of variables 
leads to a function in Z [|] 5. 

2.3.38. Let О = (0, т, fis fas fg}, where fis fo, fa are 
pairwise different functions depending essentially on 
variables ту, 24, . . ., Tn (п > 1). Prove that the system О 
is complete in P}. 


2.4. Classes of Functions Preserving 
the Constants 


The function f (z") is said to preserve the constant 0 
(or constant 4) if f (0, 0, . . ., O)O (resp. if f (1,1, . . ., 1) 
= 1). The set of all Boolean functions ргеѕегу- 
ing the constant 0 is denoted by 7,, while the set of 
functions preserving the constant 1 is denoted by 7i. 
The set of all Boolean functions that depend on variables 
Tj Zo, ..., ry and preserve the constant 0 (constant 1) 
is denoted by Т? (resp. by Tj). Each of the sets T, and 
T, is a closed and precomplete class in Py. 

2.4.1. To which of the sets 7, U T,, Т, N T, do the 
following functions belong: 

(0 ((z Vy) = (192) Y (y 2 2) 

(2) (zy >z) | ((z— y) 4 (2 Ө zy): 

G) (ry) & (у | 2 М (2-0)? : 

2.4.2. For what values of n does the function f (z") 
belong to the set T, « T, 


076)—2 60290 ... ӨзӨ1; 
(D EE) = (... (z, 9 2) > 2) 9... > En); 
(9) f(z") =(... ((z,— 25) — 34) —- ... — Zp) 
$((...((zx,—2)—z)—...— Ly) > 2) Ф ... 

Ө (... ((En > 2) m) meom En)? 
(4) (2%) —16 D Li Lii? 


а<а<а<и<п 
4.4.8. For what values of n does the recurrently defined 


function f (z") belong to the set (ToN Ti) U (TiN To): 
5a 
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(1) f. (x?) == Fy Ф 2; 


f) o (Gom fa EY) za V faa EY, n2, 
(2) fy EA =, h (2, т, = Ф Lais 


fn (а^у= Тад Ф А s(a” 2 nz», 
(3 fa(x)m za felt, x;)5 x. V хт, 


f) fn EY сај а (2"2), п>? 


2.5.4 In how many ways can the brackets be arranged 
in the expression х — Ta —> Iy — y — z, 10 order to ob 
tain а formula representing a function in Ту? 

24.5, Count the number of functions depending on 2,, 
Ta, ‚ Za 10 each of the Following sets 


(1) To N T... ©) БМ(Т„ПТ,), (9) 5 ПГ UT), 
(à T,UT, (6) ENT UT (1) 5 (Tr Ty, 
(3) 7. NL, (3 7,05, (11) 5 М (TZ. U Ту, 
(4) 7, UL, (8) TINS, (12) (5 N T4) П Ту, 


(14) LN (T$ U (7, N 5)). 
(15) (L U oy (Ts U Ту) 
2.46 Find the function f {x r, , 0) a 


(i) f (zi, Zg (XR E LYN Ту, 
(23 f (x IT Li Zn} Є L w (Т, {| o), 
(3) f (2), Tar А т) & N Ta 


2.4 7. Is it possible to obtain the function f as a result 
of the superposition operation generated by the set Daf 

Qyis=zrBy, Ф = {x+y}, 

()f—rz—y, Ф = fry, {у}, 

Qr=eVn Ф = Т, USN (L U T) 

(4) f = zy, Ф (ГМ) fe Oy Y 

"TE Preve that 

) Ta = lty, z Фу] = lr yy r®yl, 

(4) T, = ix Vy, xc yl = zy, z~ yl, 

(2) Ta WT, = lzy, x Фу zl 

2.4.9*. Prove that any basis in Т, contains not more 
than three functions Give examples of bases of the class 
T, consisting of one, two or three functions 
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2.4.10*. Prove that any basis in 7, ( 7, contains not 
more than two functions. Give examples of a basis con- 
sisting of one function. 

2.4.11. Does the class TaN Т, contain a function de- 
pending on three variables and forming a basis in it? 

2.4.12. Prove that 

i) L ПТ, = (= Ө yl; 

(2) L (1 T, = Iz— yl; 

(3*) S N T, = lzy VyzVzz, z Gy Ө 2] = 
=y Миу. 

2.4.13. The function f (22), which is not defined every- 


where, is equal to zero on the tuples (000), (001) and equal 
to unity on the tuples (011), (100), (110). Extend the 


definition of the function f (x3) on the remaining tuples 
so that the obtained function forms a basis in 7,. 

2.4.14*. Prove that if the function f depends essential- 
ly on at least two variables and ЕТ, U 7,, then 
115 Slj. * 

2.4.15. Are the following sets bases in T: 

(1) (zy V yz V zz, x ® y Ө z}; 

(2) (zy, rOy Oz, хуу}; 

(3) (zy ® 2}; 

(4) {r y Oz, zy, zx Vy V2} 

2.4.16. Give an example of a symmetric function 
f (zt) forming a complete system in To. 

2.4.17. Prove that 


LAT, ПТ, = 05 ПТ = 1065 AT 
==, 4 S П Ty [| Т. 
2.4.18*. Prove that the classes Т, NL, T4 NS, To П 
Т, are precomplete in T. 
4.19. Prove that the system of functions {4} (Те, 


(7, UL US) is complete in Р,. 
2.4.20. Prove that | 


(i) T? = Ty 

(2) (T, U IÀ)* = Т, U i 

(3) (To UT, US UL)* =T, UT, US UL: 
(4) (ТЫП TO US)* = (Ta NT, US: 

(0) (TN. S)* = TIN S; 

6) (S N Ty* = SNT.. 
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2.4.21. Let f (z*) € S1 L| Tu f (1, 1, 0, 1) = 1, and 
let f (z*) depend essentially on at least two variables 
Find f (5) 

2.4.22*. Prove that the classes LA Fa L ПР, 2 5. 
[0, х] are the only precomplete classes in £ 

2 4.23. Prove that f C (T, 1 7,) US af and only if 


not a single constant can be obtained trom f by carrying 
out the superposition operation 


2.5. Monotonicity and the Class 
of Monotonic Funcfions 


The Boolean function f (z^) 1s called monotone if for 
any two tuples a and В зп B". such that a x B, the ine 
quahty } (uf P) 13 sated Otherwise, the funcion 


Fir") 15 called non-monotonic The set of all monotonic 
Boolean functions is denoted by M, while the set of all 
monotonic functions depending on variables гү, Zg КЕ А 
is denoted by M" Тһе set M is а closed and precom 
plete class їп P, The following statement (lemma on 
а поп monotonic function) is valid af f & M, substituti- 
ons of the functions 0 1, z for its variables сап lead to 
the function x 


The vertex c of the cube В” ts called the lower unity 
(upper zero) of the monotome function f (z^) М f (a) -1 
(resp ў (а) = 0) For any vertex B. it follows from P <u 


that f (P) = 0 (resp i (B) = 4 follows from the condi 
uon а < B) 


2.9.4 Which of the following functions are monotonic 


(4) £ — (r— y), (5) f (2) = (00110114), 
(2) x —- (y — 2), (бу / (2%) = (01100111), 
(3) zy (= Ф y), (7) ] (z*) == (0001010101010111), 


(4) ху Ө yz Ө zz Фа, (8) / (2*) = (0000000010111111)? 
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2.5.2. For what values of n is the function f (2") 
monotonic: 


п) у у= У) ш 


i<i<j<n 


(2) f (z^) c NR тһ > (T; DrD... Өх»); 
n 

(3) f (z^) = түл, o In Ф Db =, езй р АИА vos Syl 
i—1 


2.5.3. Prove that for the monotonic functions f (z^) 
the following expansion formulas are valid: 


H^) ==]! (27) V fi (y; f (0) = (а V fi (2) & fi (2). 


2.9.4. Prove that for any monotonic function f other 
than a constant, there exist disjunctive normal forms and 
conjunctive normal forms that do not contain negations 
of variables and that represent f. 


2.9,9. For how many monotonic functions f (х3) аге {һе 
relations f (0, 1, 1) =f (1, 0, 1) = 1, f (0, 0, 1) = 0 
valid? How many of these functions belong to the set 


I S? Do they include functions with apparent vari- 
ables? 


2.5.6. Let f (х) eS ПМ, f£ (0, 0, 4, 1) =7 (0, 1, 
1, 0) =} (1, 0, 1, 0) and let f (x?) depend essentially on 


all its variables. Compile the table for the f (z^). 


2.9.7. Prove that if f is not a constant and f V f* a 
constant, then f ¢ M US. 


4,0.8. (1) Is it true that if f (27) is monotonic, the 
condition 

а, BE B", v (B) > v (а), IB || с> 1 1,7 (0) = 1, 
leads to the equality f (É) = 1? 

(2)* Suppose that for all k (0< k < n) the conditions 
f) —1, wa")«c273 — 2, y (B^) = v (а) + 2^ 
lead to the relation f (B^) = 1. Prove that f (z^) € M. 


2.9.9. Enumerate all functions f (2%) € М satistying 
the following conditions; 
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(47,90, 0,01 — 1, £(0, 1,1, fh = 4, 

(2) f (1. 0, 9, 0) = |, f (2%) € L, 

(3) 3 (0, 1, 0, OD ze f (d, O 4, i), / (x) 05 symmeint, 

(4) 7 (1, 0,0, 1) 20, /€5 

2.0.10. Show that if f (z^) 15 non monotonte, there exist 
two vectors œ, B in Д" that differ exactly in one coor- 
dinate, and for which m < B but f (a) — f (P) 

2.9.11, Show that tha function f, which depends essen- 
tially on at least two variables, 1з monotonic 1 and 
only if any (proper) subfunction of the function f 1з 
monotonic 

2.5.12. Give an example of a non monotonie functin 
ў (z^) whose each subfunction of the type jg(z"), t = і, n. 
б € (0, 1}, is monotone How many of such functions 
depend (not always) essentially on the variables of 
the set (zr, xj Жу}? 

2.9.13. Shaw that the function f(x") 1s monotonic id 
and only if for any & (k = f£, п — 1), for any non-empty 
subset íi, (Ux) c (4, , п} and for any tuples 
g = {@,, , О) and T= (71, ‚ ta) with < т, 
the following relation 15 satisfied 


i, i, ev tas t “г 1, iy, in 
ја, Ок (z^) V fe, т (2^) == fr, ТА (7^) 


4.9.14. Prove that na simple implicant of a monotonic 
function Contains a negation of variables 

2.9.15, The monotone elementary conjunction К gen- 
erated by the set of variables z, =, Tn 18 said to 
correspond to ihe vector (aj, a, , &,) in В" when 


a; = 1forany: = 1, n i£ and only а z; 15 included in А 
Prove that 1Ї the vector a 18 the lower unity of the mono 


tonic function f (x^), the Zhegalkin polynomial contains 
аз one of the terms the conjunction A corresponding to 


the vector c 
2,9.16*, Let f (z") be a monotonic symmetne func- 


tion, such that Ny = {a lla o> k, a € В"). For what 
values of n and К does мз Zhegallan polynomial! contain 
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at least one elementary conjunction of rank k + 2 as one 
of its terms? 

2.5.17. Show that there are no monotonic self-dual 
functions with exactly two lower unities. 

2.5.18. Can monotonic self-dual functions have three 
lower unities and depend essentially оп: 

(1) three variables, (2) more than three variables? 

2.5.19*. Show that the maximum number of lower 


unities of the monotonic function f (z?) i is equal tof ala) 


2.5.20. Show that if the values of a monotonic function 
are arbitrarily replaced by zeros at some of its lower 
unities, the resulting function will also be monotonic. 

9 n n 

2.5.21. Show that | M^ | >> 2 (2) - 


2.5.22. Find the number of functions in each of the 
following sets: 

(4) М"У (ТҰП); (4) МГП" ПГ 5”; 

(2) MN (TIU TO (5) B/N 5"). 

(3 MENL”; 

2.0.23", Show that 

(1) [ENM <| Al’ | for not; 

(2) | M" | «| ar |? for ni; 

(2) | M" |<] M” 227-2 for n2. 

2.9.24. Let m (n) be the number of monotonic functions 
depending on the variables z,, z,, ..., r4. Show that 
"i" т (2) = 6, т (3) = 20, m (4) = 168. 

2.9.29. Count the number me(n) of monotonic func- 
tions d (x?) depending essentially on n variables for 
n -—1, А, 

2.9. 26*. Prove that | M" |< | S” | for nz A. 

2.9.27. What is the number of monotonic - self-dual 


functions f that depend essentially on all their 
variables? 


2.5.28*. Using the fact (see problem 1.1.18) that a cube 


В" can be divided into(7 и. non-intersecting ascending 
chains, prove that 


(1) | M" | (n t2). 
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(гару) 
(2) | A ] (n — 1) +2 


2.5.29*, With tha help of the problem 1 f 18, show 


that J AM | yon) 
2, 5,80. Prove that the number of monotonic functions 


} (xz) each of whose lower unities has a werght not ex- 


ceeding $ (zz kxn/2) is not mora than 1 + A i) 

2.5.94. Let (A, x) be a páarbally ordered set The 
function 7, defined on the set A and assuming its values 
from the set {0, 13, 1s called monotoruc И for any а and 
fi in A, such that a« B, the relation f (аре у (В) 1s 
salisfhied Let m (A, zz) be the number of difisrent mono 
tonic functions defined on А Find min m (A, =) 

А[=п 

max m (d, <=) and fnd the partially ordered 

A 
sets with n elements on which these minimum and maxi- 
mum values ага attained 

2.0 02", Give an example of a sequence of monotone 
functions f, (z?), n = 1,2, , such that the number af 
lower unities of the function f, бх") exceeds the num 
ber of upper zeros hy à factor of 2"/n 

2.0.3. Prove that if the number of lower unilies of 
the monotome function f(x") 25 not less than 2, the 
function depends essentially on at least two variables 

2.5.04". Let t (f) be the number of lower untties of the 
monotonic function f and let p (f) be the number of its 
essential variables — Prove that p (fz log,t (f) — 
log, log, # (f) 

2.0.30. Let f € M", and let m, (f) he the number of 


vectors ain B}, such that i (a) =] ga (f) = ть ША 
Show that фа, (f)szqa (fo Е d, п 


2.0.d0*, The function Ф (z"), defined on B^ and assum 
ing arbitrary real values, is called a generalized mong- 


tonic function af it follows from a xz P that Ф (a) < <= Фф (B) 
Prove that a generalized monotonic fonction c can he 
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presented as a linear combination of monotonic Boolean 
functions of the type 


o(z")=e+ > a, f (z^), 


f (x "je MAT, 


where c is real and a;>0. 


2.5.37*., Let ф (z^) be a generalized monotonic func- 
tion and gr (9) = ( н N У (p (a). Show that gp- (Фф) < 


aE Bj 
Gr, (Ф), к= 1, n. 


2.5.38*. Show that if f (z^) 6 M (n> 4), ап identi- 
fication of variables in it can lead to a non-monotonic 
function depending on not more than three variables. 


2.5.39. Isit possible to obtain z from zyz V t (xy — 2): 

(1) by identification of variables; | 

(2) by identification of variables and substitution of 
the constant 0 for certain variables; 

(3) by identification of variables and substitution of 
constants? 


2.5.40*. Show that if f(z)&M US (n > 3), the 
identification of variables in it can lead to a non-mono- 
tonic non-self-dual function that depends essentially on 
two variables. 

2.9.41. Show that if f € M, f* € M. 

2.9.42, Show that any monotonic function is contained 
in not more than two classes in To, T, and L. 

2.9.43. Show that none of the classes Ta Тү, S or L 
contains M. 

2.9.44. Can the function zy V yz V zx lead to the 
function zy with the help of the superposition operation? 

2.9.45. Is it possible to obtain 0 from the functions 
zy, r V y and 1? 

2.9.46. Show that the set (0, 1, лу, > NV y) forms 
a basis in M. 

4.9.47. Isolate all subsets from the set {0, 1, лу, 
£z Vy, ry Vz, xy V yz V zxz} which are bases in М. 

2.9.48*. Show that any basis in M contains not more 
than four and not less than three functions, 
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2,5.40. Show that any basis in Af consisting of three 
functions contains a function that depends essentially on 
three or more variables 

2.5 50 Give examples of bases in the following classes 

TOM, 0) ПАМ, BLM 

2.5 91. Let f(x") Е M (п> 3) Prove the validity 
of the representation 


J G") = m {f (21, Жү, Ty, Le; » Ty) 
Í (Tis LII Te T L Ta) j (23, II ту, La: Inj) 


where m іт, y, т} = ty M yz M zr 

2 29.92. Show that 

(1) zy V yz V zx forms a basis m M П 8, 

(2) any junction irom M f| 5, which depends essential- 
ly on more than one variable, forms a basis ал M. AS 

2,9 oc". Let 2 be a set consisting of all monotonic 
elementary disjunctions, and let e£ be a set of all mono 
tonic elementary conjunctions Show that only the sets 
DU ih HUG, 1j, Mf) T, M f) T, are pre 
complete in Af 

~ p n-i 0.58 a 
2,0.04*. Let f(y? ) = ы & — (yj—W) Show 
= tJ 


that [Ny] = М" 


2.5 55. Let f(z") and g (z^) be monotonje functions 
and д = ў 6 р Prove that 


INS Iz |N; | [27 


2.6. Completeness and Closed Classes 


The following completeness criterion 18 valid in Р, 

Theorem (Post) A system A ts complete ап P, if and 
Only ij it ts not contained entirely in one of the classes Tg, 
Ту, L S, and М 


The function ў (z") js called Shefer's function i it 
forms a bass in P, 


Let the iunction f (z^) depend essentraliy on ali 118 
variables By 9t (f (z^) we denote the set of all such 


Iunctions which are obtained from the function ; (z^) 
through identification of variables, the function f does not 
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belong to the set # (f). If n < 2, then by definition 
9t (f (2")) = Ø. The set 9t (f (z")) is called the hereditary 


system of the function f (z"). The function f is called irreduc- 
ible if Ut (f)] = Ifl. The basis $ of the closed class К 
is called prime if the substitution of its hereditary system 
for an arbitrary function f from $8 leads to an incomplete 
system in K. The function f not belonging to the closed 
class K is called a prime function with respect to К i 
its hereditary system ‘Yt (f) is contained in A. 


2.6.1. Show that Р, does not contain precomplete clas- 
ses other than the classes To, Т, Г, 5, M 


2.6.2. Using the completeness criterion, find out if 
the system А is complete in the following cases: 


(1) A = {zr —>y, r—yzj 


(2) A —1iry t~ yj} _ 
(3)A4-210,1,r(y-z)Vax(yQzy 

(4) A = 1(01101001), (10001101), (00011400) }; 
(5) А = {(0010), (1010110111110011) }; 

(6) A = (SNM) U ENT, U Т,)); 


(7) A = (5 ПМ) U (LNM) U (TNS); 

(8) A = (ММ (Т [| T) U (LN 5). 

2.6.3. Prove that if the function f depends essentially 
on at least two variables and belongs to the class S П M, 


the system {0, f) is complete in P}. 


2.6.4. Is the system A >= (f, (z^), fa (x")} complete if: 
(h€eS«M, h&LUS, fh-f-t 

(42) ЛЕТ ЦЕ, f&s, Һ—»1» == 1; 

(ЛЕТ ПТ,, fc MNT, hf, == 1? 

2.6.9. Is the system А = (f, (z^), f. (z^), f (2")) сош- 
plete if f у (To П Ту), f; € MNL, f, f. = 1 and 
h V fs = 1? 

2.6.6. From the complete system A in P.a, isolate all 
possible bases in the following cases: 

(1) А = ((z V y) (zx V y), zy Ө z, (т Ө y) 2, 
m (z, y, 2)}; 


E A= ^ T, xy (y~ 2), Dy Ө т (х, y, 2)}; 
А = {0,7 Q y, (z — y) ~ 5), — 2}; 
WAS EVEONVE oy) aue n. 


m. (=, y, z)}. 
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2.6.7, Give three examples of bases in Р. each con- 
taining one, two, three and four functions. 

2.6.8, Enumerate all difierent bases in P, contaming 
only such functions that depend essentially on two vari- 
ables x and y (bases are considered to be different ii 
one of these cannot be reduced to the other through a rede 
signation of variables) 

2.0.9. Find out if the set ?[ can be extended to a basis 
in Р, in the following cases 


(4) = {= Oy, mE y, 2}, (3) X = MNO UT), 


2) W = {z ~ or Vu) (4) Я = L()M 
2.6.10*. Does P, contain а basis consisting of four fnnt- 
nons fa fy, fs and te such that fy é Ts, fa Ё T, fy g L 
and f, 
4.6.11, Using the operations im the theory of sets 
express the closure of the set Y through known closed 
classes Ty, Г, L S, M and Ё, if 


(1) € = PsN(T, UT, UL Us U M), 


(2) 9i = MIT, UL), ib) = SNIT N Ty, 

(33 Д = MNT N Ty, Me = PE Uu Z3) 

(4) 9| = MNL, (8) A = T, 7, 

6) 9 = T, NNSL A= N TNM 
2,0.12. Which of the relations 2, c, 2, €, =, 2 


is valid for classes Ж, and K, (the relation £ means that 


none of the other five relations 1з satisfied) 


(1) Ay = iz v 9 val, Ка = 12 уу, т Ф y], 
(2 K,-lz—y,z Vy: KX, = [2 @ ул], 
(3) A, = (sy, z @ yl, К, = [z =y, xe, 
(4) A, = ll, z V yl, K. = (= Фу, глу 
(5) A, = Iz Ө у, хе yz К, = {т (y, 2, 2), т Ө 
y Ф201, ту Ф zl, 
(6) A, = [r—-yl, К, = [zd у, m (x, y, zi 


2.6.13, (I) Prove that Р, (Xf) contains exactly two 
Sheffer в functions. 

(2) Find the number of Sheffer's functions in P, (X?) 

2.6.14. (1) Prove that ЕТ, U T, U S, then f is 
a Sheffer function 

(2)* Find the number of Sheffer’s functious in Р(Х”) 

2.0.15. Prove that by identification of vanables, we 
can obtain from Sheffer's functions depending essentially 
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on at least three variables a Sheffer function depending 
essentially on two variables. 

2.6.16. For what values of n (n z 2) is the function f 
a Sheffer function if: 


(1) [516 D Vilji ' 


ixicJjxn 
(2) f-= 1 O 2115 Ө Totg ©... O xara D rs 
(3) f = (22) © (25 T3) € 
‚ Ф (x, > Tn) © (Ta — 23); 
4) [= (x, 122) Ө (|23) Ф... Ф (lx) © (Mal ey); 
9) f= | Ф (21 23) Te EE (z4-,— 23) (En — 24); 
(6) f= V Tu. . 
1<1<1.<... < nSP 

2.6.17. The function f does not belong to the set 7, U M 

and has exactly one value equal to zero. Prove that it 


either is a Sheffer function, or depends essentially on 
one variable. 


2.6.18. Give an example of a Sheffer function that de- 
pends essentially on the smallest possible number of var- 
iables and assumes the value unity on exactly half the 
tuples of values of variables. 


` Tinaj? 


2.6.19. Give an example of a function f(x г") such 
that for any Ё (< k< n — 2) and for any subset i, 
in, .. +, ikin (1, 2, ..., n) the function 


d d d om, 
ror tr ll ы =.) Бы, 

is a Sheffer function. 

2.6.20. Let the function f be monotonic with exactly two 
lower unities. Prove that f is a Sheffer function. 

2.6.21. Prove that any self-dual function not belonging 
to the set T, U T, UL U M forms a basis in the class S. 

2.6.22. (1) Prove that any function in class L belongs 
(о at least one of the classes To, 7,, S and M. 

(2) Give examples of linear functions contained exactly 
in one of the classes 7,, Т, and S. 

2.6.23*. Give example i a function in class 7, that 


does not form a basis in 7, and does not belong to the 
set 7, VLZUS UA. 


80 CH 2 CLOSED CLASSES AND COMPITTENESA 


2.6,24. Give example of a nonlinear function f(z") 
that depends essentially on the smallest possible number 
of variables and satishes the following condition for any 


number à (xz г л), each of the functions. ff (z^) and 


fi(z") assumes the value wnity at exactly 2"-* tuples 
of values of variables 

2.6.25", Prove that identihcatjon of variables in 
a nonlinear function depending essentially on nz 4 
variables leads to a nonlinear function depending essen 
tially an п — i variables 

2.6.26", Prove that identification of variables. in 
a function f not belonging to the set L |} and depending 
essentially on лох 4 variables leads to a non self dual 
nonlinear function depending essentially on н — 1 van 
ables Is this statement valid for n = 9? 

2.6.27*. Prove that identification of variables tn 


a Sheffer function f (z") depending essentially an n zx 3 
variables leads to а Sheffer fonction depending essen 
trally оп n — 1 variables 

2.6.28. Find out if the following implications are true 

(РЕС UPIN РЕР ЦМ, 

(2) 7&7, UT, UM =f is а Sheffer function, 

(2) ЕГ US UM f & (M Түү П (5 М M) 

(4) f d b JJ S UM f is a Sheffer function 

2.6.29. Let the subset Y from Р, (Х") contain more 


Tt 
than 2^ ^! functions Prove that 9f is a complete system 
in P, for n> 
2.6.30, Prove that each function from a prime basis in 
P, їз à prime function with respect to precomplete class 


1 

2.6.1, Find all parrwise non-congiuent functions that 
are prime functions with respect to the class А 

(i) A= 7, (3) A = (0, 1 zl, 

(2* A=LAS, (4) K = 10. 4, x, zl 

2.6.32, Prove that prime functions with respect to the 
class A that are pairwise non congruent, are exhausted 
by functions of the set 9f 

(1) А = Ta N Ta A = (0, 1, F} 

(2) А — Т. ПЕ, WM = (0, 1, Ir. ІЫ, TOM y. 

m {x,y,z}, nt (x, y, т). 
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2.6.33. Prove that P, contains: 

(1) only two prime bases {zx |y } and (x | y] con- 
sisting of one function; 

(2)* only three prime bases {0, 1, x By ® z, zy}, 
(0,1, зӨуӨ 2, з \уу} апі {0, 1, 2 Фу Oz, т (=, у, 
2) } consisting of four functions. 
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Chapter Three 
k-Valued Logics 


3.1. Representation of Funcions 
of k-Valued Logies Through Formulas 


3.1.1. Elementary Functions of k-Valued Logics 
and Relations Between Them 


Throughout this chapter we shail assume that А rs 
a natural number larger than 2 By E, we shall denote the 


set (0, 4 h — 1} The function f (z^) =f (z, ze 
£4) 15 called a Junction of the h valued logic if on any 


tuple & = (=, &, Сл) of values of the variables 


Xi Eas ra, Where «x; € £, the value f (a) also belongs 
to the set E, The set of all functions of the A valued logic 
is denoted by P, The concept of fictitious and essential 
variables equal functions, formulas generated by a set 
of functions (and connectives) superposition and closure 
operations closed class basis eic are defined in А valued 
logics 1n the same way às in a Boolean algebra Hence we 
shall give only the definitions of such concepts that differ 
essentially from the corresponding concepts in P, 

The following functions in a A valued logic are assumed 
to be elementary functions 

constants) 1, k — 1, these functions will be treat- 
ed as functtons depending on an arbitrary finite number 
of variables (including zero variables), 

Post s negation x 4- і (mod А), denoted as x 

Luhasiewieg 8 negation (Е — 1) — z denoted as~ x 
or Nr, 

characteristic function (of the first hind) of а number | 


1 af =] 

f (т), і = (), 1, E -—1 ph (E) = » if get 
characteristic function of the second hind of a number : 

Ь—1 uf z=; 

Jy (z) і=0 1 ‚—1 1,0) o if TE. 


the smaller of тогу min {z y) (alternatively zy or z& y), 
the larger of z or y max(z, y) (alteinatively, zV y), 
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mod Е sum: x + y (mod К) (read as "mod k x plus y”); 

mod Е product: x+y (mod К) (read as “mod k product of т 
and у"); 

truncated difference: 


0 if Oxiz«cyxk--1, 
s+y={,_, if O<y<e<k-t; 
im plication: 
Е] if 0б<х<у<кК—1, 
оу офу if б<у<гхх<кК—1; 


joint denial: max (х, y) -- 1 (mod k), denoted by v; (=, y); 
mod k difference: 


| r--y if 0Ox<yxr<k—t, 
tI lk—~(y—2z) if OSe<y<k—t. 


The functions (operations) min, max, -+ and · are com- 
mutative and associative. Moreover, the following rela- 
tions are valid: 


(Qr y) 2 = (noz) + (4+2) 
called distributivity of multiplication with respect to 
addition; ` 
max (шїп (z, у), 2) == min (шах (z, 2), max (y, z)) 


called the distributivity of the operation max with respect 
to the operation min; 


min (max (z, y), 2) = max (min (т, 2), min (y, 2)) 


called the distributivity of the operation min with respect . 
to the operation max; 


max (т, 2) = =, min (z, х) = х 
called idempotency of the operations min and max; and 
min (~r, ~ y) = ~max (х, y) max (~z,~ y) 
= ~min (z, y) 
called the analogs of De Morgan's rules (laws) in P,. 


..1 Unless otherwise stated, the symbols + and - in this chapter 
will denote mod & sum and product. 


бж 


BÀ CH 3 *#-¥ALVED LOGICI 


The following equalities э1е introduced by definition 


max {Ej A5 , X 8 -1" Tnt == mark (mak {Fis Ls 
PET т}, R * 
min (Qr, Ту, , ža- Fn) = min (mun (zu T. 


Tat Xa A , 
() if. 2—0, 
-mfp a AT 
In view of the associative nature of mod & product, the 
product r-z г. + {l colactors, 17x 1) 1s often written 
in the power form z! 
3.1.1. Prove the validity of the following equalities 
(1) — @) = ~z, 
(2) toy =~ (х — у), 
(3) x — (zr — y) = min {z, у), 
(4) (x22 y) y = max (хт, y) 
(5) (z2 y} + z = min (z, y) 
Вр z — y = g — min fe, yh 
(7) = y= max (х, y) — Ч, 
(8) (oz) — (y — x) = ~max (zx, y), 
(3) (oz) — (еу) = у — =, 
(10) (x t y) = бел} + Cu, 
(40) 6-9) = (wa) у, _ 
(12) max ((z 4-2) — 4. Je a2) mz. 
(12) mmn (7—J, , (х), (k — 2)> 2) = т, 
(14) "n == (х — y) +}, 3 U) + y aa (z), 
(15) v. (z, y) + oyna WW) + у ia (2) = пах (= y) 
AT max (х, y) + Jo (y — 2) Ја. (2) У = max с y). 
(17) rain (z, y) + Zo (y — x) — Ја (z):y = шип (z, y), 
(18) J, (max (J, (9. J 7, (т, Jh 2 OD = 7 (т), 
(19) Ј (шах fz, 1, Ji 2), Ј "RESP "re E4)) = 
Ja (т), 
үү zs (у (2) + 1 (2-5 (т) 1 z+ ji) А h 


о (2—0) — о (0 — (1 —1)) = 4, (2), t 


(22) (ii~ z) - —19-( ((k — 1) — 
(~ r)-— ~ 2 — — {mr} = x, 


(23) ( E — 1) n а) — fe —10— .— 
ip (x — (k — 3) — (E — 1s C 2) = 2. 
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3.1.2. Prove that the function f in P, is generated by 
the set of functions A (А с Pp) as a result of superposition 
operation. 
4) f=J,(@), А = {Jo (zx), Ja (5), max (х, y)j 
OJ = ~z, A={J, (х), Л, (2), min (=, y), max (z,y)}, 
k = 9; 
(3) f 5, А = (1, 2°, Jy (2), max (z, y)). 

= 3: 
(4) f =} (x), A= {T — 1, 1° }, Е = 3, 5; 
(5) = ј, (0), А = {ху тх у tt}, k =, о; 
(6) f = ~r, A fi, rey}, k=3, 93 
(Dye, А = (3, jo (=), x > у}, k = 4; 
(8) f =~z, А = {x + 2, Ja (шж), Ji (т), 

max (=, у), ху} k = 4; 
(9) f = ji (2), А = {= +1, Ja @)}, k =ô; 

(10) f =j) A= (z42, 22, Ja (2), k = 6; 

(11) f =j (0), A (n =, Jri (т)}; 


| 


(12) f = Jra (0), A = (—nr-—ylh 
(13) = Jr- (A = (6 — 1 z 2, 2 — yy 
(44) f — jo (2), A= И, ~z, = 20}; 


(15) f =z, А = {1, cz, X — y). 

3.1.3. Prove that if с belongs to E, and is coprime to k, 
each function J; (х), O< ii k — 2 can be presented as 
a superposition generated by the set (zr + с, Jr (z)}. 

3.1.4. Show that the function ф from P, can be repre- 
sented by a formula generated by the set (0, 1, . . ., k —1, 
т — 2y} if 

(1) Ф = Jai (2), Е = 2m (mz 2); 

(2) ф= ј, (0), k= 2т +1 (ту 1). 

3.1.5. Let А, (2) = ~r, hit, (zx) = xD h; (2), 
i> 1. Prove that ~hp_y (x) — nU | | | 

9.1.6. For what values of k (k Ze 3) are the functions 22, 
z? and zt pairwise different? 

3.1.7. Let = 3,4,...,9, 10. How many different 
functions in Рк, depending only on the variable x, can 
be presented in the form =! (L> 1 and the power is taken 
over mod A) for each k? 

9.1.8. Prove that each function f (т) in P» can be pre- 
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sented as a superposition generated by the set (1, J4., (2), 
І - у 

144. The functions f, (х) and f, (x) in P4 satisfy the 
following conditions jf, бх) Æ const, А (Ea) 56 E, and 
fy (Ea) = £5 

Prove that the function g iz) = fA, (z) + fa (z), where 
mod 3 sum 15 taken, does not assume at least one value 
LEL Е. Le g (E. == Е. 

3.1.10. Let the function f (2) in P, be presented 1n the 
form a,z* + ax 4-a, (mod 3 sum and product are taken, 
and a), d,, а, belong іо Ep What values can be assumed 
by the coefficients ap a, and a, if the function f (x) їз 
known nat to assume at least one value in £E, ie 


f (£3) = Ез 


3.1 2. Decomposition of Functions of k-Valued Logics 
into First and Second Forms 


Any function f (z,, т», Tajin Py ni, сап be 
presented in the first form which 18 an analog of the per- 
fect disjunctive normal form for Boolean funttions 


f (21, TT ‚ Fy) = max (min (f (07, Ta, ‚ Oah 
п 


Jo (xi) Јо, (2), Jo, (£53) 


Here the maximum is taken over all tuples c = (o, 
932, ; Gn} of values of the variables Zj, Zz » tn 


Another representation of the functions of X valued 
logie, Called the second form 18 also possible 


f(z”) = >) f (o) fe, (24) fa (Tn), 


where the sum is taken over all tuples J= (т, ‚ Oy) of 
values of variables т, z,, — .z, (mod k sum and product 
are taken) 


Example. Present the function f (rz, y) = max (jo (1) X 
Jo (y), x- Q1 fy) + 27, (y) 1n. P4 in the first and second 
orms 

Solution. First of all, we compile the table of values 
of the function f. 
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With the help of this table, we obtain the first and 
second forms of the function f. 

f (x, y) = max (min (1, Jo (x), Jo (y)), min (0, J, (£), 
J; (y)), min (0, Jo (z), Ja (y) min (0, Л, (х), Jo (у)), 
min (1, Ji (z), J, (y), min (2, J, (x), Ja (y)), min (0, 
Js (2), Jo (y) min (2, Jy (2), Л, (И), min (1, Js (2), 
Ja (y))}. 

Using simple manipulations, we get 

f (ж, y) = max {min (1, Jo (x), Ja (y)), min (1, J, (т), 
Ji (). min (J, (2), Л, (0), min (7, (0), Ji (9). 
min (1, J» (2), Ja (y))}. | | 
Ле, y) = tjo (2) jo (у) + 0o (2) +i, (y) + 0+)» (т) X 
ja (у) + ОЈ (2) Jo (у) + iji (2) AY) - 2-4 (ж)-)» (у) + 
"BF (x) Jo (y) - 3j. (х) Ji (у) +1 ‘Ja (®)-]» (у) = Јо (x) X 
Jo (y) T ji (т). (у) + 2:4 (@) ja (у) + 2+)» (а): (у) + 
ja (2) Js (y). 

9.1.11. For a given k, present the function f in the 
first and second forms (simplify the obtained expressions). 


(4) f = 2-4, z),/ — 6; 

(9) f = Ja (0° + x), k = 5; 
(6) f = (~ x)* + x, k = 4; 
0) f = 9: (2) — ja (0), k = 4; 
(8) f = z + 2y, k = 3; 

(9) f = max (г, y, k= 3; 
(10) f = = — у, k = 3: 


(12) f = cry, k —4. 
9.1.12. Prove the validity of the following relation, 
Which is the analog of the perfect conjunctive normal form 
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of the functions in Ра. 


j (z^) == min {max (Де, о„, ‚ On), ™ Ja (n) 
a 
аы oals), ~ FS on(tn)}} 
(here, n> i, and the minimum is taken over all tuples 
G = (0, Ge, , Ga} of values of the vartables х; =, 
|» ^n 


3,2. Closed Classes 
and Completeness іп 4-Valued Logics 


3.2.1. Some Closed Classes of k-Valued Logics. 
Representafion of Functions 
in P, Through Mod Е Polynomials 


Let & be a subset of the set E, The function f (z") 

P, (nc 1) is said to preserve the set & i£ 1 assumes a va 
lue f (4%, also belonging to £, on any tuple @” = 
(а, as, , &,) such that a; EE (Q = 1, 2, п) 
For n = 0, 11 15 assumed by definition that the function 
{f= a {а € Е.) preserves the set 6 only if a eë The 
set of aH functions in Р, preserving the set 6 is a closed 
class, denoted by T (6) and called the class preserving 
the set & If @ 15 a proper subset of the set E, (1e 
@ n5 Ey), T (8) = P, {see Problem 3 2 3) 

= [f 8s, , 6} denote the рагілілоп of 


a set Ey, 18 E, == \) 8,8: 0 for z= 1 2, , 


sand ё, NË; = @ for t 3&7} Elements a and b are said 
to be equivalent with respect io the partition D (notation 
a~ b (mod D)) if a and b belong to a certain (the same!) 


subset 6; of the partition D Two tuples 2" and D" are 
called | equivalent with respect to the partition D (nota 


tion &^-- B^ (mod D) af a,~ B, (mod D) for = 1, 
2, ‚п The function f (z") in P, (nz 1) is said {о 
preserve the partition D if Tor any tuples a” and B^ the 
equivalence а" ~ В" (mod D) leads to the equivalence 
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f @”) ~ (B^) (mod D). It is assumed by definition that 
any constant function (i.e., a function depending on zero 
variables of the type f — a, a € Ej) preserves any parti- 
tion D. The set of all functions in Pp preserving the parti- 
tion D = (€i, a, ..., Es} is a closed class, denoted by 
U (D) or U (ĉi, ё, ..., 6.) and called the class pre- 
serving the partition D. И s 1 and s=4k, the class 
U (D) is different from P, (see Problem 3.2.4). 


The function f (x") in Р, (п> 0) is called linear if it 
can he presented in the form а, + а: t... + 
an'n, where a; € Ey, j = 0, 1, ..., n, and the sum 
and products are taken over mod Kk. The set of all linear 
functions in P, forms a closed class of linear functions, 
denoted by ZL, (or L). The class La differs from P, for 
all А> 3. А mod k polynomial of variables £, Zas... Zn 
is an expression of the type а, + a,-X;-+...+ 
Am*Am, where the coefficients a; belong to the set Ep, 
and X; is either a variable in {z,, Za, ... ., хл} or a pro- 
duct of variables in this set (j = 1, .. ., m). A certain 
function from P, can be presented by a mod k polynomial 
if there exists such a polynomial equal to this formula. 
The set of all functions in P, that can be presented by 
mod К polynomials (or, in short, the set of all mod Ё 
polynomials) forms a closed class in P,. 

Theorem. Each function in P, can be represented by 
a mod k polynomial if and only if k is a prime number 
(in other words. the set of mod k polynomials in P, is 
complete in P, if and only if k is a prime number). 

If k is a composite number, then P, contains functions 
that can be represented by polynomials, as well as func- 
tions that cannot (for example, the constant functions 0, 
1, ..., k — 1 and "polynomial" functions x, z?, x-y, 
I + y can be represented by polynomials, while the 
functions jo (х), max (z, y). min (z, y), = — y cannot). 

Example 1. Represent the function f (т) = z? — x in 
Pi by a mod 5 polynomial. 

Solution. Let us first represent the function f (x) in the 
second form: 


j (ж) = 2 f(9) Jo (ж) = f (0) -jo (ж) + f (0) a (а) +F (2) Hs (0) 


i (3) Ja (x) a | (4) JA (2) —0 sj, (x) 4-0 -J, (x) {- 2+)» (x) 
1-3 (£) + 0-3, (ж) = árja (x) + Ja (2) 


b 
Es 
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Then we shall use the faci that 75 (z) = 1 — ze afl 
15 a prime number (hz 3) and that ріл) == роб — 1) 
{ == 1 А -- 1 (Here, as usual, we íake mod 
difieience. and mod A power) We have 


Ja (х) = 1 — {z — 2) = гі e l + Б ёт, 
(ш) = f — (zr 3) == { — (ху + 2}! = г 
AU 4 р? lr 


Consequently z? — r = 25! — 25? — Bx? + Хг (This 
expression can be written in a more Compact form 
2r. (к — 1)? (zr + 1)) 

The polynomial representing the function f (2) can 
also be determined by using the method of indeterminate 
coefficients Let f (x) — a, tape + da rd a, + 
a, х* (higher powers need not be considered since 2+ = 
r'(mod 5)} We compile the following set of equations 


ay = f (0) = 0, 

Gy a+ tyta dum f 0) 5 б, 

а + 2a, -+ 4d; -+ да, Бо, = } (2) — 2, 
ao + 3a, -- 425 -- 2a, 4- а, = f (3) = 1. 
6) + á0,-3- 0, tån -E a, — f (4) = 0 


Solving Huns set of equations, for example, by the meth 
od of elimination, we obtain a, = 0 a, — 2 а, = 3 
аз == д, d, == 2 

Example 2. Prove that the function f (r, y) = 27 ~ y 
in P, cannot be represented by а mod 4 polynomial 

Solution. We assume that the converse is true, те 
that f {т y! can be represented by а mod % polynomial 
and write this hypothetical polynomial in the general 
form (with indeterminate coefficients) f (т y) = (паа + 
Art F а-а) + (ау + ary + Gaty + aux) + 
(aay? + ay y^ + dart yt + ayet y) + (nay? оуу? 
daty? + ayy 

(Powers higher than 3 need not be considered since for 
1751 ihe relations z*** = л (mod 4) and 212% = 
х? (mod 4) are valid) We have 


nm 7) 7t T Sot 050-401, (*) 
f (1,2) a5, 4 yg + dag + 03921- 2 (24, 3-85, +44, +43)) = О 
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Since the equation 1 -+ 2a = 0 (mod 4) has no solu- 
tions (this can be proved directly by successively putting 
a=0, 1, 2 and 3), the set (+) has no solution either. 
Consequently, we cannot choose appropriate coefficients 
а; which would ensure the representation of the func- 
tion f in the form of a mod 4 polynomial. Therefore, the 
function f cannot be represented by a mod 4 polynomial. 


Remark. In the problem considered above, it would 
suffice to write two relations between the coefficients. 
However, a more complete set of equations should be 
often considered. In the following subsection, we shall 
demonstrate other methods to prove that the functions 
in P, cannot be represented by mod & polynomials. 

3.2.1. (1) Which of the classes, 7 ({0, 23) or U ({0, 1}. 
(23), do the following functions in P, belong to: 

(a) ~ z; (b) jı (т); (e) Ja (zx (d) z— y; (e) £ +y; 

(f) min (z, y). 

(2) Which of the classes, 7 ({1, 3}), U ((0, 1}. {2}, 
{3}) and/ or U ((0, 3}, (1, 23) do the following functions 
in P, belong to: 
we т; (b) ~ z; (c) jo (x); (d) x + 2y; (е) max (т, y); 

z*.y. 

9.2.2. For a function f in P, and for a given ЁК, choose 
the classes of the types T (é) or/and U (D) to which this 
funetion belongs. Here 6 must be a proper subset of the 
set E, (i.e. 6 == Ø and 655 Еһ), and D must be 
a partition (6,, ..., 6} of the set Ep, such that the 
following inequalities are satisfied: 1 < s < К. 


(1) k = = 2? + 1; 

(2) k = ‚ f = Jo (x? + 22); 
(3) k = 3, f = (а? — у?) +14; 
(4) k = 3, f = zey — y + 1; 
(0) k = 4, f = ja (= — x 
(6) k = 4, f = J, (дж + 2); 
(1) k =4, f=xy—y4 3; 
(8) A = 5, f = min (zê, у); 
(9) k = 5, f = (22? + у) — 1; 
(10); = 6, f — t.y 4-2 


(11) А is an arbitrary integer not less than 3, f = 
h(r-—ir) - 

(12) k is an arbitrary integer not less than 3, f = 
Ja (су — 1). 
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3.2.3. (4) Let £ = E, Prove that T (É) з= Fp 1 and 
only if Ё 15 a proper subset of the set £, (ie ё 56 0 
and Ё == Ep) 

(29 Determine the number of different closed classes їп 
Р, which preserve the sets? 

(3) Let & c Е. Calculate the number of tunctians 
in Ë, contained in the class T ($) and depending on 
the variables z,, Zar ,z, (nm) 

3.2 4. (1) Let D = (£, , €,1 be à partstion of 
the set E, Prove that U (D) Æ P, if and only if 1 < 
<А 

(2) For4 = 3, 4 and 5, calculate the number of differ- 
ent closed classes m P, which preserve the partitrons 

(3) Let D = (f, , ё„} be a partition of the 
set E, Calculate the number of functions in P, con 
tained 1n the class U (D) and depending on the variables 
Fy, o (UR (п m 0) 

3,2 5, Let & be nonempty subset in Æa other than 
the entire E, and let D = (8, Её Calculate the 
number of functions in Py which depend on the variables 
їр Ж, z, (п> 0) and are contained in the set 
Q^ ӨЗУ 0), AVONTE, OTOU 


32.6 By S, we denote the set of all different valued 
junctions in P, which depend on a single variable (1 е g (x) 
belongs io S4 if and onjy if p (E,) = Ea) Let Pi" be the 
Sei of ali functions of the k valued logie Ру, which depend 
on a single variable and CS, = PYSS, 

(1) Prove that the sets S, and CS, are closed classes 

(24 Calculate the number of functions depending on 
the variable x and belonging to the class Sa NU (10 


k -— 21 ff, k — 3}, (h--1in (For k = 3, we 
assume that {4, 4—3} = g 

4.2.7. Expand a function f in P, into. а mod К poly- 
поша! 


(Ч)]ў=2т—% Ё = 5, 

(2) f = пип (z? ж?р & = 5, 

(3) f = max (2 z — 1, zh k = 5, 
(4) f -3r-—(x-—-2r.k-1, 
(5) f = max (fx —1Y, r3) k = 7, 
(0) / = min (z*, y) А = 3, 

(7) f = max (2-z —y, x y) К=3, 
(8) f = x—y, k=ð, 
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(9) f = Jp- (£), k is an arbitrary prime number; 

(10) f = ja (ж — z"), k is an arbitrary prime number. 

3.2.8. (1) Prove that the function 2j; (x) in P, can be 
represented by a mod 4 polynomial for any i = 0, 1, 
and 3. 

(2) Prove that if a function in P, depending on a single 
variable assumes the values either from the set (0, 2} or 
in the set (1, 3}, it can be represented by a mod 4 poly- 
nomial. 

(3) Using the function f (x, у) = 2j (x) -jg (y) (in P), 
prove that statement (2) cannot be generalized to func- 
tions depending on more than one variable. 

3.2.9. Prove that if a function f (x) in P, cannot be 
represented by a mod 4 polynomial, then for any integer 
mz 2 the function (f (z))" cannot be represented by 
a mod 4 polynomial either. 

3.2.10. Calculate the number of functions in P, which 
depend only on a variable x and can be represented by 
mod 4 polynomials. 

9.2.11. (1) Let a function f (x) in Р, be represented by 
a mod 6 polynomial. Prove that it can be represented 
ру a mod 6 polynomial of the form а, + a,x + a,2°. 

(2) Prove that the number of functions in Pg, which 
depend on a variable x and can be presented by mod 6 
polynomials, is equal to 108. 

(3) Enumerate all the functions f (z) in Pg which can 
be represented in the form a + 0-j, (х) (a and b belong 
to Es), cannot be represented by mod 6 polynomials, 
and satisfy the condition that the function (f (2)) can 
be represented by a mod 6 polynomial. 

3.2.12. Find out whether a function f in P, can be re- 
presented by a mod & polynomial: 

(1)f-3.z2—2.22, k=4; 

(2) f=3-j (2), k=6; 

(8) }=2-(Л,(Ф-+ J, (2), k=6; 

(4) f—(z—y-—y k=4; 

(9) f=(max(z, y) —min(z, y)?, k=4. 
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3.2.2. Camplefeness Test for Sets of Functions 
of k-Yalued Logic 


in A valued logics, the completeness testing of ап ar 
bitrary set of functions is fraught with serious technical 
difficulties because the applicatron of the completeness 
creron based on an analysis of the set of all precom 
plate classes in P, involves the verification of a large 
number of conditions even forA = 3 and 4 (since there аге 
exactly 18 precomplete classes in Р, and 82 1n P,) The 
completeness of concrete sets in P, is normally proved 
by reducing them to sets known to be compleie before 
hand (like the Hosser-Turquetie set {0, 1, к — 1, 
Jo (2), Ji (т), ‚ Jy-1(z), man (т, y) шах (= yj ог 
Post's set (x, max (х, у)}) Besides, there exists a number 
of completeness criteria in which we consider seis of 
funcitons containing some functions of a single variable 
and only опе function which essentially depends on at 
least two variables Let us formulate the most important 
criteria of this kind It should be recalled that 

Şa 18 a set of all different valued functions in Pa, which 
depend on а single "vanable, 


РУ! is a set of all functions of one variable in P, and 
CS, = Р! xS, The function f (x) c P, 1s referred 
іо as essential if it essentially depends on at least twa 
vartahles and assumes all k values in the set E, 

Theorem 1 (Slupeckis criterion) A set PY" U (f (z)! 
is complete in P, (for k > 3) of and only if f (xis an essen- 
tial. function 

Theorem 2 (S8 V Yablonsky s criterion). A set CS, |) 


ti (z)| is complete in Ру (for k> 3) if and only if f (х) Is 
an essential function 


Theorem 3 (А Salomaa s criterion) 4 set $a U (f (z)) 


is complete in Py (for k zs 5) if and only if f (x) їз an essen- 
ial function 

The statements containing various completeness criteria 
for sets of functions in the sets Pj", S, and CS, can be 
used alang with these thearems Let us consider an 
example of application of such critersa Let a function 
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(а) where 0 xz i < j< К — 1, be defined as follows: 


Ll owe 
hi; (a) == 1 if x=, 
i otherwise. 


Theorem 4 (S. Piccard). Each 0] the sels {т, ho, (x). 


I + јо (x) } and {hoy (x), hoe (т), HEX hoch -1) (x), Ic 
jo (ж)} is complete in P}. 


3.2.13. By choosing an appropriate class of the type 
T (&) or U (D), prove that the set A is incomplete in 


P, if: 
(1) A={ ~z, min(z, y), zy?) 
(2) A={i, 2, x> j; (x), max (x, y)}; 
(3) A = (2, jo (2), £+ jo(z) 4- J , (ж) + J4.,(2), min(z, у) }; 
(4) A— (Js (x), z-Jg(x), ttj (z) 3-J, (x), max (=, y)}; 

A={k—1, „Јо (9), ry, rey 2}, _ 

(00 4— (2:23, 2-r+y, х?-у, z-Jo(y). 22+(~ 0) 
(7) A={r-y, тах (z, у) —24+ 1}; 


(8 4=1— 2°, тах (2, у) + zh 
(9) ін — zy, 22 - у}; 
(10) А тах (x, y), £> yk 


(11) A= А 2. ~ јс (2), max (а, y). 2+0} 
(12) A= Us (2), t+ jo (xr) +J, (2), z-y, z> yj 
(13) 4= 11, " "T w+ jaa (£), min (x, y). max (x, y)}; 
(14) A (1, 2, ,k—1 —— 1, ar jo (2), ja (2) 1, max (x, y) 
(15) A- (1, ~z, = у "i yh 
(16) A={~ х, /„(х),/,(х),..., Ja (£), min (х, y)+ 
(io (2) + Jo (y)) (x + y) 
(17) A={i—z, } (2), jı (2), cesa е)» T-Y, t — у, 
min (2, y)j. 
3.2.14. It is known (see Sec. 3.1) that the set 


A == (0. 1, et) k—1, Jo (x), ji (x), Ji md Бы (2), LY, Ey} 
IS complete in Р}. 


(1) Prove that it is possible to isolate from А a subset 
which is complete in P, and consists of two functions. 
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(2) Prove that any subset of the set А which consists 
of a single function is incomplete in РА 
3215 The Hosser Turquette set 


A, — {0 1 h — 1 Jalir) Ji (x) Jy у (2) 


min f(z y) mat {z y) 


is known to be complete in P, (see Sec 31) 

(1) Verify that by omitting in A, any constant other 
than Gand A — 1 we obtain a subset contained in a cer 
tain class of the type T (f) whee Qj x € 95 E, (and 
hence incomplete in Pa) 

2) Isolate from the set A, a subset which is complete 
in P, and consisis of 24 — 2 functions 

32 16 For given А test the completeness ol the fol 
lowing subsets of the Rosser Turquette set 

(А — 3 4 Jo) J, (х) пап (х y) max {> yl! 

(2) À —3 [1 2 У, (х) min (x y) max (x yj 

(3) A —4 {1 2 Jo (г) Jy (2) mu (z y) max (z y)) 

(4) À —4 ft 2 J, (2) J, iz) min íz y) max {r y)! 

à 41i Prove that eath voi the ioblowird seis ҮЗ tom 


plete in S, 
(1) (Ay (x) Rae (т) ota а (27) 
(2) (а (2) # (x) hi un(a) haa: ca nir) 
(3) {т Ro (z}} 
$ 213 Prove thatthe set {йу (2) h,, (z) ath И) 


z+ Ja (t}} 15 compteie in РИ 

3219 Using the method of reduction to sets which 
аге known beforehand to be complete prove the cam 
pleteness in P, of the following sets 


(1) {Fa (x) J, (x) J, (2) zr? ху) 
(2) (&—1 z-—y ru] 
(314r z42 r—yl 

(4) [——r {—2? 7— y} 

(9 {т y (~~ x) — 2y} 

(6) ir min(x py) 

(7) (mn(z y)—1) 

(5) (Ja ir} tty хоу] 

(9) {2 Іру z*— y] 

(10) (J,(z) zty x y) 

(11) (& —2. z y-F1 (х) — y] 


32. CLOSED CLASSES AND COMPLETENESS 97 


(19) (0—1, at— y, £? yy 
(13) 11, 2.20, x у} 
T (1, z* — y, тіп (х, y) 
) tl, zT y 2, c= y} 
T fx- ja (y), min (z, y)j. 
3.2.20. Using the Stupecki criterion, prove the com- 
pleteness in DP, of the following sets: 
(1) {fk — 1, e—y+2, 2 yy 
(2) fH) co by, voy + 1]; 
» Ley, (~ х) —у}; 
te (ж), x— y, cà —yk 
E * Jolt) xr: y; 
(б) mica (x 4- jo (2)) (1 +y) + (1 = 2)- (y — jı QY 
(Т) (l= 2) yz (1 yh 
(8) iz jo (x — y) + (x— j, (2))* jo (0) +Y- jo (2) 
(9) Uo (x — y) + T- jo (у) 4- (z— ji (2) oA Q1 
(10) (x- jy (Y) -+ Jo (£) (Y + Jo Q) — Л (9 
+ ja (2) (y — ja (y))}; 
S TT jo (2) + ji (2) (Y + jo (y)) + Ji (y). (Jo (ж)—], (x))}. 


2.21. Test the completeness in P, of the following 
е. 


8: 

(1) (k— 1, x42, тах (х, y)}; 

(2) (1, 2, z— уу; 

(3) (&—2, x+y, min(z, y)}; 

(4) (0, 1, 2 (2 у)}; 

(5) (2, 2- z-- y, z*-—- у}; 

(6) (1, 2, max (z, y): 

(7) {2 — x, x-y, тах (х, y)}; 

(8) (k—2, 2-z-Fy, ауу; 

(9) {~ x, —z-y, min (=, y)} 
(10) (2, sty, = у}; 
(11) {~ x, 2: jo (2), J , (2), т -- у}; 
(12) (1, ~x, Jo (x) +4, (2), max (z, y)}; 
(13) (0, 1, wa, 2— jo (z) —2.j, (х), min (=, y)}; 
(14) fi, k— Í, х-- l= |, min (=, yh 
(15) (E —2, ~z, x — y). 

1—0636 
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3.2,22, Prove that the following sets аге complete in 
Pf and andy ef? is à prime namber 
(41) f, тти тат), 
(Q)iz—yri r—uy ry 
i i ety, 2 yh 
4) I, —1, tyre y+ 
(9) {А — 2, н У гр), 


а composite А 
(1) л (2), басе А — 1, 
(e) max (x, y), 
(3) min (= у), 


(А) £o HN, 
(3) ==> y, 
(6) (x m y) — 2, 


(7) any Shetfer s function (1e a function. forming 
а complete system in Pj) 

3.2,24 Having chosen for a function fir у) the poly 
noamials Qa (zx), Q, (z) ani Q, (г) such that at least one 
of the functions О, (f (Q1 (2) Qc (y) or Qo (f iQ Cr), 
©, (z))) 1s known not to be expandable into à mod А pol; 
nomial prove that for 4 = 4 and 6 the following func 
tions cannot be represented hy mod А polynomials 

(1) f —(2-- x3) y. 

(2) f=((~ x) Ey) — {z — 1) 

(3) f=min(~ z, y) — (1 — a) 

(4) J= max (z, y) — {£ — 2) 

41.2.25. Isolate the basis of the set A which is com 
plete in Р, 

(1) А = А 1, (х) (ш), ку) т} \ 

Em у}, 

(2) d= мра Jala) max(r y) z= y% It yh 

(3) A={~ z, пиа (х, yh x y, xz yl 

(4) А = = {К—1, xt? max (х, yl. 4-— Uy, 

(9) A—12, № (20), za y xt y. узу 2) 
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3.2.26. Let B be an arbitrary basis isolated from a Ros- 
ser-Turquette set. Prove that in this basis 

(a) there exists at least one of the functions J; (т), 
OKS ix k— 2, 

(b) there does not exist the constant 0, 

(c) if Ja (z) € B, then k — 1€ B. 

3.2.27. Prove that if a closed class in P, has a finite 
complete set, the set of all different bases of this class is 
not more than countable. (Two bases are assumed to be 
different if one of them cannot be obtained from the 
other by redesignating the variables without identi- 
fying them.) 

3.2.28. (1) Let A be a non-empty set of functions of one 
variable from Pp, which differs from the entire set Pj" 
and satisfies the following conditions: there exists a pre- 
complete class B in Ph, such that B N Pj? = A. Prove 
that such a class В is unique. 

(2) Prove that the number of precomplete classes 
in Рк, each of which does not contain the complete set 
PM, is smaller than 2^*. 

3.2.29. (1) Prove that the closed class К, = [2?-y*] in 
Р. contains neither constants nor identical function. 

(2) Prove that the closed class К, = [j, (x) -j4 (y)] in 
Р. does not contain functions which essentially depend 
on a single variable. 

3.2.30. Two functions in P, are referred to as congruent 
if they can be obtained from each other by redesignating 
their variables without identifying them. Prove that the 
closed class К, = lj; (x) -j, (y)] in P, consists of a finite 
number of pairwise non-congruent functions which essen- 
tially depend on all their arguments. 

3.2.31. Let us consider the closed class К, = [f, (24), 
fa (is 2), fa (Шү, Le, Ts), ..., fn (Ly, Zar ~~ or а), e» el; 


Where fn (z") = ja (31) Ja (29) -- . . ja (x43), n= 1, 2, 
3, ... . It obviously contains an infinite number of 
pairwise-non-congruent functions. Prove that К, does not 
contain precomplete classes. 

3.2.32. Calculate the number of essential functions 
in Ph, which depend оп the variables z,, x, . . ., 
za (nz 2). 

3.2.33. It is known that for k> 3, there exist in Р, 
closed classes having no bases and closed classes with 
countable infinite bases. Let us consider the class A, = 


T* 
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lf. hme | where 
fm (2, Lm) 
1 for y= ITLITTL и, 
m 211151, т my 
D otherwise 


mz 2 The set ff, . Ím lis a basis in A, Using 
the class Aa, prove that there exist&1n P, (k= 3) a conum 
ual family {8,} of closed classes which form a chain 
upon inclusion, r e only one of the inclusions E, Ү, с Ву, 


or By C: Бу, 18 valid for апу two classes By and By, 
in the family IB.) 


Chapter Four 
Graphs and Networks 


4.1. Basic Concepis in the Graph Theory' 


Let V be a finite non-empty set and X be a tuple of 
pairs of elements in V. The tuple X may contain both 
pairs with identical elements and identical pairs. The 
set V and the tuple X define a graph with loops and multi- 
ple edges (to make it short, a pseudograph) G = (V, X). 
The elements of the set V are called vertices, while the 
elements of the tuple X the edges of the pseudograph. 
The edges of the type (v, v) (v € V) are called loops. А pse- 
udograph without loops is referred to as a graph with 
multiple edges (or a multigraph). If none of the pairs is , 
contained in the tuple X more than once, the multigraph 
G — (V, X) is called a graph.? If the pairs in the tuple X 
are ordered, the graph is referred to as oriented. The 
edges of an oriented graph are often called arcs. If the 
pairs in the tuple X are disordered, the graph is called 
non-oriented and is referred to simply as a graph. lf x = 
(u, v) is an edge of a graph, the vertices u and v are known 
as the ends of the edge x. If v is an end of the edge z, v 
and т are known to be incident. The vertices и and v of 
the graph G are called adjacent if there exists an edge of 
the graph G connecting them. Two edges are called 
adjacent if they have a vertex in common. The degree of 
a vertex v is defined as the number d (v) of the edges of 
the graph which are incident with the vertex v. The 
degree of a vertex v in a pseudograph is equal to the total 
number of the edges incident with this vertex plus the 


_ * The definitions given in this section coincide with, or are 
similar to, those presented in ref. [23] and in the chapter "Graphs 
and Networks" in ref. [6]. 

? Henceforth, all definitions are given for graphs. As а rule, 
these definitions can he extended naturally to multigraphs and 
pseudographs. When the differences in definitions are significant, 
dehnitions for pseudographs are formulated separately. 
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number of the loops incident with ut A vertex of a graph 
of degree 0 1s referred to as an isolated vertex and a ver- 
tex af degree 1 1з known as a pendant vertex 

The sequence 


UUTQUStQU, ta Wa (N= 2) (1) 


in which vertices and edges alternate and such, that for 


each i= 1, n — 1 the ейде т, has the form (v, v,4,}, 
із called the walk connecting the vertices v, and v, 
The number of edges in a walk 15 termed as the length 
of walk A sequence consisting of a single vertex is called 
a walk of length O A walk in which all edges are pairwise 
different 18 known as a chat A walk in which all vertices 
are pairwise different is called a simple chain The walk (1] 
t$ called closed if v, = v, A closed walk all whose edges 
are fidirwise different ig called a cycle A cycle in which 
all vertices except the first and the last, are pairase 
different тз called a sample cycle A graph is termed 
connected uf far any of 11s two vertices there exists a chain 
connecting these vertices The distance hetween vertices of 
a connected graph is defined as the length of the shartest 
chain connecting these vertices The diameter of a connect- 
ed graph ts the distance between two vertices having 
the largest separation The diameter of a graph 6 1s 
denoted by D (G) A subgraph of a graph G 1s a graph all 
whose vertices and edges are contained among the ver- 
tices and edges of the graph © A subgraph ts proper if it 
differs from the graph itself A connected. component of 
a graph G 1s rts connected subgraph which 15 not a proper 
subgraph of any other connected subgraph of the graph & 
A subgraph containing all the vertices of a graph is called 
a spanning subgraph A subgraph of the graph 6 = (V X} 
generated by the subset U = V 13 a graph H = (U Y) 
the set of whose edges consists of those and only those 
edges of the graph G whose both ends lie in U The graphs 
(pseudographs) G = (V, X) and Н = (U Y) are isomor 
phie if there exist two one to one correspondences ф V ++ 
Сапа X + Y such that for any edge x = (и, v) an X 
we have Yp (z) = (o (м), ф (v)) For graphs, we can for- 
mulate the following defimtion Graphs G — (V, X) and 
H == (U, Y) are isomorphie i£ there exists a one-to one 
mapping фр +» U such that (и v) € X if and only if 


4.4. BASIC CONCEPTS 103 


(ф (и), Ф (v)) € Y. Such a mapping Ф is termed an isomor- 
phic mapping (or isomorphism). Ап automorphism is an 
isomorphic mapping of a graph onto itself. The operation 
of omitting a vertex from a graph G consists in the removal 
of a certain vertex together with the edges incident with 
it. The operation of omitting an edge from a graph G — 
(V, X) consists in the removal of the corresponding pair 
from X. Unless stipulated otherwise, all the vertices are 


preserved in this case. The complement G of a graph © 
is a graph in which two vertices are adjacent if and only 
if they are non-adjacent in G. The operation of subpartition 
of the edge (и, v) in the graph G = (V, X) consists in the 
removal of the edge (u, v) from X, addition of a new 
vertex ш to V, and addition of two edges (и, ш) and (w, v) 
to XN {(u, v)). A graph G is called a subpartition of 
a graph Н if G can be obtained from H by a consecutive 
application of the edge subpartition operation. Graphs G 
and H are homeomorphic if they have subpartitions which 
are isomorphic. Let G = (V, X) and Н = (U, Y) be two 
graphs. We shall denote by б Ө Н a graph known as 
the symmetric difference of the graphs G and H with a set 
of vertices W = V |) U and the set of edges Z = X D Y 
consisting of those and only those edges which are in- 
cluded exactly in one of thesets X or Y. We shall denote 
by G x H the Cartesian product of the graphs G — (V, X) 
and H — (U, Y) i.e. a graph whose vertices are the 
pairs of the form (v, u) (v € V, u € U) and such that its 
vertices (рү, u,) and (v,, us) are adjacent if and only if 
at least one of the pairs v,, v, (in the graph б) or u,, и, 
(in the graph Н) is adjacent. The union of the graphs G = 
H 3 and H = (U, Y) is the graph E = (У UU, 

U Y). 

A tree is a connected graph containing no cycles. A graph 
without cycles is known as a forest. А graph is com- 
plete if each two of its different vertices are connected 
ру an edge. A complete graph with п vertices is denoted 
by K,. An empty (null, completely disconnected) graph 
Is a graph without edges. А single-vertex graph without 
edges is referred to as trivial. А graph is bipartite if the 
set of its vertices can be divided into two subsets (two 
fractions) V, and У, so that each edge of the graph con- 
nects the vertices of different fractions. A bipartite 
graph with fractions V, and V, and the set of edges X 
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will be denoted by (V,, V,, X) If each vertex of V, тз 
connected by an edge with each vertex of Fa, the graph 15 
referred to as a complete bipartite graph A complete 
bipartite graph (V,, Ka, X) such that | Р, | = ау, | Fa [= 
п. is denoted by Ка, нь A graph is assumed to be k- 
connected M the omission of any of its Е — 1 vertices 
results in a connected graph differing from trivial The 
vertex of a graph whose removal increases the number 
of connected components 1s known as a separating vertex, 
or a cut verter A graph is called a regular graph af degree d 
if all 118 vertices are of degree 4 A regular graph of 
degree 1 1s known as a matching A regular graph of 
degree З is called a cubic graph The k-factor of a graph 
15 11s Spanning regular subgraph of degree k The 1 factor 
is known as a perfect matching The maximum matching 
of a graph G 15 the matching containing the maximum 
number of edges. The Hamiltonian cycle of a graph 15 
a simple cycle containing all the vertices of the graph 
The Hamilfonian chain 15 a simple chain containing ali 
the vertices of a graph A unit n-dimensional cube is 
a graph B" whose vertices are Boolean vectors of length п, 
and the edges are one dimensional faces (see Sec 1 1) 


4.1.1. Prove that for an arbitiary graph G = (V, X), 
the equality 2] X | = >) d (v) 15 valid 


TEY 
4.1.2. Let т, (б) be the number of vertices of degree k 
in а graph G Determine the number of pairwise non- 
isomorphic graphs ior whieh 
(4) i; (G) = 14 (б) = 4 (G) — 2, & (G) = 0 for & Æ 


(2 6) =1,(G)=1,(G)=3, n (G = 0 forks 


4.1.9. Prove that in any graph without multiple edges 
and loops which has not less than two vertices, there 
exist two vertices with identical degrees 

4.1.4. Prove that for any tuple of non-negative inte- 


gers (Xas Ky, }, such that ~ ik; = 2m, there exists 


{ 
а pseudograph with m edges, which has exactly k, ver 
tices of degree i for each i == (, 1, 

4.1.5. Let d, (С) be the minimal of degrees oi the 
vertices of an n-vertex graph G 
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n — 4 
a 9 


(4) Prove that if d, (G) > 
nected. 
(2) Can [=] be substituted for (n—1)/2 in the 


previous statement? 

4.1.6. Prove that any closed walk of an odd length 
contains a simple cycle. Is a similar statement valid for 
walks of an even length? 

4.1.7. Prove that a connected graph with n vertices 
contains at least л — 1 edges. 

4.1.8. Prove that a connected graph with 7 vertices 
and c connected components has a number of edges not 


the graph is con- 


exceeding ET (n — c) (n — c + 1). 


4.1.9. Prove that any non-trivial connected graph 
contains а vertex which is not a separating vertex. 

4.1.10. Prove that any two simple chains of maximum 
length in a connected graph have at least one vertex in 
common. Do they always have a common edge? 

4.1.11. Prove that if an arbitrary edge contained in 
a simple cycle is removed from a connected graph, the 
latter will remain connected. 

4.1.12. Show that if a graph with п vertices contains 
no cycles of an odd length and if the number of edges 
exceeds (n — 1)*/4, the graph is connected. 

4.4.13. Determine the number p, (п) for which any 
graph with z vertices and p, (n) cycles of length Kk is 
connected. 

4.1.14. Let graphs G and H be isomorphic. Prove that 

(1) for every dz» 0, the number of vertices of degree 
d in the graphs G and Н is the same; 

(2) for every l, the number of simple cycles of length 
l in graphs G and Н is the same. 

4.1.15. Prove that conditions (1) and (2) in Problem 
4.1.14 are insufficient for the graph G and H to be iso- 
morphic. 

4.1.16. Indicate the pairs of isomorphic and non-iso- 
morphic graphs among those shown in Figs 3-6. Justify 
your answer. 

4.1.17. Let graphs G and H be 2-connected, have six 
vertices and eight edges each. The graph G has exactly 
two vertices of degree 2, while the graph H has four ver- 
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A Фэ 


Fig 3 


cC» co 
A <a 


(b) 


Fig à 
(а) (о) 
rig 6 
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tices of degree 3. Can we state that the graphs G and H 
are (1) isomorphic, (2) non-isomorphic? 

4.1.18. Graphs С and A аге 2-connected, have six 
vertices and ten edges each. One vertex in each graph is 
of degree a (1xzd«5), while the remaining vertices are 
of degree d, (d, < d). Prove that graphs G and H are iso- 
morphic. 

4.1.19. Prove that in a graph having no non-trivial 
automorphisms 

(1) the distance between any two vertices of degree 1 is 
larger than two; 

(2) there exists a vertex of degree 3 or higher. 

4.1.20. What is the number of automorphisms of a 
graph which is a cycle of length p? 

4.1.21. Construct a graph without cycles which does 
not contain non-trivial automorphisms and has the 
minimum possible number of edges. 

4.1.22. What is the smallest number n (n > 1) of 
vertices in a graph having no non-trivial automorphisms? 

4.1.23. Let the degrees of all six vertices in a 2-con- 
nected graph having nine edges be the same, and the 
number of simple cycles of length 3 be two. Reconstruct 
the graph and determine the number of its automorphisms. 

4.1.24. Let O (v) be the set of all vertices adjacent to 
v and О’ (v) = О (v) U {v}. Let А, be the set of all graphs 
G with n vertices, which possess the following properties: 
for any two non-adjacent vertices u and v, either О (v) = 
О (и) or О (и) = О (vr), and for any adjacent vertices 
и and v, either O' (v) cz O' (и) or O' (и) = O' (v). Let 
G € Ra. Prove the following statements: 

(1) all the vertices of the same degree in a graph G 
are either pairwise adjacent or pairwise non-adjacent; 

(2) there is at least one vertex of degree n — 1; 

(3) if for a certain d the vertices of degree d are pair- 
wise adjacent, the vertices of a degree higher than d are 
also pairwise adjacent; 

(4) a graph С is uniquely determined (within isomor- 
phism) by specifying the degrees of its vertices; 

(5) the removal of a vertex in G leads to a graph in 


n-1* 

4.1.25. Let n2» 2, and let the family F (6) = 
Um Hi, ..., Hna} of graphs be specified so that a 
certain graph Н, is obtained from an n-vertex graph G 
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by the removal of a vertex with a number г (t — 1 n) 
It should be noted that the vertices 1n graphs H; are not 
labelled Prove that using the family Ё (() 3t 15 pos 
sible 

(13 to determine the number of edges of the graph G 

(2) to determine the degree of the vertex in each Т, 
whose removal from G leads to the graph Н; 

(3) to find out whether an arbitrary graph L having 
not more than n — 1 vertices 1s a subgraph of the graph 


(4) to find out whether the graph G 1s connected and 

(5) to reconstruct the graph @ if 11 1s disconnected 

4126 Let D (G) be the diameter of a graph G and G 
be a complement to the graph G Prove that D {бу 
3 i£ the graph G is disconnected or if D (GG) 3 

4 127 A graph G 1s termed self complementary if the 
graphs G and 6 are isomorphic 

(1) Find a seli-complementary non irrvial graph with 
the smallest number of vertices 

(2) Prove that a self complementary graph 15 connected 

(3) Prove that if & is a self-complementary graph then 
а= D (бу 5 

4 128 Find the number of pairwise non isomorphic 
graphs with 20 vertices and 188 edges 
A 129 Prove thatif graphs Gand Н are homeomorpluc 
then 

(1) for every d 54 2 the number of vertices of degree d 
in both graphs 1s the same 

(2) there exists a one to one mapping of the set af 
simple cycles of the graph G onto the set of simple cycles 
of the graph Н for which the number of vertices of de 
gree & in the corresponding cycles is the same for all 

at 

4130 Find out whether the graphs shown in Fig 7 
contain subgraphs hómeomorphie to the graph G i 

(1) G = A, (see Fig Ва) 

(2) G = A, (see Fig 8b) 

(à) G = Ky, (see Fag 8e) 

4181 The superdivision. operation. consists in the 
replacement of two adjacent edges (и v) and (: ш) 
whose common vertex v is of degree 2 by a single edge 
(и ш) Applying the superdivisíon operation step һу 
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step, we can obtain from an arbitrary graph G containing 
vertices of degree 2 a pseudograph which does not con- 
tain vertices of degree 2. This pseudograph will be refer- 
red to as a complete superdivision of the graph G. 


(а) 


x X 


(а) (5). (с) 


(1) Prove that a complete superdivision of graph G 
does not depend on the order in which the superdivision 
operation has been applied to pairs of adjacent edges of the 
graph G. 

(2) Prove that the graphs G and H are homeomorphic 
if and only if their complete superdivisions are isomor- 
phic (as pseudographs). 

4.1.32. Prove that the Petersen graph (Fig. 7a) has 
no Hamiltonian cycle, but the graph obtained from it 
by the removal of a vertex has a Hamiltonian cycle. 

4.1.33. Prove that each of the graphs K,, Kany and 
Bb" has a Hamiltonian cycle. 

4.1.34. Let n be odd and BE be a subset of vertices of 
а cube B", consisting of vertices of weight k. Let G be 
a subgraph of the cube B", generated by the set BR_,U 


2 
Въ... Does a perfect matching exist in the graph G? 
5 
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4.1.35. A graph G contains a Hamiltonian cycle, while 
a graph Н contains a Hamiltonian chain Is it true that 
a Hamiltonian cycle exists in the graph G х H? 

4.1.36. Prove that i£ the condition d (uy + dajen 
ts satisfied for any two vertices и and v of a connected 
n vertex graph, the latter has a Hamiltonian cycle 

4.1.37, Prove thai any graph with п verlices, con 


—1 
9 )+2 edges has a Hamiltonian 


"n 
taining at least | 
cycle 

4.1.38, Prove that a graph contaimng two non adja 
ceni vertices of degree 3 and oiher vertices of a degree 
not higher than 2 does not have a Hamiltonian cycle 

4.1 39. (1) Prove that Р (Gt x Н)< D (6) + D (if) 

(2) Is it true that D (G x Н) < max (D (б), D (Нур 

4.1 40°. Prove that each regular connected graph of 
degree 2d can be represented in the form of a union of 
disjoint 2 factors 

41,41", Prove that a graph Ж,, can be represented 
1n the form of a union of a 4 factor and n — 1 Hamilte- 
nian cycles 

4 1.42. Prove that a K,4,,, graph can be represented 
in ihe form of a union of л Hamiltonian cycles 

4.143 Prove that a graph A, with labelled vertices 
cantams (0—1 different Hamiltonian cycles 

41,44. Prove that the number of different perfect 
matchings of the graph K,, with the labelled vertices 15 

п 
2n 


4,2. Planarity, Connectivity, 
and Numerical Characteristics of Graphs 


A graph 1s called planar if it can be drawn on a plane 
so that the arcs of the curves representing the edges in 
tersect anly at points corresponding to the vertices of 
the graph Moreover, trrespective of the point of inter- 
seclion, only the ares corresponding to the edges inci- 
dent exactly with the vertex corresponding to a given 
point converge at this point Such a renresentalton 
which maps a planar graph is called a plane (or topolo- 
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gical planar) graph. The internal face of a plane connected 
graph is defined as a finite region of a plane, bounded by 
a closed walk and containing neither vertices nor edges of 
the graph. The walk bounding a face is called a boundary 
of the face. The walk of a plane consisting of the points 
which do not belong either to the graph or to any of 
its internal faces is called the external face. For 2-connec- 


(a) (5) 


l'ig. 9 


ted plane graphs (multigraphs) having п vertices, т 
edges and r faces, the Euler formula n — m --r—2 
is valid. The following planarity criterion is also ful- 
filled. 

Theorem (Pontryagin-Kuratowski) A graph is planar 
if and only if it does not contain subgraphs homeomorphic 
to the graphs К, and К, 4 (Fig. 8b, c). 

The thickness of a graph С is the smallest number t (G) 
of its planar subgraphs whose union is equal to б. Each 
non-trivial connected plane pseudograph G can be put 
in correspondence with a dual pseudograph G* as follows. 
Within each face of the pseudograph C, we choose a ver- 
tex belonging to the graph G*. If x is an edge of the 
graph С, lying on the boundary between faces g, and gs. 
and v, and v, are vertices of the pseudograph G* taken 
on these faces, the vertices v, and v, are connected by 
an edge in G*. A plane pseudograph (graph) isomorphic 
to its dual pseudograph is referred to as self-dual. The 
cycles Z,, Za, ..., Z, of a graph G are linearly depen- 
dent if for some à, in,...,,°,i<i<i,<.. 
<i л) the relation Zi, € Zi, 0 ... ® Zi, = 0, 
IS satisfied, where 0 is a graph without edges. and Z Ө Y 
is the symmetric difference between the eraphs Z and Y. 
Otherwise, the cycles Z,. Zo, .. ., 4, are referred to as 
linearly independent. The maximum number 5 (б) of the 
cycles in the aggregate of linearly independent cycles of 
the graph G is termed the cyclomatic number of the graph G. 
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The colouring of the vertices (edges) uf a graph 15 called 
correct i$ adjacent vertices {edges} have dillerent colours 
The smallest number y (С) of colours for which there 
exists a correct colouring of the vertices of the graph G 
19 known as the chromatie number of the graph G The 
smallest number x (6G) of colours for which there exists 
a correct colonring of the edges of the graph G 15 called 
the edge chromatic number of the graph G The subset U 
of the vertices (edges) 13 called the covering of the set of 
vertices (or edges) of a graph G if each vertex (edge) of the 
graph either coincides with а certam element of the set 
E oor is adjacent їо a certain element ої E (accordingly 
i$ incident with a certain element of U} A covering is 
terminal if ut ceases іо be a cowering as a result of the 
omission of any element The minimum power of a 
subset U of the vertices of a graph С, such that each edge 
of the graph is incident with at least one vertex in E, 
15 denoted by čp {G} and is called the verter covering 
number The minunum power of the subset Y of the ed 
ges of a graph ё, such that each vertex of the graph 15 in 
cident with at least one edge of Y is denoted Бу a (6) 
and is called the edge covering number of the graph G 
The set of vertices (edges) of a graph G is called indepen 
dent sf none of its two elements are adjacent By f, {б} 
(resp f (@)) we denote the maximum power of an ап 
dependent set of vertices (resp edges) of a graph G The 
number В, (G) (number В, (&)} 1s called the verter (resp 
edge) independence number of the graph G By a (6) 
we denote the minimum power of a set of vertices U such 
that each vertex of the graph С which 15 not contained in 
U 19 adjacent to at least one vertex in #7 


421 Аге the graphs shown 1n Figs 6a and 6 and fa 6 
and c planar? 


4,2 2. For which & ze 2 are the graphs shown in Figs 92 
and 6 planar? 


4 24.3 Let Ga = (V, V4, X) he a bipartite graph 
V, = fa, a | RS 
Y, — (b, by, т bul 


X = ET eg ‚Га Far Js 1 Уһ» Žie Zg Za 
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where 
x, = (li, bi), j= 1, n, 


y; = (a1; Dias). і= 1, n—t1, Jn = (Gn, bi); 


z, — (dj, Dias), [==], n — 2, 
Sn-1=(@n-1, D), Zn = (Ans ba). 


Determine n > 2 for which the graph G, is planar. 

4.2.4, (1) What is the minimal number of edges that 
have to be removed from the cube B* for the obtained 
graph to be planar? 

(2) What is the minimal number of vertices that have 
to be removed from В“ for the obtained graph to be pla- 
nar? 

4.2.5*. Let G be a 2-connected plane graph having at 
least two internal faces. Prove that there exists a simple 
chain belonging to the boundary of the external face and 
such that its removal leads to a 2-connected plane graph 
with fewer faces. 

Remark. The removal of a chain involves the removal 
of all its edges and internal vertices, while end vertices 
of the chain remain in the graph. 

4.2.6. Using the result obtained by solving Problem 
4.2.5, prove by induction that the number of internal 
faces in a plane 2-connected graph with п vertices and т 
edges is т — n + i. 

4.2.7. Prove by induction over the number of edges 
that the cyclomatic number & (С) of a pseudograph with 
п vertices, m edges and c connected components is equal 
to m — n +c. 

4.2.8. Determine the cyclomatic number §&(G) for 
the graphs shown in Figs 5а, Ga and 7a and isolate a sys- 
tem consisting of E (G) linearly independent cycles. 

4.2.9. Prove that any planar graph contains a vertex 
of degree not higher than 5. 

4.2.10. Prove that any planar graph having at least 
four vertices contains at least four vertices of degree not 
higher than 5. 

4.2.11. Prove that if each simple cycle in a connected 
Planar graph with n vertices and m edges contains at 
least k edges, then m <= I. 
$—0636 
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4,2.12. A plane connected graph whose every face 
Gncluding the external face) is bounded һу a cycle of 
length three 15 called a friangulation 

Prove that any triangulation with nz» 3 vertices has 
Зп — 6 edges and 2n — 4 faces 

4 2.13. Let t (G) be the thickness of a graph G Prove 
that 


(1) #(K,) > [2] 
(2) (Kam) > ау. 


(3) кв > Iz 

4,2 14*, Using Euler s formula, prove that graphs 
К.у and К, are not planar 

4.2.15". Prove that a 2 connected graph wiih a cyt- 
lomatic number Ё — 1 can be obtained from a 2 connected 
graph with a cyclomatic number E (£ => 1) by removing 
a chain 
р 4.2.10, Gonstruct a graph dual to the graph shown in 

оой 

4.2.17. Prove that a pseudograph dual to a connected 
plane graph 1s connected and plane 

4.2.18. Prove that the cyclomatic number of a dual 
fraph coincides with the cyclomatic number of the 
original graph 

4.2.19. Prove that if G has a separating vertex, G" 
has a separating vertex as well 

4.2 20. Prove that a pseudograph G* dual to a 3 con 
nected plane graph G has no ioops or multiple edges 

4.2 21. Determine the number of pairwise non isomor- 
phic self dual plane 2-connected graphs with six vertices 

1.2.22, Prove that there exist no 6 connected planar 
graphs 

4.2.23. Prove that a graph dual to an л vertex (n >> 3) 
triangulation 18 а 2 connected plane cubic graph 

4.2.24, (1) Prove that a plane cubic graph each of 
whose faces has at least five vertices contains not less than 
twelve vertices 

(2) Prove that if r, їз the number of faces of a plane 
Cubic graph, which are bounded by { edges, then 
2, (6 — |) РІ = 12 
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4.2.25. Determine the chromatic numbers of the 
graphs shown in Figs 4-8. 

4.2.26. Determine the edge chromatic numbers of the 
graphs shown in Figs 3-7. 

4.2.27. Determine the chromatic and edge chromatic 
number of 

(1) the graph Ka; 

(2) the graph Ayn; 

(3) the graph В". 

4.2.28. What is the number of the correct vertex col- 
ourings of the cube B" for the minimum number of 
colours? 

4.2.29. Prove that the edge chromatic number of the 
Petersen graph shown in Fig. 7a is equal to four, but for 
any of its subgraphs С with eight vertices y’ (б) < 3. 
Is the inequality y’ (б) < 3 valid for an arbitrary proper 
subgraph of the Petersen graph obtained as a result of 
the removal of a vertex? 

4.2.30. Prove that four colours are suíficient for the 
correct edge colouring of any cubic multigraph. 

4.2.31. Prove that all edges of a plane cubic graph 
can be coloured in two colours a and b so that each vertex 
is incident with an edge of colour a and to two edges of 
colour b. 

4.2.32. Prove that it is enough to have six colours 
for a correct colouring of the vertices of any plane graph. 

4.2.88. Prove by induction over the number of vertices 
that the inequality x (б) < 5 is valid for a plane graph б. 

4.2.34. Construct a plane graph G with the minimum 
possible number of vertices and such that х (G) = 4. 

4.2.35. The vertices of a graph С are numbered in 
the order of increasing degrees. Prove that if k is the high- 
est number for which k< d (vi) + 1, then y (б) < А. 

4.2.36. The operation of contraction consists in the 
removal of two adjacent vertices from a graph and ad- 
dition of a new vertex adjacent to those of the remaining 
vertices which were adjacent to at least one of the remo- 
ved vertices. Prove that the graph obtained as a result of 
contraction to a planar graph is planar. 

‚ 4.2.97. Let l be the length of the longest simple chain 
in a graph С. Prove that у (G) xz 1 + 1. 

4.2.88. Let d be the highest of the degrees of vertices 
of a graph G. Prove that 
RE 
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(1) x (G) x; d + 1, 

(2) x (G)s d +1 

4239 Let p be the maximum number for which there 
existas a subgraph of a graph G isomorphic to the graph 
A, Prove that X (G)z- p 

4240 Prove that for a graph G with л vertices the 
following inequalities are. valid 

(2) у (G) xt) п 

4.2 4f What 1з the smallest number n for which there 
exists an л vertex non planar graph with а non planar 
complement? 

À 2 42. Determine the thickness of the graph A, 

4243 Prove that 


a, (G) +P (G) = e (6) + B (б) = n 
for an arbitrary connected graph G with л {п => 1) verti 


Ces 

4 2.44. (1) Give an example contradicting the follow 
ing Statement any vertex covering contains the minimum 
vertex covering 

(2) Prove that any vertex covering contains a terminal 
Vertex covering 

4.2.49 Determine the number of terminal and mini 
mum edge coverings for 

(1) a chain of length т, 

{2} a cycle of length a, 

(3) Petersen s graph (Fig 7a) 

4.246 Prove that for any graph С the inequalities 
ay (G) > В, (б) and a, (G) z» В, (G) are valid 

4.2.47 Prove that for any graph G the inequality 
Goa (G) = a, (G) 1з valid 

248 Prove or refute the following inequality 

Во (G) S Coo (G) 

А 2.59. Let U <= V be a subset of vertices of a graph 
G — (V, X) and let v (U) be a number of vertices v € FNU 
which are not adjacent to any vertex in U Let 


у, (6) v » y (U) 


( k UEV jk 


(1) Prove that а, (G) xz k + v. (©). 
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(2) Let dy be the lowest of the degrees of vertices of 
a graph G. Prove that 


h-~- Í 
» (6) «IVI I (1— тутт): 
i==0 


(3) Prove that the following inequality is valid for 

a regular graph G of degree d with n vertices: 
T < &o (G) < 14-5 (1 4- In а). 

4.2.50. Prove that if d, is the lowest of the degrees of 
the vertices of a graph С, then a, (б) > do- 

4.2.91*. If G is a bipartite graph and m is the number 
of its edges, then m x «a, (G)-f, (С). Prove that the equal- 
ity is attained only for complete bipartite graphs. 


4.3. Directed Graphs 


А directed. pseudograph D == D (V, X) is defined by 
specifying a non-empty (finite) set V and tuple X of ordered 
pairs of elements in V. The elements of the set V are called 
verlices, and the elements of the tuple X are called arcs 
(or directed edges) of the directed pseudograph D (V, X). 
The tuple X may also contain pairs of the form (v, v) 
referred to as loops, and identical pairs known as mul- 
tiple (or parallel) arcs. Pairs (и, v) and (v, u) are assumed 
to be identical if and only if u = v. A directed multigraph 
is the term applied to a directed pseudograph containing 
no loops. If a directed pseudograph has neither loops nor 
multiple arcs, it is called a directed graph (or simply 
digraph). An oriented graph is a digraph having no sym- 
metric pairs of directed edges, i.e. the tuple X cannot 
contain simultaneously an are (u, v) and an oppositely 
directed arc (v, и). 

Let х = (и, v) be an arc of a directed pseudograph. 
Then the vertex и is called the initial verter (origin), 
and the vertex v is the terminal vertex (end) of the arc z. 
In this case, the arc x is also said to emerge from the ver- 
tex u and terminate at the vertex v. If a vertex v is the 
origin or the end of an arc х, v and z are said to be incident. 
The out-degree of a vertex v (of a pseudograph D) is the 
number of arcs of the pseudograph D emerging from the 
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vertex v The out-degree of the vertex vis denoted by od(v) 
ог dt (0) Similarly, the in-alegree of a vertex v (denoted 
by id (r) or £- (v)) r5 the number of arcs of the pseudo 
zraph ierminating at the vertex v 

By replacing each ordered pair (и, v) 1n the tuple X of 
a directed pseudograph D (V, X) by a disordered рат 
(и, v] consisting of the same elements н and v, we obtain 
а pseudograph G = (V  X*) associated with D (У XY 

Directed pseudographs D,(V,, Xp and D,(V,, Xj 
are assumed to be womarphie Ц there exist two опе to-ona 
correspondence @ V, V, and 'p X, ++ X, such that 
for any arc х = (ц, v) € X, the relation sp (х) = {фр fu), 
Фф (v)) ıs valid The isomorphic mapping of a directed pseu- 
dograph onto itself 1з referred to as the automorphism of 
the pseudograph All automorphisms of a directed pseudo 
graph form a group relative to the operation of multipli- 
cation (successive application) of automorphisms This 
group 14 referred to as a group iof automorphisms) of the 
directed pseudograph 

The operation of omission of a verter and an arc, as well 
as the concepts of subgraph, spanning subgraph and gene- 
rated subgraph for directed pseudographs are defined as 
in the case of non-directed pseudographs 

In contrast ta the definitions of the correspanding 
"non-directed" concepts, the definitions of directed walk, 
closed walk, chain, cycle, simple chain and simple cycle ton- 
tain the requirement that the sequence (of vertices and 
arcs) Vir Xi. Por Xo, + Тоо, Ра-рр Pn- Vn {п = 4} 
satisfy the condition that each are z; (1 sx £z n — 1) has 
the form (vj, Pr4;}, 1 e the vertex v, 18 the origin of the 
arc х, and the vertex vj,, 18 113 end It 1s assumed that 
a directed (u-v)-walk аз directed from its initial ver- 
tex u io the terminal vertex о The length of а walk 18 equal 
to the number of arcs contarned in 11 The distance p (u, v) 
from the vertex и to the vertez v 1s defined as the shortest 
length of the (u-vb-walk A directed walk 1s often re- 
ferred to as just a path, while a directed simple cycle is 
known as a cireutt 

A directed simple spanning chain is called a Hamil- 
tonían path (Hamiltonian chain) A Hamiltonian. circuit 
i3 the spanning circuit of a directed pseudograph, If a 
directed pseudograph contains a Hamiltonian circuit, it 
is Called a Hamiltonian pseudograph 
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A vertex v of a directed pseudograph is said to be ac- 
cessible from а vertex и if there exists a (u-v)-path in the 
pseudograph, i.e. the path emerging from the vertex u 
and terminating at the vertex v. 


А directed pseudograph is strongly connected. (or strong) 
if any vertex in it is accessible from its any other vertex. 
A directed pseudograph is called unilaterally connected 
(or unilateral) if for any two of its vertices at least one 
is accessible from the other. А directed pseudograph 
D (V, X) is assumed to be weakly connected (or weak) if 
a pseudograph (V, X?) associated with it is connected. 
If a directed pseudograph is not connected even weakly, 
it is referred to as disconnected. À trivial digraph consist- 
ing of only one vertex is assumed (by definition) to be 
strongly connected. 

А strong component of a digraph D is the term applied 
to any of its direeted subgraphs which is a strong di- 
rected graph contained in no other strongly connected 
directed subgraph of the digraph D. Similarly, a unilat- 
eral component is the maximum unilateral subgraph of 
the digraph D, while a weak component is the maxi- 
mum weak subgraph. The concepts of strong, unilateral 
and weak components are naturally generalized to the 
case of a directed pseudograph. 


Let y = {5,, Sy, .. ., Sn} be a set of all strong com- 
ponents of a digraph D. The condensation D* of the di- 
graph D is a digraph in which the set of vertices is ү and 
the arc (S;, Sj) is contained in the digraph D* if and only 
if the digraph D contains at least one arc emerging from 
a vertex of the component S, and terminating at a vertex 
of the component S}. 


If D — D (V, X) isa digraph, the digraph D’ inverse 
to it is specified by the same set of vertices V and a set 
of ares X' such that an arc (u, v) belongs to X' if and only 
if the arc (v, и) belongs to X. 

À vertex v of a digraph D is called a source if any other 
verlex of the digraph D is accessible from it. The sink 
of a digraph D is any of its vertices v which is a source 
in the digraph D' inverse to digraph D. 

Let D be a digraph for which a digraph associated with 
it is a tree. Then the digraph G is called an arborescence 
(or a growing tree) if it has a source. A directed pseudo- 
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graph 15 assumed to he complete if any two different verti 
ces im it are jomed by at least one arc 

A complete oriented graph is known as a tournament 

Let D be an z vertex digraph and ley V = (vj is, А 
v.) be the set of its vertices The adjacency тайгі 
of a digraph D 1s an (n X n) matrix A (D) = i| a,, || in 
which a,; = 1 if the arc (v,, vj) belongs to D and a,; = 
in the opposite case Moreover, we assume that the set 
of all arcs of the digraph D ts also ordered X = 
(rj ту, , m) The aneuencee matriz (or matrix 
of incidence) of a digraph D 1s an (п x m) matrix В (D) = 
== | bi; lt ІП which 


1 if the vertex v, 1s the end of the arc zy, 
b, 4: 1 —1 1f the vertex v; 1s the origin of the are xy, 
0 if the vertex v; 13 not incident with the arc т, 


4.3.1. Disprove the following statement if out and 
in-degrees of any vertex of a digraph are positive and even, 
there exisis lor each vertex of the digraph a circuit 
containing H4 

4.3.2. Let a digraph D (V, X) be at least weakly con 
nected, V = (vu, vs, ‚ ры}, nz2 and dt (0) — 
d- (vi) z— 1, d* A — d^ TA = — 1. d* (vj) == 
d-(v for ; = 3, . n Prove that the digraph D 
also contains in this case a directed (vı — vz) chain 
including all the arcs of the digraph 

4.3 3. Prove that a digraph 15 strongly connected 1 
and only if 1t contains a directed spanning closed walk 

4.3.4, Prove that a weak digraph 1s strongly connected 
if and only if it has a directed closed walk containing 
eath arc of the digraph at least once 

4.3.3 Let us suppose that a digraph D can be presented 
in the form of a union of its certain directed closed walks 
D, Dy, QDQ (k= 1) which satisfy the following 
condition every two walke D, and D,,, (1 р k — 1) 
have at least one vertex in common Prove that the 
digraph D :s strongly connected in this case 

4.3.0. Prove that any tournament contains a На- 
milloman path 

hda Prove that a tournament T is a strong digraph 
Н and only if T has a spanning circuit (1 е 1s a Hamulto- 
шап tournament) 
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4.3.8. Let fv,, v. ..., Un} be a set of vertices of a 
Ti 


n 


tournament. Prove that >) (d* (v)? = Ў (n—1— 
i=] i=1 


d* (оруу. 

4.3.9. Let the out-degree of the vertex v of a tourna- 
ment 7 be not lower than the out-degree of each other 
vertex of the tournament. Prove that the distance from 
the vertex v to any other vertex of the tournament does 
not exceed 2. 

4,3.10*. We denote by S a set of arcs of a tournament T. 
The arcs of the set S are called concordant if the vertices 
of the tournament 7 can be renumbered so that the fact 
that the arc (v;, ру) belongs to the set S implies that i < Í. 
Let f (n) be the largest integer such that each n-vertex 
tournament (n Ze 3) contains the set 5 consisting of f (n) 


concordant arcs. Prove that f (n)z [5] Е 7 А 


4.3.41*. Prove that the number of directed cycles 
of length З in an п-уегіех tournament does not exceed 


Di —1) if n is odd, 

24 

(=) 
MEC if n is even. 

24 


4.3.12. Prove that the group of automorphisms of 
any tournament has an odd order (i.e. consists of an 
odd number of elements). 

4.3.13. Prove that the condensation D* of an arbitrary 
digraph has no circuits. 

4.3.14. Prove that a digraph D is unilateral if and 
T if its condensation D* has a unique oriented spanning 
chain. 

4.3.19. A digraph D (V, X) is called transitive if the 
fact that arcs (u, v) and (v, w) belong to the set X implies 
that the set X contains the arc (и, ш). Prove that the con- 
e of any tournament is a transitive tourna- 
ment. 

4.8.16. A circuitless digraph is a digraph containing 
no circuits. Prove that a circuitless digraph contains a 
Vertex with zero out-degree. 

4.9.17. Prove that a digraph is isomorphic to its 
condensation if and only if it is circuitless. 

4.9.18. Let a digraph D he weakly connected but not 
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unilateral! Prove that there is na vertex in D such that 
its omission leads to a strong digraph 

4.3.19 Prove that a weak digraph is an arborescence 
if and only if only one of its vertices has zero 1n degree, 
the 1n degree of any of the remaiming vertices being equal 


to unity 
4.3.20. Let S, be a symmetric gioup of permutations 
operating on the set (1, 2, (RM п> 2 Let us con 


sider an arbitrary aggregate Г of transpositions in the 
group S, We pul in correspondence to the зеі F а digraph 
D (V, Xp) m which V = 11, 2, , n] and the are 
(i, 1} belongs to Xy if and only if p < j and tho trans- 
position (ij) 18 contained in the set 7 Prove that the set 
T forms a basis in §, (or, in other words, the set Г 1s an 
irreducible system of generators of the group 5,4) 1f and 
only if the digraph D (V, Ат\ 15 an arborescence 

4.3.21. Prove that a complete strongly connected dr 
graph 15 a Hamiltonian digraph 

4.3,22, Prove that a complete digraph contains a 
source 

4.3.23, Veníy that any transitive tournament has а 
stngle Hamiltontan path 

4.3.24. Prove that the number of all different Hamil 
toman paths in each tournament 15 odd 

4.3.20, Let a complete strongly connected digraph 
have n уегізсез (n zs o) Provethat for any b ($<. к=. л) 
there exists for any vertex of the digraph a стеді ot 
length А containing this vertex 

4.3.26. Let D (V, X) be a complete strongly connected 
digraph for which | V [>= 4 Prove that the digraph D 
contains two different vertices р, and v, satisfying the 
following condition digraphs D, and D, obtained from 
the digraph D as a result of removal of the vertices v, and 
v, (respectively) are strongly connected 

4.39.27. We shall denote by A? the g-th degree of the 
adjacency matrix A (D) = la |} of a digraph Р Prove 
that the (}, jAh element о of the matrix А 1з equal 
ta the number of all @ev -walks of length q (in the 
digraph D) 

4.3.28, Let B be the incidence matrix of a digraph 
D (V, X) Prove that the subset X, of arcs of the digraph 
D(X, c X) generates a simple cycle (not necessarily 
oriented) 1 and only М the set of columns corresponding 
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to these arcs (in matrix B) is linearly dependent, and 
each of its proper subsets does not possess this property. 

4.9.29. Prove that the determinant of any square sub- 
matrix of the incidence matrix B(D) of a digraph D is 
equal to 0, or +4, or —1. 

4.9.30. Let B he the incidence matrix of a weakly con- 
nected n-vertex digraph D, and the matrix B be obtained 
from B by deletion of any (one) row. Prove that there 
exists a one-to-one correspondence between different! 
directed trees of the digraph D (which are treated as di- 
rected subgraphs of the digraph D) and non-degenerate 


(n — 1)-order submatrices of the matrix B. 


4.3.31. Let a matrix В be a submatrix of the incidence 
matrix В of a weakly connected digraph D, described in 


the previous problem. By B’ we shall denote a matrix 


transposed relative to the matrix B. Prove that the 
number of different directed trees in the digraph D is 


equal to the value of the determinant of the matrix В.В’. 


4.4, Trees and Bipolar Networks 


A pseudograph G = (V, X) in which & vertices known 
as poles are isolated is termed a k-pole network. The pseu- 
dograph G will be called a graph of the corresponding 
k-pole network. A network Г with a set of poles P and a 
graph G — (V, X) will be denoted by (P; V, X). Two 
h-pole networks are isomorphic if their graphs are isomor- 
phic and there is one-to-one correspondence between 
their poles. A one-pole network whose graph is a tree 
is called a rooted tree. The only pole of such a network 
Is called a root. A plane rooted tree is the map of a graph 
on a plane. This concept can be defined by induction 
as follows. The network shown in Fig. 10a is a plane 
rooted tree. If А and B (see Fig. 10b) are plane rooted 
trees, the figures C, D and E (Figs 10c and d) are also 
plane rooted trees. We shall assume that an arbitrary plane 
rooted tree is mapped onto a plane with a cut which 
iS a ray emerging from the root (see Fig. 10e). Here we can 
assume that the edges incident with the root are numbered 


e i REPE 


. ! Here we assume that two trees are different if they are non- 
isomorphic directed trees with labelled (numbered) vertices. 
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clockwise by 1 m where m is the degree of the 
root If we remove the edge with number : from such 
a plane rooted tree we shall obtain a graph with two 
connected components The component which does not 
contain a loot will be called the г th branch of the original 
icoted tree The vertex incident with the : th edge (in 
the original tree) will be treated as the root of the : th 


z KP Y „Хе 
(а) (s) (с) (а) 
Fig 10 


branch For an arbitrary rooted tree А we denole by 
da (4) the degree of 118 root Plane rooted trees A and Л 
aie called identical. if evther da (Ay = 6, (8) = 0 or 
dy (A) —d, (B) = т> 0 and for any :— 1 m the 
t th branches of the trees A and В are identical Two 
trees which are not identical are referred to as different 
Thus trees D and E are diflerent (see Fig 104) 1 the 
trees А and # (see Fig 105) are different Each plane 
rooted tree 7 with m edges can be put зп one to one 
correspondence with a binary vector of length 2m known 
as a code of the tree A tree with a single edge corresponds 


to the vector 01 If vectors a and P are put 1n correspon 
dence with trees 4 and & (Fig 105) respectively then 


the vector 001 is put in correspondence with the tree 


C (Fig 10c) and vectors ор and Ва are put in corre 
spondence with the trees D and Ё (Fig 10d) 

Menceiorih unless stipulated otherwise the term 
network shall mean a two pole network The network 
Га 6) T X5 will be briefly denoted by Г (а D) The 
subgraph of such a network 1s the subgraph of the graph 
(V X) A vertex of a поп trivial subgraph & of the net 
work Г 1s called boundary vertex if it 1s either a pole 
or incident with a certain edge of the network which does 
not belong to the subgraph G We shall call a non trivial 
subgraph of a network a shoot i£ it has a unigue boundary 
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vertex. A subnetwork of a two-pole network is its sub- 
graph having exactly two boundary vertices. These ver- 
tices are the poles of the subnetwork. A network is connected 
if its graph is connected. A connected network (or sub- 
network) having a single edge is called trivial. A con- 
nected network is called strongly connected if each edge 
lies in a simple chain connecting the poles of the net- 
work. A strongly connected network is known to be 
decomposable if it has at least one non-trivial subnetwork. 
Otherwise, it is assumed to be non-decomposable. Let 
Г (a, b) be a decomposable network, G (c, d) its non-tri- 
vial subnetwork, and Г, (a, b) be a network obtained 
from Г (a, b) by substituting an edge (c, d) for the sub- 
network G (c, d). Then the network Г (a, 2), in turn, can 
be obtained by substituting the network G (c, d) for the 
edge (c, d) of the network Г, (a, b). Thus, the decompos- 
able network Г (a, b) can be defined by specifying the 
network Г, (a, b), edge (c, d) of the network Г, (a, 5), 
and the network G (c, d). Such a definition is referred to 
as the decomposition of the network Г (a, b). A network 
I, (a, b) is called external and the network G (c, d) in- 
ternal network of the decomposition. A network Г (a, 5) 
is called the superposition of the networks VY, (a, b) and 
G (c, d). À network consisting of m parallel edges joining 
the poles a and b is denoted by ГР, (a, b) or simply ГР, 
A network whose graph is a simple chain of length m and 
which joins the poles а and b is denoted by IS, (a, b) or 
simply Г. A network that can be obtained from networks 
I? and Г? by applying a finite number of substitutions 
of a network for an edge is referred to as a series-parallel 
network, or a n-network. A non-trivial non-decomposable 
network Г (а, б) differing from ГР (a, b) and Г: (a, b) is 
called an H-network. | 

A decomposable network is called p-decomposable 
(s-decomposable) if a certain external network of the 
decomposition has the form Гр (resp. Гз), m>> 2. If 
a certain external network of the decomposition of a net- 
work Г is an Z-network, then Г is referred to as H-decom- 
posable. Any decomposable network is either p-, or s-, 
or ff-decomposable. A canonical p-decomposition of a 
network is a p-decomposition for which the internal net- 
works of the decomposition are other than networks of 
the type ГР and other than p-decomposable networks. 
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The canonical з decomposition 13 defined in a similar way 
The canonical H-decamnosition is a decomposition whose 
external network 1s an A network Each л network Г 
with тї 1 edges can be put in correspondence with a 
plane rooted tree 7 (Г) with m pendant vertices, such 
that (a) each vertex of the tree Г (1) other than a pendant 
vertex is labelled by a symbol p or s, (b) the labels p 
and s alternate on each chain emerging from the root to 
a pendant vertex, aud (c) vertices other than the root have 
a degree other than two Pendant vertices of the tree 
T (Г) are not labelled The tree 7 (Г) 1s defined by induc- 
tion If D has the form P$ (or ГД) then 7 (Г) is a tree 


(a) > (2) 


hig ii 


whose root 1$ labelled by the symbol p (resp s) while the 
remaining ғ yertices are pendant adjacent io the root 
and are not labelled И a network Г 13 decomposable and 
ather than the networks of the type described above, and 
the external network of the decomposition has the form 
D? (or T1), while the internal networks are just G, б, A 
G, the trea Г (Г) 15 constructed as follows Let 
T (G), T (G.) T (б) be the trees corresponding 
to ihe internal networks of the decomposition "Then for 
the root of T {T} we take a vertex of дептер k labelled 
by the symbol p (resp s) The vertices adjacent to Ша 
root are labelled by the symbol s (resp p) The vertices 
Vis фу v, adjacent to the root are identified with 
the roots of the trees Т (G,), T (G,), T (Ga) For 
example ihe л network shown in Fig 11a corresponds 
to the tree shown in Fig 145 A tree T (Гу is called а 
diagram of the canonical decomposition of a x network Г 
it should be noted that if the externa! network of the 
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decomposition of a network Г has the form Г (a, b), 
and the internal networks G, (a, uj) С, (Uy, ug) . > + 
Gp (u,-,, Б) are substituted for the edges (а, ил), 
(uy, Us), ..., (Uni, b), respectively, the vertices 
у, Uo, «++, Up in the tree T (Г), which are identified 
with the roots of plane rooted trees T (Gi), T (G2), . . «, 
Т (G,), follow one another from left to right in 


Fig. 12 


the increasing order of numbers. Thus, the tree 7 (T°) 
shown in Fig. 126 is a diagram of the canonical decom- 
position of the network I" (Fig. 12a) but is not a dia- 
gram of the network Г (see Fig. 11a). 

A vertex of a network other than a pole is referred to 
as internal. A vertex v depends on a vertex u if any simple 
chain joining the poles and passing through v passes 
through u as well. Vertices v and u are equivalent if 
v depends on и and и depends on р. A vertex v is weaker 
than a vertex u, while the vertex u is stronger than the 
vertex v if v depends on u but is not equivalent to it. 
А. vertex v is called minimal if it is not weaker than any 
other internal vertex of a network. Henceforth, we shall 
call a simple chain joining the poles of a network a 
chain of the network. The cases when the term "chain" 
Is used in different sense will always be stipulated. А 
chain of а network will be assumed to be the shortest if 
it has the minimum possible length. The length of a 
network is equal to the length of its shortest chain. А 
cul is a set of the edges of a network whose deletion de- 
з{тоуз all the chains. А cut is called terminal if none of 
its subsets is a cut. A cut is referred to as minimal if it 
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has the minimum possible number of edges Ihe number 
of edges in the minimal cut is called the width af a net 
work 


А &\ Let G be a graph with nze2 vertices Prove 
the equivalence of the following statements 

(1) С 15 а connected graph with п — 1 edges 

(2) G is à connected graph which however becomes 
disconnected as a result of deletion of any of 115 edges 

(3) any pace of different vertices of the graph G 1s joined 
by a unique chain 

(4) G 15 a graph without cycles but the addition of an 
edge Joining any two vertices leads to the emergence of a 
C3 cle 

442 Prove that any tree with nz 2 vertices has 
ai least two pendant vertices 

^53 Prove that if the number of pendant vertices 
in a nan trivial graph G is equal to the number of edges 
G is eather disconnected or 18 a tree 

444 Let F(G) = (lH, Н, Ha} be a family 
of graphs im which the graph Н 1s obtamed from an 
n vertex graph (т by deleting a vertex with the number 
+({ = 1 п) The vertices in the graphs A, are not label 
led Prove that 

(1) 21 can be found out irom the family F (@) whether 
the graph G 1s a tree, 

(2) af Gis a tree it сап be uniquely reconstructed from 
F (б) (accurate to an 1somorphism) 

445 The intersection of two graphs G and H is a graph 
б (| H all whose vertices and edges belong to both G and 
H Prove that а non empty intersection of two subtrees 
of a tree 15 a tree 

let pg fv н) be the distance between vertices р and 
изп à graph G = (У XY The vertex и, for which 


MAX ро (ug v) = MIN max pg (u v) 
rE V ЫШ tF 


is Called the centre of the graph and the number A (G) = 
тах ро (Чо 0) 18 Called the radius of the graph 
Lä 


#46 (1) Determine the number of the centres in 
the graph 

(а) G (see Fig ба) 

(b) G (see Fig 02) 
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(c) G = Kny, ng 

(2) Prove that any tree contains not more than two 
centres. 

4.4.7. Prove that a tree has one centre if its diameter 
is an even number and two centres when the diameter is 
odd. 

4.4.8. (1) Let D (G) be the diameter and R (G) the 
radius of a graph G. Prove that R (G) x; D (б) x: 2R (G). 

(2) Prove that if Gis a tree, Шеп R (б) = CA ; 


(3) Give example of a graph G for which R (G) = D (G). 

4.4.9*. Prove that a tree can be uniquely reconstructed 
(correct to an isomorphism) if pairwise distances between 
its pendant vertices are specified. 

4,4,10. Prove that any two simple chains of maximum 
length in a tree with an odd diameter have at least one 
edge in common. 

4.4.11. An infinite tree is the term applied to a graph 
with a countable set of vertices satisfying the following 
condition: for any two vertices u and v of the graph, there 
exists a unique simple (u-v)-chain with a finite length. 
Prove that if the degree of each vertex of an infinite tree 
is finite, there exists for any vertex a simple chain of 
inhnite length, which contains this vertex. 

4.4.12. Let Р = (v,, vg, ...} be an infinite simple 
chain. Let G = К, x P. What is the power of the set oi 
all spanning trees of the graph G? 

Let G — (V, X) be a multigraph with a set of vertices 
V = {0,0 ..., Up}, and M (б) = || а; || bea quadratic 
matrix of order n, where 

а (о) for i=j; 
ај = о —1 for ix&jand (vj, v) C X; 
О for izj and (vj, vp)4 X. 


It is well known [23] that the number of pairwise different 
spanning trees of the graph is equal to the minor of any 
element of the principal diagonal of the matrix M (б). 

4.4.13. Determine the number of the spanning trees 
of the graphs shown in Fig. 4a, b and 8a, b, if the vertices 
of the graphs are labelled. 

4.4.14. What is the chromatic number of a tree with 
n 2 vertices? 


0—0856 
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4.4.15. Is it true that if the diameter of a graph G 15 
А (А => 2), there exists a spanning tree whose diameter 
1s equal to A? 

4.4.16, Prove that for nz» 3, the number of pairwise 
non-isomorphic rooted trees with n vertices 15 at least 
double the number of pairwise non isomorphic trees 
with п vertices having по roots 

4.4,17, Let a rooted tree with n (nz» 2) pendant ver- 
tices have no vertices of power 2 other than a root Prove 


(а) (5) 


Fig 13 


that the total number of vertices ol ihe tree does not 
exceed 2n — 1 

4.4.18. Construct the codes of plane rooted trees shown 
in Fig 1да and b 


4.4.19, Using a given code a, construct a plane rooted 
tree if 

(4) ж = (001010011011), 

(2) æ = (0100011001101011), 


(3) & = (00040101100411014) 

4.4 20. (1) Determine the number of pairwise non 
isomorphic rooted trees with four edges 

(2) Determine the number of pairwise different plane 
rooted trees with four edges 


Paul 


жь} inta equivalence classes so that the vectors of one 
class are the codes of pairwise isomorphic trees oy = 
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pu Gy = (0400101101), a, = (0101001011), 
= (0100101014), c; = (0010110101). 


pr 22. Prove that the code с = (@, Qa, . . + Gan) 
of a plane rooted tree with п edges possesses the follow- 
ing properties, 


(1) » == 


k 
(2) for any k (1< k< 2n), the inequality n Qi < 
К[2 is valid. 


4.4.23. Prove that any binary vector o of length 2n, 
which satisfies conditions (1) and (2) of the previous 
problem, is a code of a plane rooted tree with n 
edges. 

4.4.24. (1) Prove that the following recurrence rela- 


tion is valid for the number p (n) of vectors » c B*" that 
satisfy conditions (1) and (2) of Problem 4.4.22: 


p (п) = Т p (i—i) p (n— i), where (0) = xp (1) = 1. 


(2*) Derive an analytic expression for № (n). 

4.4.29. Let G be a connected plane graph. Starting 
from a certain vertex v belonging to an external face, we 
shall go around (circumvent) this boundary so that it 
always remains on the right. At a certain moment of 
time, we shall return to the initial vertex v. The circum- 
vention will be continued if there remain uncircumvent- 
ed edges incident with the vertex v and belonging to 
the boundary of the external face. Otherwise, the circum- 
vention is terminated. 

(1) Prove that G is a tree. if and only if each edge is 
circumvented twice in the above process. 

(2) Let G be a tree with a root v. In accordance with 
the circumvention procedures described above, the tree 
G can be put in correspondence with a binary vector. By 
circumventing edges consecutively, we shall write O if 
an edge is circumvented for the first time and 1 if it is cir- 
cumvented for the second time. Prove that the vector 
obtained in such a way is a code of the tree б. 

Qu 
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4.4.26, Let G be a graph with п vertices and m edges 
The graph ts called balanced i$ neither of 115 subgraphs 
has vertices of power higher than 2m/n 

(1) Prove that for n — 2, a tree is a non balanced 
eraph 

(2) Give an example af a balanced graph for which 
т = п | 9 

4.4.27. Let һе a graph with a real non negative num- 
ber ascribed to each edge as a weight The weight of a 
subgraph of the graph G 1s the sum of the weights of the 
edges of this subgraph The minunal spanning tree of the 
graph G 13 115 spanning tree having the minimum weight. 
Prove that the minimal covering tree can be obtained by 
using the following algorithm At the frst stage, we 
choose the edge with the minimum weight Then in the 
next stage we choose the edge that has the minimum 
weight among the edges which do noi form a cycle with 
the edges chosen earlier The algorithm 15 terminated when 
there 19 no such edge 

4.4.28. Is it true that any subnetwork of a strongly 
connected network is strongly connected? 

4.4.29, Let a connected network have a unique shoot 
with k vertices, which is not contained in another shoot 
with a larger number of vertices Prove that 11 15 suf- 
ficient to draw k — 1 additional edges to make the net- 
work strongly connected Can we always manage with the 
minimum number of additional edges? 

4.4.30, Is it true that for any л and m (m> n> 3) 
there exist decomposable networks with # vertices and 
т edges? 

4.4.31. Is 1t true that the graph of a strongly connect- 
ed network 13 2-connected? 

4.4.32. Is 1t true that if we choose two non adjacent 
vertices in an arbitrary Z-connected cubic graph as poles, 
we Shall obtain a поп decomposable network? 

4.4.33. Determine the number of pairwise non-i50 
morphic non decomposable networks that can be obtained 
ne choosing two vertices in an л dimensional cube as 
poles 

4.4.34. (1) Prove that if a non decomposable network 
has n >> 2 vertices and m edges, then 


án < 2m + 2x; n (n — 1) 


4.4, TREES AND BIPOLAR NETWORKS 433 


(2) Prove that for any n and m such that m > = n — 1, 


n> 4, there exists a non-decomposable network with л 
vertices and m edges. 


1 2 
з? 
(а) > (6) ^ 


1 


Fig. 14 


4.4.35. For the networks shown in Fig. 14a, b andc 
determine 

(1) the type of decomposition; 

(2) external networks of the canonical decomposition. 

4.4.36. Let Г be the net- 
work shown in Fig. 15. 

(1) Indicate all minimal 
vertices of the network. 

(2) Divide all the inter- 
nal vertices of the network 
Г into the classes consist- 
ing of pairwise equivalent Fig. 15 
vertices. 

(3) Verify whether there exists a vertex in this network 
which is weaker than any other vertex. 

4.4.37. Prove that for any vertex v of a strongly con- 
nected network there exists a chain containing all the 
vertices that are stronger than or equivalent to it. 

4.4.38. Let S (T) be a set of all vertices v of the net- 
work Г which are not minimal. 

(1) Is it true that if Г is an H-decompoable network 
without multiple edges, we obtain a non-decomposable 
network by joining each vertex v € 5 (Г) through edges 
With each pole to which v is not adjacent? 
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(2) For obtaining а non decomposable network 13 i 
sufficient to ула each vertex v from S (I) with exactly 
ane pole from those which are not adjacent to v? 

4.4.39. (1) Prove that any separating vertex 15 mi 
пила] 

(2) Prove that any vertex adjacent to both poles is 
minimal 

4.4,40. Let all vertices of a strongly connected net- 
work Г be minimal 

(1) Find out whether the network Г can be 

(a) p-decomposable, 

(b) s decomposable, 

(c) H-decomposable 

(2) Let the network Г be s decomposable Prove that 
each тріегпаі Vertex 15 a separating vertex 

(3) Let Г be H decomposable Verify whether or not 
апу of internal networks can he 

(a) an H network, 

(b) an H-decomposable network, 

(c) a network other than networks T7, (m => 1) 

4.4.41. Let a strongly connected network Г with eight 
edges be neither p- nor s-decomposable and have no sub- 
networks of the type ГР, Th (m > 1) Prove that Г 18 
a non decomposable network 

4.4.42. Let G = (V,, V2, X) be a connected bipartite 
graph the degree of each of whose vertices 1s higher than 
or equal ta two Prove that if we construct a network 
F (а, b) by Joining the pole a by an edge with each vertex 
of the set V, and the pole 5 with each vertex of the set Va 
then Г (a, 5) 1s an H-network 

4 4.43. Does there exist a p decomposable network ior 
which any subnetwork containing at least three edges 1s 
p decomposable? 

4.4.44. Construct canonical decomposition diagrams 
for the networks shown in Fig 1ба and b 

4.4.45. Construct л networks having the canonical 
desomposttiom diagrams shown in Fig 17a and ё 

4.4.46. Prove that if a-networks Г, and Гу are not 
isomorphic, they have diferent canonical decomposition 
diagrams 

4.4.47, Let A and B he two chains of a network Г (a, 5) 
and jet a vertex и belong to chain A and not belong to 
chain B, while a vertex v belongs to chain В and does not 
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belong to A. Further, let [u, v] be a simple chain which 
joins u and v and does not intersect the chains A and В 
at any point other than its ends. 

(1) Prove that there exist at least two chains of the 
network Г whose vertices belong to the union of the 
chains A, B and [u, v] and which contain the chain [u, v]. 
Do at least three such chains always exist? 

(2) Prove that if the chains A and B have internal 
vertices in common but have no edges in common, there 


Fig. 17 


exist at least four chains of the network, which are con- 
tained in the union of the chains А, В and [u, v] and 
satisfy conditions (1). 

4.4.48. Prove the equivalence of the following two 
definitions of a x-network: 

(1) A network Г (а, b) is a n-network if its edges can 
be oriented so that all the edges in each simple chain 
Joining the poles a and b are directed from a to b. 

(2) The zx-networks are those and only those networks 
which are obtained as a result of the following inductive 
process: 

(a) The networks T$ and T$ (Fig. 18а) are: с 


А. 
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(b) If the networks A and B (Fig 185) are л networks 
the networks shown m Fig 18e are also n networks 

4.4.49 Prove that among all л networks with 
m (m >> 4) edges, the s decomposable networks have 
the largest number of shortest chains 


Dc 


П o—-—e«-—ab A ОРО 01774 TM Ba 
at”  —»b 7 7) pa ас Gy ya 


АЛРАН 
(а) (b) {с} 


Fig 18 


4.4.50. (1) Indicate the type of л networks which 
have the maximum number of simple chains joining 
the poles 

{2} Indicate the type of n networks having the maxim 
um number of terminal cuts 

4,4 91 Let q (m) be the maximum number of chains 
of a z-network with m edges Prove that 

(1) q (1) = 1, 

(2) p (Зл) = 3" (n> 1), 

(3) g (3n + 1) =4 x 3* {п> 1), 

(4) p {дп 4+ 2) — 2 X 3" (n т> 1) 

4.4.52. Is 1t true that among all the networks with 
т edges, the л networks have the maximum number of 
simple chains? 

4.4.58. For each n zz 5, indicate an Н network with n 
vertices, which has the maximum number of chains 
connecting the poles For each & (1s А < n), calculate 
the number of chains of length к between the poles 

4454. Prove that for a network with m edges having 
a eneth l and width ¢ the inequality mpi xX? 1s 
vali 

4.4.99. Prove that in a rz network the intersection 
of any simple chain between poles with any terminal 
cut contains exactly one edge 

4.4.96". The set of chains in a network Г 15 called a 
defining set for a vertex v if {v} 1s the intersection of 
the sets of the internal vertices of these chams Prove 
or disprove the following statement the necessary and 
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sufficient condition for a non-p-decomposable network 
without multiple edges to be non-decomposable is that 
there must exist a defining set of chains for any internal 
vertex. 

4.4.57. Prove the following statement: the necessary 
and sufficient condition for making a decomposable 
network Г non-decomposable by adding edges is that 
Г must not have multiple edges and must have at least 
four vertices. 

4.4.58. Construct a decomposable network with the 
smallest number of edges and n vertices (n >> 4), which 
cannot be made non-decomposable by successively re- 
placing subnetworks of the type Г: and Г? by edges. 


4.5. Estimates in the Theory of Graphs 
and Networks 


A graph (digraph, pseudograph, etc.) is called labelled 
(or numbered) if its vertices are assigned labels (or num- 
bers). We shall denote by J, the set of all n-vertex graphs 
(in short n-graphs) whose vertices are labelled by numbers 
1, 2, ..., п. The subset of all graphs from &,, each 
of which has exactly m edges, will be denoted by n, m- 
A graph with n vertices and m edges will be briefly called 
an (п, m)-graph. Graphs G and Н in 9, are assumed to be 
different if there exist two vertices j and k that are ad- 
jacent in one graph but not in the other. 

Let ф, (P) denote the number of all graphs in £9, 
having the property P. It is said that almost all n-graphs 
have the property P if lim BC —1. Let m = m (п) be 

п» оо п 
ап integral non-negative function, and let Pn, m (Р) Бе 
the number of all graphs in Ya, m having the property Р. 
It is said that almost all the (n, m (n))-graphs have the 
property P if lim $5». 


TL => 00 | $n,m | 


4.5.1. Prove that 
: n n 
(1) 19.1 203), (2) ln, ml = (2) 


т, 
4.5.2. (1) Find the number of different tournaments 
with п vertices, labelled by 1, 2, ..., n. 
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(2) Find the number of oriented pseudographs with 
n labelled vertices and m arcs 


4.5.3. (1) Show that the number of graphs m у, 


n-À 
whose k given vertices are isolated, 13 equal to 2\ 2) 


(2) Show that the number of graphs without isolated 
vertices in S, 35 equal to 


5 (—4у ML 


A) 


(3) Show that almost all n graphs have по isolated 
vertices 

4 9.4 Let the subset F с 9, consist of № pairwise 
dillerent graphs Show that the number of pairwise non- 
tsomornhic graphs in $$ is not less than Vial 

4,9 3, Let ар (ту be the number of pairwise non iso- 
morphic connected graphs with m edges Show that 


(t) р (т) > i ^ у! 


4 аР Ёл) перт+1\ m 


(2) ip n) e (2my" for m-—-co 

4,5 ©, Show that the number of pairwise non-150mor- 
phic pseudographs that do not have isolated vertices but 
have m edges does not exceed (cm), where c 18 a constant 
independent of m 

4.0.7. Show that the number of pairwise non iso- 
morphic K pole networks with m edges without loops and 
without isolated vertices does not exceed (2m) (em)**, 
where c 13 a constant independent of m and k 

4.9.8, Prove that the number of pairwise non-150- 
morphit trees with m edges does not exceed the number 
of pairwise  diflerent plane rooted trees with m 
edges 

4.5 9. (1) Prove that the number of pairwise different 
plane rooted trees with m edges does not exceed (n 


(2) Determine the asymptotic behavior of the number 
g (m) of plane rooted trees with m edges for m —- co 
4.9.10. Using Cayley theorem, according tío which 
the number of parrwise different trees with л labelled 
vertices 18 equal to д", prove that the number of parr- 
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wise non-isomorphic trees with п vertices is not less 
than c,n-!5e", where lim c, = V 2x. 
n-oo 

4.5.14. Show that the number of pairwise different 
Lrees with n labelled vertices, where the vertex with num- 
ber 1 has a degree К, is equal to tui (n — 4yn-h-i, 

4.5.12. Find the number of graphs in 9, constituting 
forests. 

4,5.13*. Show that the number of forests in 9 „, whose 
given vertices j and k belong to different components, 
is equal to 2n". 

4.9.14. Let Ф (л) be the number of pairwise different 
rooted trees with п pendant vertices, such that the degree 
of a root is equal to 2, and the degree of each vertex other 
than a root or a pendant vertex is equal to 3. 

(1) Show that the number q (л) is equal to the number 
of ways in which brackets can be arranged in the expres- 
sion бү: bg: .. .: bn so that the new expression obtained 
in this way is meaningful. 

(2) Show that o(n) = - (7) ; 

4.5.15. (1) Show that the number of pairwise non- 
isomorphic bipolar n-networks with m edges does not 
exceed twice the number of pairwise different plane rooted 
trees with m pendant vertices. 

(2) Show that the number of pairwise non-isomorphic 
x-networks with m edges does not exceed 2 | "oii ) : 

4.9.16. Find the number of pairwise non-isomorphic 
networks Г (a, b) with n vertices and m edges, having the 
following properties: 

(1) the network Г (a, b) is s-decomposable, 

(2) all the vertices in the network T' (a, b) are minimal. 

Remark. The poles а and b of the network Г (a, Б) 
are not equal: the former is the entrance to the network 
and the latter is the exit from the network. Upon an 
isomorphic mapping of the network Г to the network G, 
the entrance (exit) of the network Г must correspond to 
the entrance (exit) of the network G. 

4.9.17. Let © (n, m) be the number of different formu- 
las generated by the set of connectives (&, V} and the 


set of variables (r,, хь, . . ., zn} with m entries of the 
connectivity symbols, 
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(1) Show that Ф (n, m) 1s equa) to the number of 
pairwtse different rooted trees each of whose pendant 
vertices is labelled by a certain symbol in {Пе set 
[t ty ‚ Zah While each non-pendant vertex 15 
labelled by one of the symbols & or V 

(2) Show that Din, m) = AT ( "i } ang 

Remark Formulas are assumed to be different 11 
they form different words in the alphabet {&, YV, i) 


і E y È 

4.5 18. Let Ф (n, т k) be the number of different for 
mulas generated by the set of connectives f&, V, 7) and 
the set of variables ír,, Ty, , z4) with m  eniries 


of the symbols of variables and k entries of the symbol- 
Prove that 


і f2m—2 - 
Gin, m, kx (89 in" 


4.5.19 Show that the number of disconnected graphs 
in Ja m does noi exceed 


T (o (G) cech) 


4.9.20. Show that the number of graphs їп Ўл m 


having exactly two connectivity components does пої 
exceed 


K 
[1/71 (2) к—1 ("27 
У (pleng X ( 2 )\( 2 | 
A—1 wok SPARES mntk t 

4.9.24. Show that the number of k connected graphs 
m 9, м Which are not {А + 4) connected (А л — 2) 


does not exceed 
л-А 
т 2 
G) x (9) у (n) 


=f 
m (^35) I r 
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Hint. For k< n — 2, a graph that is not (А + 1)- 
connected contains Ё vertices whose deletion results in 
a disconnected graph. 

4.5.22. Show that the number of pairwise different 
connected subgraphs of a cube B", which are generated 
by subsets with К vertices does not exceed 2" (4n)*-". 
(Assume that the vertices of the cube В" are labelled 
by the numbers from 1 to 2"). 

4.5.23. By majorizing the number of graphs in 9, 
having a vertex of degree n — 1, show that almost all 
n-graphs have a radius larger than unity. 

Let p(G) be a certain numerical parameter of graph 


G. Let 2(n)-2 (2) >; p(G) be the mean value of 
GESn 


parameter p, and Dp(n) = 9” (2) 2 (p(G) — р (n)* 
GE 2n 


be the variance of p. In the same way, we can determine 
the mean value and variance of parameters of.the graphs 
in Fn, m Let Ө > 0, ôn (8) be the fraction of those graphs 
G in 9, for which p (G)> 0, and A, (0) be the fraction 
of such graphs G in 4, that | p (G) — p (n) |z» Ө. Various 
estimates and proofs of the properties of nearly all graphs 
are frequently obtained with the help of the following 
(Chebyshev's) inequalities: 


ôn (0) < 20, (1) 
An (0) << (2) 


For example, let р (G) be the number of isolated ver- 
tices of the graph С. We must show that p(G) —0 for almost 
all n-graphs. Let gn (i) be the number of graphs in $,, 
in which the i-th vertex is isolated. In this case, 


p(n) = 2708) X pq 279 Ў g, (0). 
GE Sn i-1 


n-i 
Obviously, En (i) = oh 2) for alli=1, п. Hence p (п) = 
n-2™. Putting 8 = 1/2 in (1), we find that the fraction 
of graphs G in Y,, for which p(G) >> 1/2, does not 
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exceed noi But hm n 271—0 Hence p(G) «1/2 


for almost all n graphs te p(G)--0. 
Let us now suppose that píG) 1s the number of 
edges in the graph С We shall show that for nearly all 


n graphs p{G)= 1/2 (5| (1-_к,) where hm е, =0 We 
hase p(n):2 -@ 2 p(G)=2 (2) Y! gn (t, 7), where 
GE Sn 12} 


En (1 p! is the number of graphs in wluch the 
pair (1, р) of vertices 13 joined through an edge Thus 


р(п) = 41/2 (5) Let us calcula the variance 


Dpqgo2 0) Y! {р{бу—р qp - 2 6 Y pq 
GE Sn GE n 


—(p (n) 
Let us label all pairs of the type (i, 1) {т< 
рп by numbers from 1 to (5] , and let "NOI Ау he 


the number of graphs G in Fp, 1n which pairs with num 
bers v and p are edges Then 


(2) (2) (>) 
2 PO= 2, У в.б н 01 e (s %) 
2 2) x 0 Шш) 
, veg 
But En (v, р) ol)? if v35pn Hence 
bee (27-03 (5) 7) (2 (2) 3) 
Putting 0— V npin) in (2), we find that the fraction 
of those graphs С 9, for which | p (@— = ( WIE 


Y 4 (5) does not exceed i/n Hence for almost аі 
graphs p (6r) = 1/2 (2) (ie), whers lim z, = 0) 
n 00 
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4.5.24. Let р (G) be the number of pairs of different 
vertices of graph С in Jpn, for which there is no chain 


of length smaller than 3 joining these vertices. Let p (n) — 


-(3) v 
2 V >, р(б). 
Gey, | А 
— n ] n-2 

(1) Show that p(n)-—-7 4 (7) ; 

(2) Show that almost all m-graphs have no vertices 
separaled by a distance larger than 2. 

(3) Using the results of problems 4.5.23 and 4.5.24 (2), 


show that the radii and diameters of almost all n-graphs 
are equal to two. 


4.5.25. Show that the average number of Hamiltonian 


а H j d п —1 ! 
cycles in graphs G in S, is equal to i im 


4.5.26. Find the average number of cycles of length 3 
in graphs G of Fn, m- 

4.5.27*. Using the Chebyshev inequality (2), show 
that nearly all in (n, m (n))-graphs, where m (n) = 
(n/ln (n In n)], the number of isolated vertices is equal 
to n (1 — е (п)), where lim е (п) = 0. 


1? =» OO 
4.9.28*. Let k be an integer (A> 2). Show that if 


m = m (п) = Ф (n) no ki (where ф(л)— co for 
n —- co), nearly all (п, m)-graphs contain a complete sub- 
graph with А vertices. 


4.5.29. Find the average number of k-vertex indepen- 
dent sets in graphs G in Į. 

4.9.90. Let k be a natural number. Calculate the aver- 
age number of vertices of degree k in graphs G of 2,, m 

4.9.91. Let p (G) be an integral non-negative parame- 
ter and let p (n) be its average value for graphs С in G,. 


Show that if lim p (n) = 0, then p (G) = 0 for almost 
all graphs. n+% 


4.6. Representations of Boolean Functions 
by Contact Schemes and Formulas 


A network Г with & poles in which each edge is la- 


belled by a letter from the alphabet idis 


= 93 in Tis 
M 


` 4 Z5) iscalled a k-pole contact scheme (circuit) repre- 
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senting Boolean functions of variables ti žy Ya 
or in short. а (A mj-scheme The (2 п) schemes will be 
called X" schemes The network Г is called the contact 
scheme netuork A contact scheme is called connected 
(strongly connected series parallel etc ) if 118 network 
has the same property А series parallel contact 
scheme is brrefly denoted as т scheme The edges 
of a scheme labelled by the symbols of variables or 
their negations are called contacts A contact marked 
by the symbol of а variahle (or its negation) 15 called 
a make (resp break) contact Let X, and >, be two pole 
contact schemes whose poles are jabelled by the letters 
а, d. a, The schemes Z4, and 5, are called isomer 
раса ther networks are isomorphic and if (а) the corres 
ponding edges are labelled in the same way and (b)ihe corr 
esponding poles are labeled in the same way Let a 
and 5 be two poles of the contact scheme X and let la 2] 
he = chain aming & amd & Let Ay, ьу бе the conyrac 
tion of letters assigned to the edges of ihe chain {а bi 


The function f, (с) defined hy the formula 
faa 2") V Age ы (3) 
[в $] 


in Which the disjunction is taken over all simple chains 
it the scheme joining the poles а and & is called the 
conductivity function between poles a and b of the scheme 


= The scheme 2 ts said te represent the function g (т^) 


if tt contains the poles а and 5 such that g (x") = fa, (z^) 

A contact scheme with А + 1 poles is called a (1 А) 
pole network if one of its poles is isolated (this pole will 
be denoted by 4) and the remaining poles are interchange 


able (these poles will he designated by 6 @ = t Kj) 


The function g iz") is said to be represented by a (1 ~} pole 
network if there exists a pole b (Ix; tcx К} such that 


fos, (277) = £(£7) П the number of poles in a scheme 
is not indicated we shall always mean two pole contact 
schemes Two contact schemes are called eguivalent 
if they represent the same Boolean function The com 
plexity of a contact scheme 15 the number of its contacts 
A contact scheme having the lowest complexity among 
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all equivalent schemes is called minimal. The complezity 
of a Boolean function f in a class of contact schemes (nota- 
tion Z, (f)) is the complexity of the minimal contact scheme 
representing f. The complexity of a Boolean function 
f in the class of n-schemes is the number of contacts in the 
minimal z-scheme realizing f (notation ZL, (f)). The com- 
plexity of a Boolean function f in a class of formulas gener- 
ated by aset of connectives (V, &, — }is the number of 
entries of the symbols of variables. In this class of for- 
mulas, the complexity of a function f is denoted by 
Lo (f). 

E uei contourless network whose poles are divided 
into input and output poles is called a scheme of functional 
elements. The input poles are labelled by variable sym- 
bols. The output poles are called outputs of the scheme. 
Each vertex other than ап input is labelled by 
a functional (logical connective) symbol. The following 
conditions must be satisfied in this case: (1) the 
in-degree of each entrance pole is equal to zero; (2) the 
in-degree of each vertex other than the input pole 
Is equal to the number of arguments of a functional 
Symbol (or connective) which labels a given vertex. 

The concept of a function f, represented at the vertex 
і of a scheme X is defined as follows. If the vertex i coin- 
cides with the input pole labelled by z, then f; — z. 
Let the vertex i be labelled by a functional symbol q 
of r arguments, and let q,, . . ., Ф, be functions repre- 
sented at the vertices from which the arcs terminating 
at the vertex i emerge. In this case, f; = Ф (Pis . . ., Фф,). 
It is said that the function f is represented by a scheme 
à if the latter has an output where this function is repre- 
sented. Functional element schemes with one exit whose 
entrance poles are labelled by the symbols z,, . . ., 2л, 
and the vertices other than the input poles are labelle 
by the symbols V, &, — will be called X"-functional 
schemes. The complexity of a functional element scheme is 
the number of its vertices other than entrance poles. An 

functional scheme У representing a function f is 
called minimal if every other X"-functional scheme re- 
presenting f has a complexity not lower than that of the 
scheme X. The complexity of a Boolean function f in 
а class of functional element schemes is the complexity 
ofa minimal X?-functional scheme representing the func- 
10—0636 
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tion f The complexity of a function f in this class of 
schemes will be denoted by P (f) 


4.6.1, Let f (z= 7, @ x, Prove that Ё (f (гу) = 4 

4 6.2, Show that for a Boolean function other than a 
constant, the minimal contact scheme representing this 
function : strongly connected 

4,6 З. Find the number of Boolean functions f (z,, z,) 
represented hy contact schemes of complexity 3 

4.6 4. (1) Show that for each natural m there exists 
a minimal contact scheme of complexity m 

(2) Show that there are no minimal contact schemes of 
complexity 4 containing only closing contacts with labels 
in the set {z,, 2 T4) 

4.6.9. Show that if m — п 2", none of the X" 
schemes of complexity m is minimal 

4 5.6. Show that the function f depends essentially 
on variable x if and only if the minimal scheme герге 


senting f contains a contact labelled by the variable r 
or hy 18 negation 
46.7. For the contact schemes shown in Figs 19а, 
à, c and 20a, b, с find the conductivity function fas 
4.5.8, Construct the contact schemes representing the 
functions f in the following cases 


(4) F (2) = (z V za V ту) (д V Ta V Zah 


(2 f (хз) = wits e Lis Ф Jott 
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(3) f (23) = (00011111); 
(4) f (23) = (11010001); 


(9) f (23) — г, Ө х, Ө Xz. 
4.6.9. For each function in Problem 4.6.8, construct 
X*-functional schemes. 


Fig. 20 


4.6.10. Construct a contact scheme with a complexity 
not exceeding Z for a function f, after simplifying its 
formula if: 


(1) (т, V 223) ((£1 V T2) (Ze V 24) V (x43 V T4) X 
(211913 V xar), Ь=о; _ EILEEN 

(2) (т V Ta) (125 V ToTg) Le V (T2 V 2325) X 
x v V (212, V X425 V Te) хз V жүл» V Tte), 

(3) Tilata (^ V 2123) (£e V z,7472) V (хх V 

LoL ys) & (Lals V T3T6T7) V (zi V Le) (Ty V Ze) X 
(zs V 23)), L= 6. 

4.6.11. For each function in Problem 4.6.10, con- 


struct a functional element scheme of complexity not 
exceeding 6 and representing this function. 
n 


4.6.12. Let v (а) = 2j2'a; be the number of the 
i-i 


tuple a = (01, a,..., @,). Construct a contact scheme 
10* 
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with not more than 10 contacts representing the func 
tion 


~ [ if via, @ aa) x v(a, a, da) 
f(a") —- О otherwise 
46 13 Construct a contact scheme representing the 


function Ht Which 1з equal to unity if and only if 
(t, Za х5) (ta 25 fa) 

AG {4 Canstruct a contact scheme representing the 
addition. of two digit binary numbers Speaking more 
precisely construct a contact scheme with poles a 5b, б, 
and b, m which foreach: — 0 1 2 the conductivity 


function fo», (2f) is equal to 2. where z € (0. 1) and 
ia determined by the relation 42, + 22, + 2, — 2 fx, + 
T.) + z3 + T4 

4 6 15* Construct a functional element scheme satis 
fying the following conditions 

(1) ıt represents three functions +, т, т, 

(2) the vertices other than entrance poles are labelled 
by V & and—, 

(3) the scheme has not more than two vertices lahelled 
by negation symbols 

4616 Show that Lo (f) > La (f) for any Boolean 
function f which 13 not a constani 


4 617* Give an example of a function f (a3) for which 
Ly (f) 22 Ly (f) 
ші Consider the functron represented by a scheme 
shown in Fig 19a 


p 


Let a 2 connected two pole contact scheme X be a pla 
nar scheme (1e let its network [fa b) be plane) and 
let 115 poles a and b he on one face We draw an edge 
{а b) on this face m such a way that the network Г 
obtained from Г by adding the edge (а b) remains planar 
We choose one vertex each on the faces of the network Y 
Qn the vertices chosen in this way we construct a graph 
G* dual to the graph G of the network Г Each edge of the 
graph G* other than (a b) intersects a contact of the 
scheme E We label this edge by the same letter that 15 
used to label the contact intersected by it Let us denote 
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the vertices of the graph G* located on the faces of the 
network Г’ divided by the edge (a, b) by a*, b* and call 
them poles. We delete the edge (a*, b*) from G*. As 
a result, we obtain a 2-connected scheme X* with poles 
а* and b*. The scheme X* is called a scheme dual to È. 

4.6.48*. Show that the scheme =* dual to a planar 
2-connected scheme X represents a Boolean function dual 
to the function represented by the scheme 2. 

Hint. Establish a one-to-one correspondence between 
the chains of scheme X and the cuts of scheme 2*. 

4.6.19. Construct schemes dual to those shown in 
Figs 19a, b, and 20a. 

4.6.20. Prove that for every Boolean function f the 
equality L4 (f) = L4(f*) is satisfied. : 

4.6.21. Show that if Lp (f) < 1, then Lag (f) == Ly (f). 
A contact scheme is called simple if the labelling ofan 


edge by a letter x or = means that every other edge hasa 


label other than x or z. 

4.6.22. Show that a strongly connected simple contact 
scheme represents a function that depends essentially on 
all variables encountered in 
the scheme. 

4.6.23. Show that а 
strongly connected simple a 
scheme is minimal. 

4.6.24. Show that if a 
minimal scheme is supplied 
with a new contact labelled Fig. 21 
by a new varlable in such 
a way that a strongly connected scheme is represented, 
the newly formed scheme will also be minimal. 

4.6.25*. Let f be a function represented by the scheme 
shown in Fig. 21. Prove that a function dual to f cannot be 
represented by a simple scheme. 

4.6.26*. Is the relation L = L, (f) true for all 
Boolean functions f? de 69 

4.6.27. Let fap and fgg be the conductivity functions 
of a three-pole contact scheme X,, while feg and fen are 
the conductivity functions of a three-pole contact scheme 
Xa. Let 5 be a scheme with poles a and e, obtained from 
the schemes 3, and X, by identifying pole b with pole g > 
and pole d with pole e. Is it true that the scheme X re- 
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presents the function 


fae = (fas & feg) V (fab & Jeg)? 


4.6.28. (D Show that the function f 1$ monotonig i 
and only 1f there exists a contact scheme representing f 
and noL cóntaining opening contacts 

(2) Is 1t true that the minimal contact scheme repre 
sening a monotomec function does not contain opening 


contacts? The Boolean function ў (2°) 18 called monotonie 
in variable z, 1$ 1t can be presented in the form 


J= {д Ip 0, MV R(t хр Th) 


The function f (z") is guasi monotone ъз variable z, if 11 
15 monotonic їп x, or becomes monotonic in ху after sub 


stituting E for т, The monotonicity and quasi monoto 
piety та zi (2 541) are defined in an identical manner 


4.6.29 Prove that the function f(x") 15 quas: mono 
tonic in z, i and only if there exists a contact scheme 


representing the funcion f (z") and contaimng nether 
make nor break contacis 

4,0.00. (1) Prove that the minimal contact scheme re 
presenting ihe function 2, Ф х, contains 4 contacts 

2") Prove that the scheme shown in Fig 20c 1s mim 
Ina 

4.6 31°. Construct а minimal contact scheme for the 
function f if 

(1) f (1*) = (г, M Ta \/ Ta) Ti M 12.193; 

(2) f(z") = туйу QD хасаг, Ф tatg D Tyla 

(3) f (z*) = (0001011101111111) 

4.0.92. Show that the number 5 (n, m) of connected 
pairwise non isomorphic X" contact schemes of complex 
ity not more than m does not exceed (cnm)", where c 
15 а constant independent of n and m 

4.6.33. Show that the number P (n, т) of connected 
pairwise non isomorphic л schemes of complexity not 
more than m and realizing Boolean functions of variables 
Ij, T, > , Zp does not exceed (слу, where c 1s а con 
stant independent of n and m 

4.6.34. Show that the number (D (л, m) of pairwise 
diferent formulas of complexity m generated by а set of 
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connectives (V, &, —) and by a set of variables гу, 
Zo, +++; Lp does not exceed (cn)", where c is a constant 
independent of n and m. 

The lower estimates of complexity in representing 
different classes of functions by schemes and formulas 
are frequently obtained by using "power considerations". 
The following statement is an example. 

Let S (n, m) be the number of schemes from a class K, 
each of which represents a Boolean function depending on 
the variables z,, Za, ..., Zn, and has a complexity 
higher than m. Let @ (n) be the number of Boolean func- 


tions f (z") іп a set Mt. Then, if S (n, m) < Ф (n), there 


exists in W a function f (z") that cannot be represented 


in class K by a scheme of complexity lower than or equal 
to m. 


4.6.35. Show that for any e >O and a sufficiently 


large n, there exists a self-dual function f (x") for which 
the following inequalities are satisfied simultaneously: 


(а) Ly (f) > — (4 — y 
(b) La (f) > чес (1—8). 


= log. n 
4,6.36. Show that for any e >O and a sufficiently 
large n, there exists a function f (z") which is a superposi- 
tion of functions ọ (х, y, 2) = zy V 2 and is such that 


п — 4 
(a 
2 J/ 
Lo (f) > a a 
4.6.97. Let L (n) = max L (f) Show that for any 
fEP5 
self-dual function f(z") the inequality JZ (f (z")) x 
L (n — 1) + án is valid. 

4.6.38. A Boolean function F (y^) has the property 
U, if any Boolean function f (z") can be obtained from 


м? 


F (y") by substitution of constants and redesignation of 
variables (identifications are admissible). 


(1) Show that the function y,y, has the property U,. 


(2) Find the function with the smallest possible number 
of variables having the property U T 
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(3) Let т (n) be the smallest possible number of vari 

ables of a function having the property Va Show that 
" ni 

Tg ern Som Sd 

4 6,39. Show that there exists an X” functional schéme 
havingacomplexity 2 22" — n and representing all func 
tions depending on variables z,, ‚ tn 

For constructing two pole contact schemes representing 
Boolean functions, the method o] cascades їз frequently 
used We shall describe this method here Let ў (=, 
Lay QTíAA 22 be a Boolean function which has 
to be represented by a contact scheme By YW, (1 = 
і, n —Í we denote the setof all Boolean functions, each 
of which depends only on variables туу, 2145. > Ta, 


and tan be obtained from the function f (x^) by an approp 
rate substitution of zeros and unities for the variables 
їр 213, , z; Each set V[,1s put 1n a one to one corres 
pondence with the set V; whose elements are points in 
the plane, called : th rank verlies We add two more 
poles, viz the input pole a and the output pole b. Pole a 
15 а Zero rank vertex, while pole b 1s a vertex of rank n 
The set of vertites in the scheme È representing the func 


tron f (z^) will comede with fatu (5j ТИП V; The 
] 


set of contacts of the scheme may be described аз follows 
let v; be an arbitrary (th rauk vertex (n — 2 D> t > 0) 
and let the function p {fitis tite: Za) 1n the set 
WY, correspond to it (for: = 0, the function q 15 identical 


to the function f (2")) The functions ф (0, 2,3, ; Ly} 
and Ф (i, д», , za) belong to the set Ai and 
have certain vertices v4, and 4; respectively corre 
sponding to them (if the functions Фф (0, tite, ; Zn) 
and «р (1i, +, ‚ X4) are identical, the vertices фу 
and v.) coincide) The vertex v; 13 Joined in scheme У 
to the vertex vii through the contact z;4, and to the 
vertex Ui, through 2:4, Finally, the (n -— 1} th rank 
vertices are joined with the mth rank vertex (pole bi 
according to the following rule 

(1) 1f a vertex v in V,., corresponds to a function z,, 
it 15 connected to the pole b through the contact z,, 

(2) 1 a vertex v corresponds io a function хр, it is 
Joined to b through the contact z,; 
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(3) if а vertex v is put in correspondence with a func- 
tion identically equal to unity, it is joined to b through 
two parallel contacts x, and z,; and 

(4) if a vertex v is put in correspondence with zero, it 
is not joined to pole b. 

4.6.40. Using the method of cascades, construct a 
scheme representing the function f: 


(4) f (29) = 2,2, Ө ty; 

(2) f (a4) = xx, V Ttg V шүл, 

(3) f(x") = x, 92 D... Tr; 

(4) f (z") = ЖТ... dy V 2123 e. P 
(5) f(x") = М а... Bitis ses 2. 


4.6.41. (1) Show that if f(z") == 0, we can delete 
from all sets 9(; the functions that are identically equal 
to zero when constructing by the cascade method a con- 
tact scheme representing the function f. 

(2) Show that the contact scheme obtained through 
such a construction is strongly connected. 


4.6.42. (1) Suppose that the function f(x"), n > 2, 
depends essentially on all its variables. Prove that the 
scheme representing the function f and constructed by the 
cascade method is strongly connected and does not contain 


parallel contacts of the type z;, x; if and only if f is a 
linear function. 


(2) Give an example of a nonlinear function f (z"), 
п 2, depending essentially on all its variables and 
such that the scheme representing it and constructed by 
the cascade method does not contain parallel contacts 


of the type Tj, Tj. 
4.6.48. Find out if the following statement is true or 


false: if a function f (z"), n > 2, depends essentially on 
all its variables and the contact scheme representing f 
and constructed by the modified cascade method described 
in Problem 4.6.41 (1) contains n contacts, then f = 
241292... хы", where о; € (0, 1}. 

4.6.44. Disprove the following statement: if a func- 
tion f is such that for a certain i each of the sets 9f; 
and 9[;4, used in the cascade method does not contain 
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functions identically equal to zero and unity, but does 
contain at least three functions, then the scheme repre 
senting f and constructed ру the method of cascades ts 


not plane 
4645 Give an example of a function f for which the 


cascade scheme realize it is not plane 


» We mean the schemes without an additional edge Joining the 
poles 


Chapter Five 


Fundamentals of Coding Theory 


5.4. Codes with Corrections 


Let A and B be two finite alphabets and let R be a 
certain set of finite words in the alphabet A. A single- 
valued mapping ф of the set R into a set of words in the 
alphabet В is called a coding of the set R. The counterpart 
C of the set R for the mapping ф is referred to as a code 
of the set R. Words in C are known as code words. If a 
word w in R maps a word v in C, then v isa code of the 
word w. Words in R are called messages, and the alphabets 
A and B are called a message alphabet and acoding alphabet 
respectively. If a coding alphabet B consists of two letters 
(in this case we shall assume that В = (0, 15), the coding 
pọ and the corresponding code C are binary. A code is 
referred to as a uniform, or block, code if all code words 
are of the same length. A block binary code in which 
every code word has length n is a subset of vertices of 


a unit n-dimensional cube. A Boolean function f, (2") 
which is equal to unity in the set C and to zero outside 
C is called the characteristic function of the binary block 


code C. Let р (a, B) be the ordinary Hamming distance 
between vertices œ and В in В”, which is equal to the 
number of coordinates in which « and B differ. The quant- 


ity d (C) = min p (a, B), where the minimum is taken 
over all pairs of different vertices belonging to the code 
C = B", is called the code distance of the code C. The 
code С c B" with a code distance d is abbreviated as 
the (n, d)-code. The maximum possible power of an 
(n, d)-code is denoted by m (n, d), while an (n, d)-code 
whose power is m (n, d) is known as the mazimum code. 
A compact code is an (n, 2d + 1)-code which satisfies 


the following condition: for any vertex о Є В", еге 
exists a code word В for which р (a, 8) <d. A binary 
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block code 1s referred to as equidistant 11 the distance be 
tween any two code words 1s constant A code £C cz B" 
is known to be an equal weight code 11 any code word has 
the same weight ie 1Ё there exisis an inleger & (0 <= 
КЕ пу such that C c B, This number E 15 called the 
weight of an equal weight code The quantity max | С | 
where the maximum is taken over all dn dj) codes ol 
weight k is denoted by m (n, k, d) 

Let the wards of a binary block code © һа transmitted 
through a communication channel where a distortion of a 
transmitted word may occur The transmission via such 
a channel can be regarded as transformations of the words 
being transmitted Here we shall consider only such 
transformations of binary words which do not change the 
length of a word and consist in the replacement of certain 
letters by the opposite, 1e in the replacement of 0 by i 


and 1 by 0 If a word « ts transformed into a word f 


diftering irom & аз a result of transmission this means 
that errors have been introduced into the channel И the 


i th letter of a word a being transmitted differs from the 


ith letter of the obtained word 6, the error 15 said to 
occur in the ith digit Lf the obtained word differs from 
the word being transmitted in £ digits, t errors are said 
to have been introduced Obviously ihe number of errors 
made during a transmission is equal to the Hamming 
distance between the transmitted and received 
words 

Let C c В” be a binary code An arbitrary single 
valued mapping ар of the set B^ onto the set С 1s called а 


decoding Let » € C, and let 7 (а) Бе a set of all ver 
tices Ё th 8", such that h (В) =q Let ST (a be à set 
of all words which are obtained from a code word а 
as a result of not more than ¢ errors (obviously 57 (a) 


18 à sphere of radius £ with center at a) A code C 1s said 
to correct t errors if there exists a decoding 1р such that 


e; (a) £z ap! (a) for any at C A code C reveals t errors 
if any word which can be obtained from an arbitrary code 


word a as a result of not more than ¢ distortions differs 
from any word in CN (e) 
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5.1.1. Prove that a code С = B" corrects £ errors if and 
only if p (v, ш) >> 2t + 1 for any two different code words 
v and w in C. 

5.1.2. Is it true that a code C = B" correcting £ errors 
reveals 

(1) at least 22 + 1 errors; 

(2) at least 21 errors; 

(3) not more than 2t errors? 

5.1.3. Prove that it is possible to obtain from any sub- 
set C c B" a code detecting an error by deleting from C 
not more than half the vertices. 

5.1.4. Determine the number of errors corrected and 
revealed by a code with a characteristic function f if: 


(1) 2") ==, Ф х, Ф «s CD Za 


(2) f(z") = zx, ... En V Tata ... Tni 

(9) f (з") = 0105... Xa V 2325... заан р Ө Tin 
V 2,2... auda se бі V 2,2, . бий 

(4) f (2") ES is Ene ШКЕ Жу verus D was 


Ө 252, ... 21. 

5.1.5. Let the words of a binary code C be transmitted 
via a transmission channel so that not more than one error 
can be introduced during the transmission of a code word. 


For each code word a, construct the set of words which 
can be obtained as a result of the transmission of a through 
the channel: 

(1) C = (01100, 00111, 11010, 10001}; 

(2) C = (11110, 10100, 01011, 11001 }. 


. Let p be the probability of the fact that an error is 
introduced in the i-th digit of an arbitrary word w in B" 
during its transmission via a channel for all i = 1, n. 


Let C < В" he a code of power m, and p: В" +C be a 
decoding. The quantity 


1 71 —– 
Qu (р, С) = — >. Б pe w) (1 — p) р(о, ш) 
ЕС  wEy71(v) 
is called the authenticity of the decoding № for the code С. 


9.1.6. Prove that for 0 < p < 1/2, the maximum of 
the quantity Qy (p, C) over all possible decodings for a 
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fixed C 1s attained provided that for each w Є В" the 
equality p (w, sp (w)) = min p fw, v) 15 satisfied 
ec 


к 
d 1.7. (1) For the code C in Problem 515 (1), соп 
áiruct a decoding p with the maximum authenticity, 
Oy (p, C), О <p « 1/2 and indicate the set p (ш) 
for each w ЄС Determine max Qy (1/4, C) 


v 
(2) Determine the number of different decodings +p 
with the maximum authenticity for the code C 1n Prob 
lem 51 5 (f) and 0 <р « 1/2 
à 15. Determine the maximum possible power of a 


code C cz B" possessing the following property for any a 


and В in C, p (a, В) are even 

5.1.9 Determine the number of maximum (и, 2) 
codes 

5.1 10. Let л = 3k Prove that m (n, 2n/3) = 4 


3.1.11, Prove that the power of a compact (n, 


Zil--1) code ıs ТЕЁ (т) 


5.1.12. Does there exist a compact in, 3) code for 
n= 147? 

2.1 13. Prove that for n >» 7, there exists no compact 
in, Ty-codes 
| 24 Prove that а code C c E" 1s not maximum if 

9.1 15 Prove that if there exists a compact (л, 3) code 
in B^, there exists a partition of the cube B**! into dis- 
joint spheres of radius 1 

9.1.16, Let C be a compact (п, 224-1) code Prove 


H 
that "AL this case is exectly divistble by 


(22+ 1 | 

d 

9.1.17 Prove that there exist no equidistant (п, 2d + 
1) codes of power exceeding 2 

9.1.18. Prove that for an even d there exists an equi 
distant code of power l2n/d) 

0.1.19. Prove that m (n, d) 1s a non decreasing func 
lion of parameter n. 
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5.1.20. Prove that 

(1) m (n + d, d) z: 2m (n, а); 
(2) m (2n, d) > (m (n, d))*; 
(3) m (n, d) < 2m (n — 1, d). 
9.1.21. Provo that 


m (n, 2t-|- TE | ; 


i-Ü 


5.1.22. Prove that 


m(n, k, 2d) x: 


5.1.23. Prove that for n«2d, the following ine- 
quality holds 
— 9d 
m (n, d) <. 


5.1.24. Prove that 


nd 


m(n, k, d) | зар ' 


if 2k*— n (2k — d) > 0. 
5.1.25, Prove that 


(1) m(n, К, d)«| -m (n— 1, k— 1, d); 


—1 n—d 
(2) m(n, k, a<| zz ZA HE 
(3) m (n, k, VESI —Dm(n-1, k, d) |. 
9.1.26. Let q (n, d) be the maximum number of ver- 
tices in D", the pairwise distances between which do 
not exceed d. Prove that 


m (n, d--1) q (n, d) xc 2". 


7. Prove that m (n, d) < 2"-d9, 

8. Prove that from any set C с B" such that 
| C | > 2“, it is possible to isolate a subset D of power 
not less than 2-4 | C | which is ап (n, d)-code. 
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5.2, Linear Codes 


The expression of the form 


A) Ora, Dha Ü 
where " € B" МЕ (0 1} ғ = i s as called the Linear 
combination oj the vectors a, Oy a. The linear com 
bination (1) 25 called triziadiik, = А, = =}, = 0 


and non imal otherwise Any linear combination! of 
vectors in B” 1s obviously a vector in B^" Vectors a, 


2, " in B" are itnearly independent 1 any of therr 
non trivial linear combinations differs from 0 = (0 
Ü 0) Otherwise the vectors c, a, п, are 


said to be linearly dependent A subset G cz B" їз called 
a group uf G 15 closed with respect to the exclusive sum, 


1e for any а and p in G, ihe vector ME É belongs іо б 
It follows from the closure of G with respect to the oper 
ation @ that any linear combination of vectors 11 б 


also belongs to G {in particular, 0 Є G) Thus any group 
Gin B" уз a [linear vector space generated by the field F, = 
(0 1] Ф ) The maximum number k = К (б) for 
which there exist k linearly independent vectors in the 
group (linear space) G 1s called the dimensionality of G 
The set of k linearly independent vectors of a linear & 
dimensional space 1s known as the basis of this space 
If a code G & B" forms a group, it is called a Linear or 
group, code lf a linear code in B" has a dimensionality +, 
it 15 referred to as an (л К) собе A binary linear code 
correcting one error is known as a Hamming code 
Linear codes can be conveniently defined in terms of 
matrices A matrix E (C) whose rows are code words of 
a code C cz В" is called a code C matrix. A matrix Af (C) 
formed by & arbitrary linearly independent vectors which 
are code words of an {л А) code C 1s called a generating 
matrix of the code С If Н is an arbitrary matrix formed 


1 The definitions of mod 2 sum of vectors and mod 2 product 
of a scalar by a vector are given in the section Boolean Vectors 
and a Unit n dumensional Cube 
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by zeros and unities with п columns, the set C (H) of 
all vertices of the cube B", which are linear combinations 
of rows in the matrix H, is called a code generated by the 


matrix Н. Vectors ас = (0, Qa, ..., @,) and В = 
(Bj, Bas .... Bn) are referred to as orthogonal if op, Ө 
GB, Ө ... Ө a,B, = 0. The set V (Н) of all vectors 
in B" which are orthogonal to each of the rows of the 
matrix Н is known as the null space of the matriz Н. Let 
C be a binary code whose each word is orthogonal to each 
row ofacertain matrix И. If C is an (n, k)-code, and the 
matrix Н consists of п — k linearly independent rows, 
then H is called a checking matriz of the code C. The set C* 
of all vectors that can be represented as a linear com- 
bination of the rows of the checking matrix of the (n, Ё)- 
code C is called a code dual to the code C. By g (n, d) 
we shall denote max | C |, where the the maximum is 
taken over all linear codes C <= B" with a code dis- 
tance d. 


5.2.1. Let a set C cx B" consist of k linearly indep- 
endent vectors. Prove that any two linear combinations 
of vectors in the set C, having different coefficients, are 
different vertices of the cube В". 

5.2.2. Prove that there exists in B" a system ofn linearly 
independent vectors, but there exists no system of n + 1 
linearly independent vectors. 

9.2.9. Prove that the number of vectors in В” that 
can be represented by linear combinations of type (1), 


S t 
where УЛ; < ż, does not exceed > | н ). 
1—1 1—0) 
9.2.4. Prove that any (n, k)-code has a power 2%, 
9.2.9. Prove that in a binary linear code either each 
code vector or half the code vectors have even weights. 
29.2.0. Prove that the number of different bases in B" is 


(2* — 1) (2^ —2) ... (2^ —2"^-1 
n! ° 
9.2.7. Prove that the number of different (n, k)-codes 
in В" is 
(25 —1) (2° —2) ... (2n —2h-1) 
(2k —1) (25 —2) ... (25 —2h21) ` 
11—0636 
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5.2.8. Determine the number of vectors 1n Н" which are 


orthogonal to a given vector с in By 

5.2.9. Prove that the set of all vectors ш В" which are 
orthogonal to each row of a (k X n) binary matrix H 
form a linear space Is this space always (n — k) dimen 
sional? 

5,2.10. Is it true that for any linear code there exista 
a matrix Н which 1s 

(| а generating matrix, 

(2) a checking matrix? 

5.2.11. From a given matrix Н, determine the power 
m (C (Нуу of a coda C (H) generated by it, as well as the 
code distance d (C (H) 


(00 0 4 4 0 01 0 1 
Tar TE з). it TEREI! 
i 0 0 1 1 

11 0 0 0 0 0) 

0 11 à 0 0 0 

0 0 1 1 0 0 0 

QT 11611111111] 


0000 31 4 
100 Q0 O 0 t 
Here И is an (n X n) matrix, 
(4) H = (I,P), where J, 15 a unit (k X &) matrix and 
P уз an arbitrary binary (Je х (n — А)) matrix, formed by 
different rows, each of which contains at least two uni- 
ties, and k xin — log, (n -+ 1), 
(5) H = (IO), where J, 13 a(5 x 5) unit matrix and 


11101 100 1 0 
D 3 11 100 0 1 
Q—11 10231120 11 4 0 
0110 01 1 1 1 1 
1.1010 11 1 0 1 
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5.2.12. Let V c B" be a space consisting of linear 
combinations of rows in a matrix H = (/,P), where Гь 
is a unit (А X А) matrix and Pisa (Е x (n — k)) matrix 
consisting of zeros and unities. Prove that V is a zero 
space of the matrix G = (PT I, ,), where /,_, is a unit 
matrix of dimensionality (n — k) x (n — k) and PT 
is the transpose of the matrix P. 

5.2.43. Construct a checking matrix for a code gener- 
ated by the matrix H from Problem 5.2.11 (1). 

9.2.14. Prove that if C = B" is an (n, k)-code, the 
code dual to C is an (n, n — k)-code. 

5.2.15. Let Н (C) be a matrix of an (n, k)-code C = 
B", which does not contain null columns. Prove that 

(1) each column of the matrix H (C) has 2*7! unities 
and the same number of zeros; 

(2) the sum of the weights of rows of the matrix H (C) 
is n-2^-*, 

0.2.16. Prove that the code distance of a linear code 
C = B" is equal to the minimum weight of its nonzero 
vectors. 

0.2.17, Prove that the code distance of an (n, k)-code 
does not exceed [n2^-1/(2^ — 1)]. 

2.2.18. Prove that for n = 2d — 1, the power of a 
linear (л, d)-code does not exceed 2d. 

9.2.19. (1) Prove that the maximum possible power 
g (n, d) of a linear (n, d)-code satisfies the inequality 
g(n, d) < ag (л m 1, d). 

(2) Using the result obtained by solving Problem 5.2.18, 
prove that g (n, d) << 4.2"—?%%+, 

9.2.20. Let a code C be a zero space of a matrix H. 
Proye that the code distance of the code C is not smaller 
than d if and only if any combination of d —1 or a 
smaller number of columns of the matrix H is linearly 
independent. 

d-2 


9.2.21. Prove that if >) we с there exists 


і=0 
a(k X п) matrix consisting of zeros and unities, in which 
any d — 1 columns are linearly independent, and hence 
there exists an (n, n — k)-code with a code distance 
equal to or longer than d. 

9.2.22. Let Н, , be а (k x n) matrix, where k = 
log, (n + 4)[, in which the i-th column is a binary de- 
iit 
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composition of the number i (i == 1, n) For example, 
for n == б, tha matrix Нз a has the form 


0 00 1 1 i 
ио азоо 
1010 10 


(1) Prove that the zero space of the matrix 1s a Ham- 
rung code, 1e a linear code correcting one error 
(2) Construct a code which 1s à zero space of the matrix 


3 6 
(3) Determine the number of errors that are corrected 
by tha code generated by the matrix A, n 


3.2.23. The spectrum of a set C cz B" 18 à vector s = 
{Spy Sys ‚ Sa), where s, 1s the number of pairs of ver- 
tices in C that are r apart Prove that for any (n, Ё) code 
C, there existis an (n, к) code C' having the same spectrum 
and a generating matrix of the form (Р), where fa 
1s a unit (К x А) matnx and P is a {k X (n — А) matrix 
consisting of zeros and unities 

0.2.24. (1) Prove that р (9, 5) = à 

(2) Prove that m (9, 3) 25 

2.2.29. Let an (m, k)code have a code distance d 
ls ıt true that there exists an (n, *)-code with a code dts- 
tance d — 1? 


5,3. Alphabet Coding 


Let A he an alphabet, then 4% is a set of all finite 
words in the alphabet 4, including an empty word The 
length (number of letters) of a word w is denoted by А (ш) 
An empty word 15 denoted by A A concatenation of words 
w, and w, obtained by writing the word шу yust to the 
right of the word i, is denoted by ww, The word u^ 
1з called the prefiz, and the word w, the suffix of the word 
wy, The prefix w (suffix wa) of the word wy, 15 called 
proper if шу = A and w, 435 A simultaneously A word v 
15 known as а subword of a word ш if there exist words i 
and u, such that w = u,vu, 

Let A = fa,, ay, | Gn} be a message alphabet 
and 5 a coding alphabet Let фр be a single valued map- 
ping of letters of the alphabet A onto A* The coding of 
words in the alphabet A when each word (message) 
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Uili, .. . Qi, is juxtaposed to a word @ (ai) 9 (ti) . . 
Q(ai,) is called alphabetic (or letter) coding. An alpha- 


betic coding is completely determined by the mapping Фф 
generating it and is denoted by К. The set (9 (a): a € A} 
is called an alphabet code and is denoted by ọ (A). An 
alphabetic coding К, and the corresponding code ọ (A) 
are assumed to be uniquely decoded or divisible if each 
relation of the type 


ф (a4) P (a4) ... P (ai) = e (a5) (aj) ... e (ai) 


for the words in the coding alphabet В implies that = k 
and j; = i, (t = 1, А). A code ọ (A) is called a prefix 
code if none of the words in Ф (А) is the beginning of 
any other word in ф (A). A divisible alphabet code ọ (А) 
is assumed to be complete if for every word ш ina coding 
alphabet В the following statement is valid: either ш 
is a proper prefix of a certain word in ф (А), or a certain 
word in q (А) is (not necessarily proper) a prefix of the 
word ш. 

One of the algorithms of detecting an alphabet code 
divisibility consists in the following. Let ọ (А) = 
{Wis We, ..., Wm} be an alphabet code. Let S, be the 
set of all proper suffixes of code words and S, the set of all 
words each of which is a prefix of a code word. Let us 
consider an oriented multigraph G, whose vertices are 
the elements of the set S = (S, N Sa) U {A}. Let o 
and т be two different vertices in S. The arc joining с 
and т in the graph С, exists if and only if there exist 
such a code word ш and such a sequence P = wi, 
Wiss sy Wi, of code words that w and gwiwi,... W, T 
are equivalent as the words in a coding alphabet. More- 
over, if с = A, the sequence P may be empty. The arc 
joining с with т is assigned the word ш; Wi, ... Wip- 
The multigraph G, has no loops and is referred to as the 
cde y of the alphabet code ф. The following theorem is 
valid. 

Theorem 1 (Al. A. Markov). A code is divisible if and 
only if the graph G, contains no contours passing through 
the vertex A. 

Example 1. Let ф (A) = (cce, cca, beca, aa, ab}. Then 

= {A, с, cca, a, b). The graph Gg is shown in 
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Fig 22a There exists a contour in Gy passing through 
the vertices A, a and b. By writing the words assigned to 
tha vertices and arcs of this contour, we obtain a word 
which can be decoded in two ways 


ecabeca = (cca) (beca) = (сс) (ab) (cca) 


Example 2, Let ф{А) = (a, ab, acbb, bb, bbacc] 
Then 5 = (A, & bb} The graph G, shown in Fig 226 
has no contours passing through A The code is divisible 

Let us suppose that we have a message source which 
consecuiively generates at random the letters of the 


, a 
5 (1 
А 
А 
Do 
(5, 
Fig 22 
alphabet A = {а,, ao, 0541 It 1s assumed that tho 


emergence of letters of the alphabet А 15 statistically 
independent and obeys the probability distribution 


Р = {р.р рт). Pi? 0, уу py = 1 Апу binary 


4—1 
alphabet code C = Ги, wo, , Wm} can be associated 
with a number 


TTE 


Ze (Р) = 2) pA (wy), 


which 1s called the cost of the code C for the distribution 
Р The number Ж (Р) 18 equal io the average number of 
letters of the coding alphabet per letter of the alphabet 
A The prefix code C, is assumed to be optimal for the 
distribution Paf £e, (P) = nf £e (P), where the lower 


bound is taken over the set of prefix binary codes con- 
sisting of m words 
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The Huffman method for constructing an optimal code 
is based on the following theorem. 

Theorem 2. Jf C = (wy, Wa, s.. Wm) is an optimal 
binary code for the distribution Р = (pi, Pas - ++: pm) and 
ру = Ф + 9 where p È pr Z 2 руу 2 ру 2 
рј-+1 =. А ‚ г> Pm = qi = 73, the code C = {ш\, Way oa, 
Dj qs Шудо © 5 Wms UO, wzi} is optimal for the distri- 
bution 


= (pi: Pas ++ Pj23a Pjris «+ + Pm» fis 42}. 


The code С’ is known as an eztension of the optimal code С. 
The Huffman method consists in the following. Let 
Pm-1 and рь be the last two probabilities in the original 
list of probabilities compiled in a non-increasing order. 
These probabilities are excluded from the list, and their 
sum is inserted into the list in such a way that the prob- 
abilities in the new list are arranged in a non-increasing 
order. This procedure is repeated until we obtain a list 
of two probabilities, in which symbol 0 is assigned to one 
probability and symbol 1 to the other (this is the optimal 
code for a two-letter alphabet of messages for any prob- 
ability distribution). Then, in accordance with the 
theorem, an optimal code is constructed for three letters 
for the corresponding list of probabilities, and so on until 
we obtain an optimal code for the original list of prob- 
abilities. The Huffman method is illustrated by the 
following example: 


і 04 ОА 
0.2 0.2 О. > M 4 "3s " 
0,2 О, Js О, К po w 


0,1 0.2 001 W 
041 
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For a given probability distribution, there also exist 
other optimal codes such as 


Table 6 
i Р, | ы їр | і Pr | v т, 
1 04 [ 1 (к) А 0 4 | 010 | 110 
2 02 | üi üi 5 0 1 0011 111 
Jd ро 00 if 


Fano's method of constructing codes close to optimal 
consists in the following A bst of probabilities compiled 
ш а non increasing order 1з divided into two (consecutive) 
parts so that the sums of the probabilities constituting 
these parts are as close as possible Each letter of the 
message alphabet corresponding to a probability im the 
first part 1s assigned the symbol 0 (or 1}, and the re 
maining letters are assigned the symbol 1 (resp 0) This 
procedure 15 continued on these parts as long as a part 
contains at least two probabilities We continue in the 
same manner until the entire list 18 divided into parts 
containing one probability each The examples of codes 
consitucted by Fano's method are m ven m Table 6 


з 21 Using a given alphabet code q (A), construct the 
graph С, and find out whether or not the code 1s divisible 
(1) Ф (A) = iab, de, a, beadd ca} A = Но з= 1 5) 
(2) Ф (A) = (ddac, dd, cddab, a, cddd, b}, A = {= 


1, 6}, 
_ (3) Ф{А) = {а ab, acbb abb, bbaccl, А={ i= 
i 51, 

M Фф (A) = (abe, bbe, beb, can, acbb, cbeb  brtabb 
abcacbbbj, A = fi, 1 = 1, 8}, 

(9) Фф (A) = {abe abb, bec, ccaa, beabbbee, bbecaaabca, 
abcabbabbbeca), A = fi, i = 1, 7}, 

(0) p (A) = jab, bb, ca cba, abb, bac, aabe, cabba}, 
A= fi, 1 = 1, 8} 

9 3 2. Let the numbers 1, 2, 4, 17 and 98 be encoded 
by their binary divisions of the minimum possible length 
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For example, the code of unity is 1, the code of two 
is 10, and the code of four is 100. Is this coding div- 
isible? 

5.3.3. Using a given indivisible code Ф (A) = (aa, ab, 
cc, cca, bcca) and the word w in the coding alphabet В = 
(а, b, с}, find out whether the word w is a code of a 
message. If this is the case, find out whether the word w 
is a code of exactly one message: 

(1) w = ссабссађссабсс; 

(2) w = bccaccabecabccacabcca; 

(3) w = abbccaccabccaabab. 

5.3.4. Let фр (A) Бе an alphabet code апа С, be a graph 
of this code. Let a graph G be obtained from G, by delet- 
ing all the vertices which are code words. Will Theorem 1 
remain valid if Со is substituted for Со? 

9.9.9. Let ф (A) be an alphabet code and С, the graph 
of this code. Let a graph Gy be obtained from С, by delet- 
ing all the arcs which are labelled by A and which ter- 
minate at the vertex А. Will Theorem 1 remain in force 
if we substitute GQ for G,? 

9.9.6. For a given divisible code Ф (A), construct a 
prefix code with the same set of lengths of the code words: 

(1) ф (A) = (01, 10, 100, 111, 0113; 

(2) Фф (А) = (1, 10, 100, 0100}; 

(3) p (A) = (10, 101, 111, 1011). 

9.9.7. Let q (А) be an alphabet code of power m, in 
which the sum of the lengths of the code words is equal 
to NV, and the maximum length of the code words is Z. 
Using Theorem 1, prove that the code ọ (A) is divisible 
if and only if each word in the coding alphabet having 
a length not larger than (| — 1) (М — m + 1) -- 1 is 
either a code of exactly one word composed of the letters 
of the alphabet of messages A, or is not a code of any 
word in A*. 

9.9.8. Let k bethe minimum and / the maximum length 
of the code words of an alphabet code « (А) and let N 
be the sum of the lengths of the code words. Prove that 
in order to establish the divisibility of the code q (A), 
1{ 15 sufficient to verify the uniqueness of decoding of all 
codes of words whose length in the alphabet of messages 
does not exceed NIk. 

9.9.9: We shall assume that two words w and v in the 
alphabet (0, 1) are equivalent if there exists a word u 
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which can be obtained both from w and from v by using 
the following finite number oi operations 

(a) deleting subwords of the farm 10 and 1001, 

(b) inserting words of the form 10 and 1001 into tha 
spaces between lettera ! 

Are the following pairs of words w and v equivalent 

(1) w = 1010101, v = 0101010, 

(2) w = 10010010 v = 010010010, 

(3) w = 11011010, р = 011011017 

5.3.10. Let Af be a set consisting of m non empty words 
in an alphabet А consisting of & letters Prove that 

(1) there exists а word in M, whose length 19 not jesa 
than log, (1 + m {k — 1) 

(2) for any e => 0, the fraction of the words іп M, 
whose length is smaller than (1 — e} log, (1 + m {k — 1), 


does not exceed (т € for m x 2, k 2 


5 3,11. Let each word in an alphabet binary code C 
of power 2" + 1 have a length not exceeding n 

(1) Prove that the code C 1s not a prefix code 

(2) Can the code C be divisible? 

2 3,12. Far given probability distribution of occurrence 
of letters, construct optimal codes by Huffman's method 

(1) P = (034 018, 017, 016 0 15), 

(2) P = (06,01, 0 09 008 007, 0 06), 

(3) P —(04,04,01,003, 003 002, 002), 

(4) P = (03,02,02, 01,01, 005, 0 05] 

9 3 13. (1) Construct the codes for the probability 
distributions of the previous problem by using Fano's 
method 

(2) Give an example of a probability distribution for 
which a code constructed by Fano’s method 19 not optimal 

9.3.14. Let C = {ш, w, Wn} be an optimal 
hinary code corresponding to the distribution P = 
(Py. Po ‚Рт, Pi ра 22 = Pm Prove that 

(A) A Qo) x; A (wy) М py > pj, 

{2} the code C 13 complete, 

(3) there exist two code words of length А (0m) which 
have identical prefixes of length А (Wm) — 1 

0.8.9. Prove that И m 13 not a power of two there 
exist two words af different lengths in the optimal binary 


Y It уз also allowed to write the words 10 and 1001 just to the 
tight and ta the left of the word being transformed 
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code for any probability distribution P = (pi, Pas . 
Вт). 

5.3.16. Using the solutions of Problems 5.3.14 and 
5.3.15 and the definition of an optimal code, explain 
why the following codes are not optimal for given prob- 
ability distributions: 


Г a4 


29.9.17. Determine the smallest m and a probability 
distribution Р = (Pi, po, .. ., Pm) for which there exist 
optimal codes diífering in tuples of the lengths of the 
code words. 

9.3.18. (1) Prove that the maximum length of a code 
word in an optimal code of power m does not exceed 
m — 4. 

(2) Prove that for any integer m (т >> 2) there exists 
a probability distribution P = (py, pa. ..., Dm) satis- 
fying the following condition: there exists an optimal 
code corresponding to the distribution P such that the 
maximum length of the code word in it is equal to m — 1. 


9.9.19. Prove that there exist not more than (271) 


complete prefix binary codes of power т. 

9.9.20. A code is referred to as almost uniform if the 
lengths of its code words differ by not more than unity. 
Prove that for any natural m a nearly uniform code is 
optimal for the distribution P = (1/m, ilm, ..., 1/m). 
15 the converse true? 

0.3.21. (1) Prove (by induction in m) that the sum of 
the lengths of the code words in an optimal code with m 


messages does not exceed 1 (m. 4- 2) (n — 1), m > 2. 
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(2) Prove that for any integer m >> 2, the estimate in 
the previous problem 15 accessible 

5.3 22. Let gy, Eg ‚ m be arbitrary pairwise dis- 
Joint faces of the cube B" with dimensionalitres лу, 
Га, ‚ Гы respectively 


m 
(1) Using the obvious mequahty У 2 +29”, prove 


i=) 

that the lengths XA(ut), (we), — ,A(uw,) of the words 

of an arbitrary binary prefix code C={w, uw, , Wm} 
77, 


satisfy the condition 2 9 MP x4 
= 
(2) Prove that a complete prefix code satisfies the 
II 
equality >) 27 * 6 f 


т==1 


т 
(3) Prove that if M 27^ 1, where A, are natural 


numbers, i--1, m, there exists a prefix code with 
words of Iengths*A,, Az ‚Азы 

5 3.23. (1) Is ıt true that the number of coda words 
of maximum length in an optimal binary code 15 even? 

(2) Is st true that this number is a power of two? 

3.3.24, Let C = (оу, we, Wm} be a complete 
prefix binary code and let А (ш) > A (Pipp for all 
i= 1, т —1 Prove that for m 2 and al : = 
j, m — 1 the inequality А (w+) — А (wj) xz log, m — 1 
1з valid 

5.3.25" Let Em be the smallest integer for which 
there exists a binary prefix code of power m, with tha 
sum of the lengths of the code words equal to Z,, Prove 
that Lm = m Пор, т] for m => 2 

5.3.26, Prove that the lengths of the cade words А (uw), 
А. (ws), 1 А {Wm} of an optimal! hinary code C = 


rn 
іш, We, ‚ Wa} satisfy the condition >) 2 M"? = 4 


I= Í 
0.0.24. Let P = (pj, р ‚ Pm) be a probability 
distribution (p; > 0,1 = 1, m), апа 2 (P) — inf £o (P), 
C 
where the lower bound is taken over all binary prefix 


cades af power m (m = 3 
(1) Prove that Z5 (P) > 1, 
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(2) Prove that for any е > 0 and any integer т zz 1, 
there exists a probability distribution P = (Pi, Pa, >- 
Pm) such that 2 (P) < 1 + е. 


* 3 


Shannon’s method for constructing almost optimal 
codes consists in the following. 


m 
Let P —(p, р», ..., ра). р> О, 2) pi, DiS Pier 


i={, m—1, be the probability distribution for the 

occurrence of the letters in the alphabet of messages 

A= {a,, а, ..., @m}. Then a letter a; is assigned a code 

word of length li |105 +| , composed of the first 

i 

(after the decimal point) l; digits of the decomposition 
i-1 

of a number q;-,— >, p; into an infinite binary fraction 
j=l 


(rounded down). 
For example, if P = (0.4, 0.3, 0.3), the code of the 


letter a, is 00, the code of a, is 01, and the code of a; 
is 10. 


9.9.28. Using Shannon's method, construct the codes 
er probability distributions in Problems 5.3.12 (1) 
and (2). 

2.3.29. Indicate the smallest m for which there exists 
a probability distribution P = (py, р», ..., pm) such 
that the code constructed by Shannon's method for the 
given probability distribution is not optimal. 

9.3.90. Prove that the code constructed by Shannon's 
method is a prefix code. 

9.9.91. Let £* (т) = sup ini “с (Р), where the up- 

P 


per bound is taken over all distributions Р = (p,, р», 
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Pm) such that p; > 0, i = 1, 


(1) Prove that 2* (m) > log, m]. 
(2) Prove that £* (m) < [log, m] + 1. 


Chapter Six 


Finite Automatons 


6.1. Determinate 
and Boundedly Determinate Functions 


Let A be a non empty finite alphabet The elements of 
the alphabet are called letters (or symbols) A word in an 
alphabet А is a sequence formed by the letters of tlus 
alphabet The lengih of a word w (the number of letters їп 


the word) is denoted by А (w) The set of al] words 2° — 
x (i) z (2) x (5) of length s (s = 1) 1n the alphabet 
А will ba denoted hy A* A ward of length 0 (empty word} 
їз denoted by the symbol А By A* we denote the set 


{A} UU A". while A^ denotes the set of all words х“ — 
r | 


2 

x {1} x (2) where (СА tut 2 The 
words in the set A” are called infinite words in the alpha 

РА 

The word w obtained by writing a word iw, to the right 
of a finite (or empty) word ш, 1з called a concatenation of 
words w, and и, and 1s denoted hy ww, The word иң 
is called the beginning (prefix) and w, the end (suffix) 
of the word ш 

Let А and B be finite non empty alphabets The map 
Ding p А" -> B" is called a determinate function or a 
determinate спегаїог (im abbreviated form a d function 
or a d operator) iÍ tt satisfies the following condition 


for any => 1 the sth symbol y (s) in a word y? = 
ф (хе) 13 a single valued function of the first s symbols 
z(1) z (2) х (s) of the word 25 

[f the words 2% and у have identical prefixes of length 


s (s ;® 1) the words уй == @ (1?) and ух = ọ (12) have 
also identical prefixes of length s 

The set of all d functions of the type p A“ —- B will 
be dencted by Pa B 
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If Ad =A, х А, х... X An and В = B; X В, х 
‚... х Bp, then the mapping q: 4° > B" induces 
m functions each of which depends on т variables, the 
variable X; running through the set Aj (j = 1, 2, - а 
п). These functions are defined as follows. Let z^ = 
г (1) = (2)... a(t)... be a word in A? and у" = 
p (z9) = у (1) у (È)... y (&).... In this case, x (?) = 
(о. (0, 00...65 tr (6А == 
zi (1) 23 (2)... 2; (t) ecas (Pr 20, ..., хп), y(t) = 
(у (t), Ja (2), dE. Un (1). yi (t) € Bi, yi = 
yi (Du... и (б... y? — (ур. ур, ..., Ут), 
Pi (TPs 29, ern Zn) = уі. 

By proceeding іп the reverse order, we сап construct 
the mapping ọ from the functions q;. ' 


The concept of a d-function of n arguments arises natur- 
ally upon a consideration of d-functions of the type 
p: (Ay X А. х... X An)? — Ве. 

The variable X, of a function Ф (Xi, Xo, .. +) Xn): 
(A, X А. х... X AQ)9 > Вә is called essential if 


there are two tuples (х0, 29, ..., 2%) and (29%, х9, 


"^ 22.) of values of the variables Xj, X,, .. ., Xn 
which differ only in their first components and such 


that @ (zi. хи, o £m) E P (ж, TH. ..., Zn). И 
the variable X, is not essential, it is called fictitious. 
All other essential and fictitious variables X; on which 


a given function depends are defined in an identical man- 
ner. 


The function Фф (Xj, Xas... X4) is said to depend 
essentially (fictitiously) on a variable X, (1x i « n) if 
this variable is an essential (resp. fictitious) variable of 
the function Фф. 

_ Hf A is a set of all vectors of length z with elements 
in Er, and B is a set of all vectors of length m with ele- 


ments in Æ, we shall use the notation Фк'/" instead of 
Dain. For n = т = 1, the superscripts in Oi will 


be omitted, If k = l, we shall write only one subscript: 
(p; 
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Sometimes it 1s convenient to assume that а d function 
pin D, p is represented by a discrete device (automaton) 
JL, operating at discrete instants of time? == 1 
At each instant t of ume а signal z (f) 13 supplied to the 
input of this device and a signal y (f) appears at the out 


put (Fig 23) The words 2% 


t) y(t are called input words and y 
the output words Yhe alpha 


bets A and B are called input 


Fiz 23 and aeutpul alphabet of the 
id automaton У. If A = A, X 
Ag Х x A, and È = В, x б, х x B, 1¢ can 


be assumed that the automaton Yie represents m determi 
nate functions each of which depends on п variables 
Any two functions p: and pa m Py р are called dis 


linguishable i$ there exists an input word zy which is 
processed into different output words by them ie 


9i (хә) 35 Py (x) If, however, the equality qi (хе) = 


qa (2%) 18 satisfied for any input word те then фу апай, 
are called equivalent or indistinguishable а junctions 
Let p E Èa p and p Ea р И there exists a word 


xs C A* such that‘ ф (xix) == Ф (xt) 4р (29) for any word 
хә C А“ the operator s 15 called a residual operator of the 
operator Ф generated by the word тз and 1s denoted hy 
ue The set Q (o zi) of all residual operators of the 


operator p, equivalent to the operator фе forms an 
В 


equialence class called the state of operator ф containing 
а residual operator @~ The state containing the operator 
a 


p 18 called the initial state Ifsp € О (ip 22), tha operator ар 
18 gard to be represented by the state О (фр — x1) of the oper 
ator vp The operator фр 15 called a boundediy determinate 
operator (abbreviated as abd operator or a b d. Junction) 
if 21 has a fime number of pairwise different states The 


+ Here р (zf) denotes а prefix of length s to the output word 
P (202°) 
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number of different states of a b.d.-function is known as 
its weight. If the pairwise different states of an operator Ф 
form an infinite set, we shall assume that the weight of 


the operator Ф is equal to co. By Ф, р we shall denote 
the set of all functions in ©, 4 that are b.d.-functions. 

It is convenient to analyze d-functions by considering 
their graphic, representation in the form of infinite infor- 


l'ig. 24 


mation trees. Let A be an alphabet of л letters. By D 
we shall denote an infinite oriented rooted tree satisfying 
the following conditions: 

(a) the out-degree of each vertex, including a root, is 
equal to л; 

(b) the in-degree of a root is equal to zero, while every 
other vertex has an in-degree 1; 

(c) each arc of the tree D 4 is assigned a letter of the 
alphabet А, and different arcs emanating from the same 
vertex of the tree (in particular from a root) are assigned 
different letters. А root of the tree is assumed to be a zero 
rank vertex. ЇЇ a vertex v is the end of an arc emanating 
from an i-th rank vertex (i > 0), it is called a vertex of 
(i + 1)MA rank. An arc of j-th level (ў > 1) is an arc 
emanating from tbe (j — 1)-£h rank vertex. Each infinite 
oriented chain in the tree D 4, corresponds to a word in 
A". Figure 24 shows a fragment of the tree D д, A = (0, 1), 
consisting of the first three levels of this tree (here and 
below, we assume that the left and right arcs emanating 
from a vertex are assigned the symbols 0 and 1 respective- 
ly). Thick lines are used to isolate thechain correspond- 
ing to the word 104 


12—0636 
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A loaded tree D, , 15 obtained from the tree D, by 
assigning a letter from the alphabet 2 to each are Each 
oriented infinite chain in the tree D, 4 has a correspond 
ing word in B^ formed by the letters assigned to the 
arcs of this chain Hence ıt can be assumed that the 
loaded tree Da , defines (represents) the mapping 

A® -+ BX һи їз à d function. The fragment of a 
loaded tree D, 5, where A = {0 1} and В = {0 1, 2}, 
isshown in Fig 20 The d function corresponding to this 
tree processes for example, the word 1010 1nto the word 

Let D, ь bea loaded tree representing the d Function q 
The residual operator qa (s zz 0) of the operator œ has 

4 


a subtree D, g (2°) growing from an sth rank vertex 


U (x5) at which the chain starting from the root and ton 
taining exactly s ares terminates In the : th level this 
chain has a corresponding аго labelled by the letter 
Ta EA 
lf the residual operators q^, and Q^, are equivalent, 
L Ф 


the vertices v (ги) and v (25) corresponding to them and 
the subtrees growing from these vertices are also called 
equivalent ‘The weight of a tree representing a d function 
is equal to the weight of this function. and hence to the 
maximum number of pairwise non equivalent vertices 
(or subtrees} of the given tree 


6 11. Find out if the mapping ф (D, 1}*-» (0, 1}% 
is ni function 

(1 (т (1) z (2) ) = x (2) x (3) 1 e t) — 
Cus Df (2) x ( y (t) 


(2) Ф (2°) = 10100100010 010 010 [ог алу 
n imes 
input word zu, 
(3) p (= (1) = (2) = (3) ) == (1) = (2) х (1) z (2) 2 (8) 
» 18 y(l)-—r(1), y(2 = (2) and y(t) = 
z (t— 2) for tz i, 
(4) e (= (1) = (22  )-0r(i--z(2)z(1-2z(3) 
10 у (1) = 0, y(D zr x(D)ior £22 
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6.1.2. Is the function Ф: (0, 1}° — (0, 1}® described 
by the following description a d-function? 


(1) The word z? = = (1) z(2)... is processed into 
a word 0e = 000 ...0.. ., if there exists a ¢ such that 
x(t) = 0; otherwise, ф (z?) = 1" = 111 ...1.... 

(2) The s-th letter y (s) in a word y" = q (xz?) is equal 
to zero if the inequality 32 (i) < z (t+ 1) + x (t -+ 2) 
is satisfied for a certain t< s; otherwise, y (s) = 1. 

(3) The s-th letter y (5) in a word y? = ф (x?) is equal 
to 0 if there exists a t > s such that x (t) < т (s); other- 
wise, y (s) == 1. 

(4) y (1) = 0, and for s > 2 the prefix y (1) y (2)... 


y (s) in the word y® = Фф (x?) contains one more zero 
than in the word z (2) = (3)... = (8). 

Each word z9? = z(1)2(2 ... x(t)... from 
10, 119 corresponds to a number v (z?) in the segment 
(0, 11. The binary expansion of this number is 0, = (4) 
z(2...z(0 .... If acl0, 1), its binary expan- 
sion? 0, аа, ... ар... generates the word (а) = 
г (1) 2 (2)... = (0) ..., where zx (t) = a (t > 1). 

6.1.3. Find out if the function ф: (0, 1)9 — (0, 1}° 
is a determinate function: 


(1) @ (x) = (1/3); 
(2) @ (z9) = (7/15); 
(3)  (z*) = (2/7); 
(4) p(x) —4Y 2/2); 


(5) p(x*) = (A/V 3). 
6.1.4*. Find out if the function o (X,, X,, ..., Xa) 


0, 1}e x (0, 1)9 х... x (0, 1)9— (0, 1}® is de- 
и times = 
terminate: 


— z9 — if v(z9)zv (x2) 
3 lio 2 
(1) ф(х, 29) = 4 ~ | | 
z? otherwise; 
? [f a = p/2^ (n z 1), we consider a binary expansion contain- 


ing an infinitely large number of zeros (p — 2"). If a — 1, then, 
by definition, (a) = 19. 
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Pet 


x 29 af v(z9) v (29) «1/2, 


otherwise, 


iE v (20) cv (тї) 


BH ar Ht. 


(3) o (zs, =| 
otherwise, 

А Тә уубу (zo) ec (29), 

(4) ф(х“, 29, 19) = È ( 21 баи ( к] Sas ( 2) 

29 otherwise 


6.1.5. The partial functions o {0, 31? - i0, ij? 


given below are not defined only on the word (9— 
ao ü Which of these functions can be rede- 
fined to determinate funetions and which ones cannot? 


z9 1 the number of zeros 10 each prefix 


~a | oF the word ro is not less than the 
(1) (29) = | number of unities, 


^—^ 
i" otherwise, 


(2) e(a)-y(1y(2 yt) — , where 
| О, af Забег) & (2 {s) = 1)), 
УА) = 1 otherwise, 


(3) (29) == у (1) у (2) yf). where 


{if for а certan s&t ап the prefix 
z (1) z (2) z{s}, the number of zeros 13 
y (= | larger than the number of unities, 
z(t} otherwise, 


(4 e(z»)—y(Dy(2  y(  , where 
| 1 М we (dj 2 (2) z (f) 00 о — j)x1/2, 
уч) = О otherwise 


6.1.6*. (1) xw the following statement if the 
function 9 (X,, 0, 11" x (0, 1)» — (0, 1)" de- 
pends essentially оп on thevaniabl Ху and if, for each (fixed) 
word 2° € о, 119, p (X, гә) is a d-function, the func- 
hon o (X p 4g) 15 also a d function 

(2) Let the function ф (X;, X4) (0, 1]9 x (0, 1}#— 
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(0, 119 satisfy the following condition: for any words 
zo and zo in (0, 1)9, the functions Фф (Xj, 22) and 
Ф (хо, X.) are determinate. Will the function ọ (X,, X3) 


һе determinate as well? E 
6.1.7. Construct a fragment of a loaded tree containing 


s first levels for the function yo == Фф (хо) belonging to the 
set @,: 

(1) y (1) = 1 and y (t) = z (t — 1) for t > 2, s=3; 

(2) y (4) = 0 and y (t) = x (t) Ө y (t — 1) for t 2, 
$4. 7 

Эй 2 
(3) Ф(®)=(--), s=3 
= 1 

(4) eG AR). s=4. 

6.1.8. For a given function ф (хә) € Ф„, repre- 
sent in a loaded tree a chain corresponding to the 
prefix 2° of the input word хо and write the prefix у" 
of the output word у": 


(1) q (29) — 10100100010 ... (is y()-—1 only for 
= 3) "uo a“ "27 = 0101001; 


(2) o0 — (43-5. (а) z= 1111101, 
(b) 27 — 1010110; 
(3) y=] 2 EER n EUREN 


О otherwise, 

(a) 219— 0101010140, (Ь) 219 — 1100101110. 

6.1.9. The loaded tree corresponding to a certain func- 
tion ọ (2°) € Ф, has the following form: the left and 
right arcs emanating from a root are labelled by 0 and 1 
respectively; if v is an i-th rank vertex (i >> 1) and the 
i-th level arc terminating at the vertex v is labelled by 
c € (0, 1}, the left arc emanating from v is labelled by 
the same symbol c, while the right arc is labelled by o 
(negation of o). 

(1) Is it true that the s-th letter of the output word 
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y® == n (z*) for this function can be determined from the 
relation 

(a) y (1) = x (1), y (s) = z (s — 1) @ x(s) for s > 2, 

(b y (1) — x(, yQ)-—z( Or Q. yis = 
tis — 2) @ r(s)lfor 523, 

Ee debt dus Ө z (s)? 

(2) Find the weight of the function «qp 

6.1.10. Are the residual operators p~ and фу of 


the d function ge Ф, equivalent? 
(1) q (z*) = 10100100010 t e y(t)-1 only for 


ie) iz. 3, 233—101, 11—040, 
Q) eG) (uu. е0 2:000, 
(5) ф()=(--). zi =Ù, 

(4) ф(х%}=у{1)у(2) аһа 


Ои 2(4)4-2(2)+ + a (t) « t2, 
у} = 1 otherwise, 


23-10, z*-= 010110 


6.1.11. Find out af р, 15 a residual operator of the 
function p € Ф, 


y (1) = 0, 
ae | y(}=2() @y(t—1), {;>2, 
| y (1) — 1, 
* | vi) -pu—1), 1252, 
y (1) — 1, 
(2) 9 MICE i2 
| y (0) =, 
"^ {y= ih [;>2, 
Be [7009 - 
y (i) = x (t) z(£-—1) V z(0c(t-—1) 122, 


| y (1) 0, 
" lp(n—zt)oy(i—1. 252, 
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C 13 am 7 
(4) p (a) = s » Ф (ә) = (45). 
6.1.12. Find out if the function фЄ Ф5'" is a b.d.- 
funetion, and determine its weight 


(0 (29): | y (t) -x(t—2), ted; 
ev y (2t) = z (t+ 1), E21, 
(2) @(2"): | y(2—1)-z(), 221; 
y (1) = 1, 
(3) p (29): о =se 950-9 #222, 
y (00) —-z(Qt—1) #221; 
y, (1) = z (1) Ө =, (1), 
Fe yi (= 2, (D Ө =, (t) Ө 5(Ф—1), tz2, 
(4) (2°): | y, (1) = z (1) =, (1), 
y» (t) = x, (t) 2, (t) Ф х,(Ф) Yo (2—1) 
Ө z(t) у. (2—1), 2222; 


y (1) = 1, 
~ T uL " 
(5) ọ (29): а 1), tz 
(0) = (2—1), 122. 


6.1.13*. Let Юл,» Бе a loaded tree representing a 
b.d.-function ф: A? — B". Each vertex of the tree D 4.5 
is assigned a number equal to the weight of its subtree. We 
obtain a new tree D , в. 

(1) For any r > 1, give an example of a b.d.-function 
ф, such that each vertex ої the tree D 4, р corresponding 
to the function q is labelled by the number r. 

(2) For any r > 2, give an example of a b.d.-function 
such that for j—0,1,..4,r— 1, each j-th rank vertex 
of the tree D , р corresponding to the function Ф is la- 
belled by the number r — j. 

6.1.14. (1) Prove that the tree D4,g constructed 
according to the conditions of Problem 6.1.13 has the 
following property: the sequence of numbers v (vw), 
V (vg), ... assigned to the vertices of the oriented chain 
Ui, (01, Ve), Va, (Va, 03), Оз, . . . (finite or infinite) is mo- 
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notonically non increasing, and that this sequence is 
stabilized for an tnfnite chain 

(2} Show that any residual operator of the function 
Фе Ф, , has a weight not exceeding the weight of the 
function Ф 


6.1.15. The tree representing the function q, (z?) € Ф, 
ig of the form the symbol 1 15 assigned only to the arcs 
belonging to the oriented chain emanating from tho toot 
and corresponding to the input word 10100100010 


(here x (0) = 1 only for t= (5). i= 2, d, 


the remaining arcs are labelled by the symbol 0 Prove 
that the function Фф, has an infinite weight and 18 therefore 
not boundedly determinate 

6.1.16. For each г> 2, ома an example of a bd- 
function of weight r satisfying the following condition 
in the loaded tree representing this function, the symbol 1 
is assigned only to some (not necessary all) arcs of a 
single infinite oriented chain Z emanating fram the root 
The remaining arcs (not belonging to the chain Z) ‘are 
assigned tha symbol © 


The word z* € A® 1s called quasi-periodic И there exist 
integers na and T, such that n4 ze 1, T D> 4, and х (5n -+ 
T) = r(n)fornzsn, In this case, the prefix = (1) 


r (2) z (ng — 1) of the word z® 1s called a pre-period, 
the number n, — i the length of this pre period, the word 
x (tg) T (ng 1) 7 {na + P--1) the period of the 
word xz", and the number Г the length of this period 
Such a quasi periodic word can be convemently presented 
in the form 


z (4) x (2) z (по —~ 4) [z (ло) z (по + 1) 
M И {лз + Т — 41)? 


6.1.17. (1) Prove that if the function p € Ф, m then 
апу quasi-periodic word in А9 is iransformed by ihe 
function @ into a quasi periodic word in B» 

(2) Conning yourself to the set P,, show that the 
Statement converse to the one formulated in part (1) is 
not true 

Hint. See Problem 6.1 15 

6,1.18*. Disprove the following statement, if a d func- 
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tion Фф (X,, X): (0, 1}°® x 10, 1}® — (0, 1}° depends 
essentially on the variable X, and if for every (fixed) 
word хе € (0, 1]9, q (Ху, x2) is a b.d.-function, the 
function @ (X,, X.) is also boundedly determinate. 

6.1.19. Suppose that all the vertices of a loaded tree 
are divided in the normal way into equivalence classes. 
Prove that any equivalence class has a vertex v satisfying 
the condition: all the vertices in an oriented chain ema- 
nating from the root of a tree and terminating at the ver- 
tex v are not pairwise equivalent. 

6.1.20. (1) Prove that for each vertex of a loaded tree 
having a weight r, there exists an equivalent vertex 
having a rank not higher than r — 1. 

(2) Can we replace r — 1 in the previous problem by 
г— 2 if r > 2? 

ЕЕС teesta Жи. зи 6. о У жя 
fm (£i, 24, ...,‚, £n) be a function of the type 
ЕХЕ х... X Ey, — Ej, wherekand / are not lower than 

eae RU RETINET, 


2. The operator Фу, уз, e 7, in ФАЧ" is called an operator 


generated by the functions f,, fo, . . ., fm if the following 
equalities hold for all £z 1: 


Ji (t) = fi (т, (t), Ta (t), se ey Tn (t)), 
ps И anos esc db 
6.1.21. Show that an operator in ii is generated 
(by a function of the type E, X Ey X ... X Ey — Ej) 


; " | | n times 
if and only if its weight is equal to 1. 


6.1.22. Find out if the operator ф € (D? ^ defined by the 
following relations is a generated operator: 
У (1) == (), 
y, (0) = ж (1—1) Ө у (2—1), 22, 
Yo (t) = x (1). 


6.1.23. A partial operator Ф: (0, 1]? — (0, 13? is 


defined only at the input words 0° and 1°. Redefine it in 
such a way that the resulting operator has the minimum 
. possible weight. 


(1) e (0*) = 0101 (10019, ф (1*) = 44 (4015; 
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(2) ф O°) = 01 110и], ф (1°) = 
£0100100010000100 


i 
c y(£j-—1 only Тог i (2). t= 2, 0, 


б 1.24. (4) Prove that {А | > 1 and | B 1 — 1, tha 
power of the set Фа в 1s equal to the power с (of tha 
continuum) 

(23 Find the power of a | set Ф, for the case when 
either [A [= 1 or ГВ 


6.1.25. The words 2 гр. and 3 x? in A® are called s-equiva- 
lents (notation r” ~ ES M their prefixes of length $ 
(s >= 1) are equal The relation ~ 1з the equivalence re- 
lation and divides the set До intoclasses К 7 (5 of s-equiv- 


alent words 

(1) Find the pawer of each class Ay (s) (s is a fixed 
number} 

(2) How many different classes K, (s) exist for a fixed ғ? 

(3) How many different classes Ay, (s + Гр exist in 
each class Ж, (5) (here 1 z» 1)? 


(4) Prove that the mapping o. A” — B" is ad fune- 
tron uf and only if for ali $752 1 and for any words тр 
апа т? belonging to the set A^, the relation I? m „тё 


leads to the relation р (39 ~ Ф (х=) 


6.1.26. (1) Show that the set Da в 18 countable infinite 
for {В | 22 


(2) Find the power of the set Ф, gir В \ == 4 

6.1.27. Let Dain be a loaded tree representing а 
b d function $ A? — B® of weight r Let us change the 
output symbo} of some arc in the; th level of the tree 
Dag (we assume that (B | 22 2). This leads to a tree 
Dam representing a certain (new) bd function Ф 
of weight r 

(1) Show that «zr г 

(Z) Give an example of abd function q at which the 
upper estimate Г = ғ 4 р ts attained 
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6.2. Representation of Determinate Functions 
by Moore Diagrams, Canonical Equations, 
Tables and Schemes. Operations Involving 
Determinate Functions 


Let 0 = {Qu Qu ..., Qui) be a set of all states ot 


the function q in 4,5. We associate a digraph Г, 
with the function q: 

(1) the set of vertices of the digraph I, is the set 

w = (0,1, ..., w— 1}; the vertex j is assumed to 
correspond to the state Qj; 

(2) if @® and Ф( are residual operators of the func- 
tion represented by the states Q; and Q; respectively 
(QU) is also a residual operator of qt? and corresponds to 
the prefx т! =a and if qG (axe) = bo) (z9)), then 
the digraph T, contains the аге (i, j) and is assigned the 
expression a (b); 

(3) the are (i, j) exists in Г. only when the conditions 
in (2) are satisfied. 

The vertex in Г, corresponding to the initial state of 
the function Фф, is often marked by an asterisk. Suppose 
that m arcs, which are assigned the expressions a, (b,), 
а, (ba), >.. Am (Om), pass from vertex i to vertex j 
(here, it is essential that ap 55 a, for p =Æ q, although 
some or all of the symbols b, may be identical); we shall 
then join i with j through a single arc (i, j) which is 
assigned all the expressions а, (bj), p = 1, m. The 
digraph Г. is called the Moore diagram of function Ф. 
Two functions can be associated with this diagram: 

(a) F: A X Q —B is output function, 

(b) G: A X Q —Q is transition function. 

The functions F and С in Г, are defined as follows: 
from the pair (a, j), we determine the vertex j and an arc 
emanating from j which is assigned the input symbol a 
(suppose that this arc has the form (j, г)); the value of 
the function F on the pair (a, j) is an output symbol 
which is assigned to the arc (j, r) and which appears 
after the symbol а in the parentheses. The value of the 
function G on the pair (a, j) coincides with r, i.e. it is 


equal to the "number" of the state which "is the end" of 
the arc (j, r). 
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The system of equations 
y(t)-F(r(t, g(t—1) 
qU)-6G(z(), qU—1)), (1) 
g (0) = ga 
where z()6A w()€B (60 t—12  ) 
and 4,6 О 1s called the canonical equations for the oper 
ator q with the initiat condition Фф 
With the help of Moore s diagram and canonical equa 
tions, we сап also Specify determinate operators that are 
not bhoundedly determinate The set of vertices of the 
digraph Г„ corresponding to such a d operator соп 
cides with the natural scale N = (0, 1, 2 
If Фф isa boundedly determinate operator, the functions 
F (z(t) g (t — 1)) and G (z (t), q (£ — 1)) (see Eqs (1) 
and the argumentis on which these functions depend as 
sume a finite number of values Hence it 15 possible to 
compile a canonical table of the hd operator ф 


Table 7 


*(f} | git— i) 


Instead of the canonical equations (1) 1t 15 convenient 
to consider canonical equations in which the input and 
transition functions are functions of the А valued logic P, 
(Е >= 2) In order to obtain a corresponding representation 
of the operator ф the alphabets A В and © are coded by 
vectors whose coordinates belong to ihe set Ё, (E 22 2) 
lf ф is a bd operator and n= log {А {і m= 
llog, [В Il, r = Hog, (0 I, then it 18 sufficient ta take 
vectors (whose coordinates belong to £,) of length л т, 
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and г to code letters from the alphabets A, В and Q re- 


spectively.? In this case, the system (1) is transformed as 
follows: 


Уу (t) = Е, (2, (2), s Zn (Ё), q1(£— 1), e*t qr (£— 1)), 


ys (D) = Fim (2, (0, ... 28), qu (£— 1), .... 9 (£— 1)), 
di (2) = ©, (2; (t), 083 h (t), qi (2—1), e.. Чг (2— 1)), 
q, (=G, (e. (D), о, а s d 1)... 4(@—1)), 
qu (0) = lons ...› Ir (0) = Gor" 


(2) 
Henceforth, we shall also use the "vector form" of systems 


similar to (2). In such a notation, the system (2) has the 
form 


q (t) =GO (aM (0), q (t — 1)), (3) 
q^ (0) = qt". 


The functions F; and G, in (2) are, in general, partial 
functions, i.e. they are not defined everywhere. Usually, 
they are redefined in such a way that the right-hand sides 
of Eqs. (2) acquire the simplest possible form. 

The canonical table describing the b.d.-operator ф 
corresponding to (2) has m + n -+ 2r columns and Ё"+ 
rows. | 

The equations in system (2) are called canonical equations 
in scalar form, while the equations in (3) are canonical 
equations in vector form. 

It can be assumed that system (2) defines an operator in 
the set Фр". 

Let a d-operator ф be defined by system (2), and let 
each of the functions F; and б, be a function of the k-val- 
ued logic P, (k > 2), which are defined everywhere. We 
shall consider the operator q as an element of the set Фр", 
The scheme X, of the operator « is defined as follows: 
Ж is a network whose poles are assigned the symbols of 
input and output variables, while some of the vertices 
other than the poles are assigned symbols of some 


| yO) (t) = FC9 (209 (t), 990 (£— 1)), 


3 If the d-operator Фф is not a b.d.-operator, г = оо. 
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d operators (за the set у б, oj) The scheme of g 
з=] 4 — 

in? "wil be presented in the form of a rectangle 

(Fiz 26) with m input and m output channels The input 

channels are represented by arrows emanating from the 

input poles while the output channels are represented 

by arrows terminating at the output poles The poles are 


Fig 26 Fig 27 


represented in the Jorm of circles 11 m =i the scheme 
Уг of the operaior p can sometimes be represented in 
the form of a triangle (Fig 27) with n input poles and one 
output pole 

We assume that an input symbol y; (0 € E, 15 sup 
plied? to the ith input z; at each instant of time t = 
1 2 while the value y; (1) = F; (rx, (t) 
an (0 gi {t — 1) g, (E —1)) 15 delivered (represented) 
at the j th oatput y; The output y; 15 said to have a delayed 
dependence on the input х, 1f the function F, (a {Т 
4 (t — 1) does not depend essentially on the variable 
х, (t) 

The concept of delayed dependence can be introduced in 
а different way Let us consider for example a d function 
of the type oq (X, X, Xn} Ay *X Aq X x 
A, — B and deine its delayed dependence on the variable 
X, The function Фф kas a delayed dependence on X, 1 for 


any input words х9 т? za (т € Aj pet n) 
the sth letter of the y^ = Ф (z? z7 x) is defined 
by the first s symbols of the words хе то and s — 1 


first symbols of the word тё 

Suppose that а d function p is defined by Eqs (2) and 
that 2, 15 the scheme of this function We define three 
operations involving ф and 2, 
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(4) Operation O, involves the identification of two or 
more input variables in the function q and the identification 
of the input poles corresponding to these variables in the 
scheme X. The identified poles are considered as a single 


Ly=Xo X3 Xn 
o MP B 


X4X2X3 Xp 
* 


Y, Yo Ут 
Fig. 29 


pole in the new scheme. Figure 28 shows a scheme Z, 
obtained from X, by identifying poles 2, and z.. 

(2) Operation O, involves the deletion of an output vari- 
able y; in the function @ (which is equivalent to the dele- 
tion of the equation y; (t) = F; (209 (t), q(? (t — 1)) from 
(2)) and the deletion of the output channel and the pole 
corresponding to the output variable y; from the scheme 
2 (see Fig. 29, which shows the scheme X, obtained from 
à, after the deletion of the output channel and the pole 


1 . 
Remark. If т = 1, the deletion of the variable y, 


(the only output variable) leads to an automaton without 
an output. 
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(3) Operation Q4 involves the introduction of a feedback. 
of one input and one output variables Let us take the 
variables х, and y; as the input and output variables The 
operation ©, can be applied (to the function ф and scheme 
AQ) only if the output y; has delayed dependence on the 
input т; The canonical equations for the new function sj 
are obtained by deleting the equation y, (2) = £F, (xU (t), 
gi) (t — 1)) from system (2) and by replacing the variable 


Fig 30 


Tı (ал each of the functions F4 (q =Æ Ј) and G, hy the 
function F, (x, (1), 201-1 00), Tiy (9), Tp (t) 

1 (Ё — 2), 9. (t — Ty obtained from the function 
fy (209 (£0, goo (£ — 1Y) by amitting the fictitious variable 
z, (£f) The initial] conditions remain the same as before 
The scheme 2» 15 obtained from the scheme Ў. by iden 
tifying the output y; with the input х, In this ease, the 
identified poles are referred ta as the internal vertex of 
the scheme 5. Figure 30 shows the scheme Xy obtained 
irom 2, by introducing the feedback in variables х and 


Ш 

Remark 1. [f n = 1 the introduction of a feedback in 
variable х, (and any output variable) leads to an auto 
maton without input 

Remark 2. While applying the operations described 
above, 1L 13 convenient to indicate 1n parentheses {follow- 
tng the notation of these operations) the channels (pales 
and variables) to which these operations are applied 
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For example, we can use the notation О, (ti, 23), 
О, (у) and Оз (Zio Уз). 

Let us define two more operations involving d-func- 
tions. 

(4) Operation O, is the union of two (or more) functions. 
Let q, € ФЕ"! and p, Є PD,” ™*. We shall assume that 
these functions have input variables z,, x, ..., Zn, 
and ж, т, .. ., Zna respectively. For the output vari- 
ables, we take yj, y; ..., Ym, and у, Yo, - ++) уж» 
respectively. All these variables are assumed to be pair- 


Fig. 34 


wise different. Let X, and X,, be the schemes of the 
functions q, and Ф, respectively. In this case, the scheme 
2i, of the function , which is equal to the union of the 
functions Фф, and q,, will appear as shown іп Fig. 31. 
The output (input) poles of the scheme 2, are all output 
(input) poles of the initial schemes Xe, and 2 p, The 
system of canonical equations (and initial conditions) 
ої the function p is obtained simply by a union of the 
corresponding systems of functions q, and ф„ (naturally, 
it is assumed that the sets Q@ and Q(? of all the states of 
the functions p, and @, are disjoint). 

(2) Operation S is the superposition operation. Let 
9; €OD4.5 and Фф, ЄФьс. The superposition Ф. (q) 
of operators фу and Ф, is an operator Ф € ФА c, such that 


№ (хо) = Ф, (Ф; (х®)) for any input word z? in A9. Let 
the operators ф; € D! : (i — 1, 2), and let the schemes 
p, and 4» correspond to them (we assume that the input 


and output variables and the states of the functions Pi 
13—063 6 
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and q, aro the same аз 1n the preceding paragraph) In 
this case we can consider а ‘different’ superposition for 
these operators for example we identify the input pole 
т, of the scheme Z, with the output pole y, of the 


scheme 2, the pole a with ihe pole Yna and so on 


Finaliy, we identify the pole tw, ; with the pole yp, 
As a result, wa get à scheme Ly (Fig 32) for which (a) all 


2; TA, Xm-l +1 mn. 
c-pn—p-1-—]0n4 
| | 
| 
| ж 
| | 
| | 
| .. 

а | йй = Á | 
Lip | ы УН Vm. |} | 
| ü а ! 

| | 

| | 

| | 

| | 

| | 
р nt em ee ew ey ee ee EN 

У, Ln NM Ut. 
Fig 32 


the input poles will be the input poles of the scheme Ey, 
апа the input poles of the scheme Xy, not participating 


in the above identification procedure. (b) the output poles 
аге all output poles of the scheme 2, and those output 


poles af the scheme Ж, which were not identified with 
апу of the input poles of the scheme Z,, The identified 


pales are called the internal vertices of the scheme 2y 
Phe scheme Z 1s called the superposition of schemes Ly, 


and X, (ш variables шү — Yny 0, — Ung л 2 tm. 
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Vm). Lf the operator Ф, is defined by the system of equa- 
tions 


y; (4) = Е, (a, (t)... Ta (0), qi (1—1), 
++) dr, (£—1)), 

Vm, (£) = Fray (жү (2), ..., Za, 0). 9, (£— 1), 
„о Qr (E— 1)), 

Ф, (t) = G; (x; (0), -< -s а, (2), g; (E— 1), (4°) 
«sy Qr, (t— 1)), 


9€ è ээ e т è oa э Ò * рр S в p 9^ өэ ù G È 0$,» е в 


qr, (t) = Ge (жү (t) ..., та, (0). g; (2—1), 
s.. dr, (t— 1)), 
0 (0) = i... a, (0) =, 


and the operator ф„ is defined by the system of equations 


y, (t) = Fr Gn (2), .... Zn, (0), gi (2—1), 
„Жы. dr, (2—1)), 


oe a 8 8 9 e @ a G y э à G 9. э è y т ээ е G A е 


Ут, (Ф)== Fm, (x1 (t), .... tn, (4), qi (t— 1), 
dog Qr, (£ — 1)), 

q (0) G (AiO, mu) 0—0), (un 
‚+, Or, (t— 1)), | 


+ 9 э эъ е a эз ът з è G o: 9? h э o э @ è g @ 9 € 


qz. (t) = Gr, (21 (t), ..., tn, (t), gi (£— 1), 
касе у gr, (2— 1)), 
qi (0) = 004, vay Qr, (0) = qor, 
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then the operator represented by the scheme 24 has 
the following system corresponding to 1t 


uy) — F, Qr, &) Ta (0) q,— 1) 
+ fr, (E -— 1}) 


т) = F; (z, ($) Zm {th  qi(t— 3) 
Gs, U — 1]) 
yu, (i) = Fi (Fi Em Zm, nat) 
Za (f) 9 (2—1) gr, (£ — 1)) 


Yn, (= Pm, (Fiji oP my Xm ажа (fh 
Tn, (2), d, (t — 1), qr, (£— 1)) 
а, (t) = С, (=, (2) Ta, (£), q, (t— 1) 
gr, (£—1)) (9) 


Gr, (t) = Gr, Gri (1) + m(t) 9, (t— 1) 
Ш dr (t— 1) 
di (2) =, (аан TI Хт, ti (t) 
(Xn, (0) qt — 1) » Or, {é— 1)) 


dr, (t) Се, (Fras җ‚ Км, Im, iti (0), 
„п (2) gi(é—1) Gr, (£—1)) 
9, (0) = Фи ar, (0) = or, ga (0) = 991 
1 + Tr, (0) = Qr, 


where 


F,—F,(x,( — cz). 9, (2—1) ge, LC — 1). 
j- UE 1, ‚ Frey 
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The element of unit delay (in the set Ф,) is a b.d.-ope- 
rator фа defined by the system of equations 


[soos 


q (t) = z (t), (6) 
4 (0) = 0. 


Example. The operator q in Ф, is defined with the help 
of Moore's diagram presented in Fig. 33. The canonical 


q(t-1) 


1(0) 


Fig. 33 Fig. 34 


table (see Table 8), canonical equations, and the initial 
condition for this operator have the following form: 


Table 8 


q (= x (t) V q(t— 1, (7) 


| y (t) =z (2)-q(t— 1), 
q (0) == 0. 
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Figure 34 shows a scheme representing this operator 
This diagram has been constructed by using an element of 


unit delay and an operator in Ф» ', generated by а symbol 
of узи negation z | у Here, the operator generated by the 
Joint negation symbol 15 represented through the scheme 


riu 


while an element of unit delay ts represented by the scheme 
10—49 0 
Fy 


Every bd operator in Df“ may be represented by a 
scheme generated by a set contaimng (1} schemes repre- 
senting an element of unit delay; {2) schemes representing 
operators generated by functions irom a certam set that 
is complete 1а Р. In other words, the set of h d -ope 
rators formed by the element фу and the operators gen- 
erated by functions from a certain set complete in P, 


form а set that as complete in tj Ф" with respect to 


л?п 

ihe operations Qp O,, Oan Oy, and 5 

Remark. Henceforth, while constructing a scheme of 
any b d operator р generated by a certam given set M 
oi b d -operators, we shall adopt the following procedure 
the scheme 2, of the operator q 1s constructed by using 
only single output schemes representing operators та the 
sei M fin this case unless stipulated otherwise, we сап 
only carry out the operations O, Os. Oa On and 3} 


6.2.1. Construct the Moore diagram, the canonical 
table, and the canonical equations for the function q € Ф, 
re y (2t.—1)— z(2t— 1), #221, 
б e | 
C) еш) y (2t) —z(20) @ y(2t—1), 1221; 
y(1)—1, 


(2) v (xv) | y (f= c(t— 1) Ф x(t), tz, 
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К y (Bt —2) = z (3t —2), 1224, 
(3) 9(29): 4 y (815—1) = 2 (81 —2), t1, 
y (3t) = x (3t) y (32— 1), 1221; 
(4) p (2°) = (2/8); 
(5) e (2°) = (5/8). 
6.2.2. Redefine the partial operator Ф: (0, 1}° — 
(0, 1)? in such a way as to obtain a b.d.-operator. Con- 


struct the Moore diagram, the canonical table and the 
canonical equations for the new operator if: 


(4) o (014010]?) = [04144]°, q (0 111°) = 0 HY; 
(2) e (09) = 19, e (4 (01°) = [10]°; 
(3) o (1 [10)?) = [01]°, ф ([001]®) = 1 [10]; 
у (3t — 1) = z (3t — 1), tÈ 1, 
(4) е: | y (Bt) = z (Bt — 1), tz» 1. 
6.2.3. Find the weight of the b.d.-operator ọ in Ф,, 
defined by the canonical equations: 
( yt) z(t)q—1) V 2 (t) a» (t— 1), 
(ye | 20720 (£—1) V x(t) qs (£— 1), 
| q (0) = z (t) g2 (£— 1) V x (t) a (t — 1) as (t — 1), 
qı (0) = 9 (0) = 0; 
y(t) = x(t) © а, @—1) @ 9 (—1), 
q = 200) ~ (0—1), | 
qs (0) == (z(t) > qı (¢—1)) > ж (t) а, (¢— 1), 
gı (0) = 02 (0) = 1; 
(3) ф is defined by the cannonical equations of the pre- 
ceding problem, but with different initial conditions: 
qı (0) = 0, q, (0) = 1; 
: y () = (600) — (2—1) > a (t—1), 
(4) Фф: qi (2) =q; (£—1) — (2 (2) > di (£— 1)), 
qz (t) = 9 (2—1) > x(t), 
qı (0) == 4 (0) = 0. 
6.2.4. Let (Dj; Xis Xe, ..., Xai Vy, Yo,» - +) Ym) 
denote the set of all functions in D^" with input varia- 


bles Ху, Xa, .. ., Xn and output variables Y,, Ya, . . ., 
Y m Show that the number of functions with a weight ш 


(2) 9 
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in the set (Dg ", X4, Ау, (Xp Ту, Yas У.) 
does not exceed (ш&"}®" 


625 Let the operator p in Ф” "= be defined by (2) 
and let the functions @,, Gys ‚ ©, be connected through 


i0) 10) 


Fig 395 


the relation G, GG, Ө . Фб, = 0 Show that the 
weight of the operator ф does not exceed 2” * 


625 Hepresent the operator pt Qr through a 
scheme generated by a set formed by unit delay elements 
and the operator generated by Sheffers stroke 


y (t) = ¢ (¢— 1) 
(1) 9 TEN 

q (0) — 1, 
y) (x (0) V q(t—10 — gU 1) 
q, U) = z (D) — g, (¢— 1), 
Ф (0) = g, (1—1) V 2: ((— 1) 
g,(0) --0, 0. (0) = 1, 
(3) $69! 101" if 29—002 (3) z(4} 

4" otherwise 


(4) the operator q 1з defined by Moore s diagram shown 
m Fig до, 


(2) 


y, {у= жу > 9, (2—1), 
y; (0) 9, 4t— 1) 9, £— 1), 
(3) Ф ME (= x(t}, 
дг (0) = (9, (2—4) V qa (£—1)) z(t), 
qi (0) = $, (0) =Q 
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6.2.7. Using the scheme of the operator ф Є Qd, 
construct the canonical equations, the canonical table 
and Moore's diagram. 

(1) see Fig. 36a; (2) see Fig. 36b; (3) see Fig. 36c. 

6.2.8. For the superposition 1р = Ф, (ф„) of operators 


p, and Фф, in Ф,, construct the canonical equations, 


Fig. 36 


Moore's diagram, and the scheme X,. The scheme Dy 
must be generated by the set consisting of a unit delay 
element and operators generated by the implication 
z—»-y and the negation xz. Consider 


(1) qı (t) = q; (t — 1) > zx, (2), 


| y, (2) = 2, (Фу д, (E— 1), 
Ф; 
qı (0) = 0, 
уз (t) = v; (t) & qs (t— 1), 
P2 | qa (0) = x2 (t) V qs (t-— 1), 
gz (0) = 1; 


(2) 9, (х9) = (1/3), 
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the operator q, 1s defined by Moore's diagram shown in 
Fig 35 


ne | y (1) —0, 
- | y (1) 1, 


гы у{1)=1, 
(4) Ф, (2°) | y(n--vtit—i)— z(t), i222, 
pa (29) = (1/7) 


6.2.9. Construct the canonical equations and Moore's 
diagram of the bd operator obtained from the operator р 


{oj о(1) 
0(0) 
du 


Fig 37 


by introducing the feedback їп variables x, and y, if 
y, (t) = q(t—1) > x, (2) zs (1), 
(4) y; @ == т; (t) V (т (0) — q(t— 1)). 
Р | g(0—z,00 @ 9-4), 
g (0) == 0, 
y, (E) =g (t— 1) > x, (0 25 (0), 
(2) о 4 B = (2,054 (Е Туу 00), 
g(t) = 2, (I) © g (£— 1), 
q (0) = 0 


6.2.10. Find the weight of the b d -operator obtained 
from the b d operator m by introducing the feedback їп 
variables x, and y, if 

y (t) = 2, (1) > (za) -> a(t— 1) 

(1) y; (E) = т, (t) — =, (4), 


g (1) = 2, (0 — (z, (2) z; () > (2, 0) 2 0—13))). 
ti (0) = 0, 
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y, (t) = 2, (0) z3 (t) — q (£— 1), 
y; (t) = £, (t) q (£— 1), 


q (t) = z (t) V zs (t) V q(t— 1), 
4 (0) == 0. 


6.2.11. Suppose that the operator p is obtained from 
the operator ф through the operation О, (identification 
of input variables). 

(1) Give an example of a pair of operators « and p 
for which the following inequality holds: the weight of 
the operator q is more than the weight of the operator yp. 

(2) Can the weight of the operator ф be less than the 
weight of the operator p? 

6.2.12. Let q be a b.d.-operator of weight г and let 1 
ре an operator of weight r’, obtained from « by intro- 
ducing the feedback in a certain pair of variables. Is 
it always true that 

ü)rer; (2)rr; (Ог? 

6.2.13. Suppose that the b.d.-operators q, and Фф, 
have weights r, and r, respectively. What will be the 


(2) Ф 


o(1) o(1) 
(а) (5) 


Fig. 38 


weight of the operator p obtained from Фф; and Фф, with 
the help of the operator O, (union)? 

6.2.14. The b.d.-operators », and ф„ have weights 
equal to r, and r, respectively. Will the weight of the 
superposition Ф, (ф,) be 

" E than 

ri, (2) re, (3) ri + ra, (4) riera? 

(b) smaller ы | m n 

(5) т, (6) г? 

6.2.15. Find the weight of the superposition q, (ф„) if 

(1) the operators q, and Фф, are defined by Moore's 
diagrams shown in Fig. 38a and b; 
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(2) the operators Фф, and ф„ are defmed by Moores 
diagrams shown in Fig 39a and 5 


y; t = x, (t} — (0—1) 

(2) gi | qq (—1) ni) it, 2 
gq, (0) = 0 

The operator o in Фа р 1s called autonomous (constant 

or wifkout input operator) if for any input word 7 C 4° 


10] 4] 
9 


oft) (о) ч] 


% 


o(11 
(2) 
Fig 39 
the value of the operator ф on 2" 15 equal to the same 


foutput) word in Be 


6 210 15 the operator p € Ф, autonomous m the iol 
lowing cases? 


~ y(1)-- y (2) = 1 


y (t) = z (t) — q(t— 1) 
(2) ф 4 e(Df-—z(0) V qi(t —1) 
q (0) = 1, 


y i) — x(t) --q(t— 1) 
(2) $ | З) = a (8 V git —1) 
q (U) == 0, 
y (1} = 0 
( e { #(@—1}=у(Ш—2), 622, 
y (21) = [cos tj. ime 
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6.2.17. Let ф be an autonomous operator of weight 
г (г < оо). 

(1) Show that the output word of the operator q is 
quasiperiodic. 

(2) Prove that the sum of lengths of the period and 
pre-period of the output word of the operator q does not 
exceed r. 

6.2.18. (1) Construct a scheme X, using the set 


such that it contains exactly four elements in M and repre- 


sents a certain autonomous operator @ in P,. 

(2) Isit possible to construct a scheme 2 with one input 
and one output (using the set M) representing a certain 
autonomous operator ф in Ф, and containing less than 
four elements? 

Operation O,, called the branching operation (for a cer- 
tain output of a b.d.-function) can be defined as follows. 


Let ф be an operator in ФЕ" and let Ў. be the scheme 
representing it. Applying the operation O, to the out- 
put y; of the function Фф, we obtain an operator sp, 
represented by a scheme X which acquires, instead of one 
channel (and pole) y;, several "equally operative" channels 
y. .... y (5222), each of which represents the same func- 
tion as y; does in the scheme ,. 

6.2.19. (1) What changes must be made in the system 
of canonical equations and initial conditions describing 
a function ф in order to obtain a corresponding system 
for the function :p resulting from the application of the 
operation О; to the output y; of the function Фф? 

(2) Is it possible to construct by using operations 
О-О, S and the set M (see Problem 6.2.18) a scheme 2, 
which contains not more than three elements and which 


represents the autonomous operator ф in Ф,? 
6.2.20. Suppose that the operator w is obtained from 
p € Di" by applying the operation О, to a certain out- 


put of the operator ф. Show that the operator p can be 
constructed with the help of the set (oJ G.e. by using 
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the operator p a few times) through the operations О, 
Oa, and Ü, 


6221 The operators фр, and Vs In Ф, have a weight 
2 each, and are defined by the following canonical equa 
tions 


y; (t) = P, (2, (0), g (£— 1)). 
Qr Gr (1) 2 С, (x, (г) Üi (t — 1p, ү = 1 2, 
di (0) — 0 


where 6, (x, q) == G, (z, сд) It ıs known that 1f the zeros 
assigned to the arcs are replaced by unities and the umties 
are replaced by zeros, in Moore s diagram of the operator 
фу, we obtain Moore s diagram of the operato: е. Prove 
that uf the output values of the operators фу and Q, coin 
сібе on a certain prefix of length 2 (16 , uf q,(0,0,) = 
Ф. (7,0,) for some values of a, and с,), these operators 
are identically equal 


6222 Count the number of bd functions in Ф, 
which satisfy the following conditions {a} a function 
depends onits input variable X, (b) the weight of a func 
роп 15 egual to 3, (c) m the Moore diagram describung 
a function, the in degree of each vertex 1s the same and 
equal ta the out degree 

6223 For each rz» 2, give an example of an opera 


tor © in Ф, such that the weight of the superposition 
ip (o) 18 equal to г Is 1t possible to do the same for non 
autonomous operators? 


6224 The weight of a function о € Ф, 19 equal to r 
and the weight of the superposition œ (q) 1s equal to 2r 
Wil the superposition Ф (р (qQ)) have a weight equal 
to 3r? 


6.3. Closed Classes and Completeness 
in the Sets ol Determinate 
and Boundedly Determinate Functions 


Let M be a set of d functions (or b d functions), and 
let © bea set of operations the results of whose application 
also remain in the set of all d functions (or bd func 
tions) In other words, iic Є© the application of dq 
io athitrary {ot admissible) d- (or b d 3 functions will 


6.3. CLOSED CLASSES AND COMPLETENESS 207 


again result in d- (or b.d.) functions. The closure (Ао 


of the set M relative to the set of operations © is the set 
of all d- (or b.d.) functions which may be obtained from 
the functions of set M with the help of operations in O, 
and these operations can be applied any finite number 
of times. Usually, it is assumed that [M PE М. Hence- 


forth, we shall always assume that this inclusion is 
satisfied (if this is not the case, a special mention will be 
made). The operation of obtaining the set [M] o from М 


is called the closure operation. 'The set M is called (func- 
tionally) closed class relative to the set of operations © 
if IMlo— M. Let M be a class of d- (or b.d.-) functions 


closed relative to the set of operations ©, The subset 2 in 
M is called a (functionally) complete set in M relative to the 
set of operations О if [$]3 = М. The set of d- (or b.d.-) 


functions is called an irreducible set relative to the op- 
erations © if for every proper subset 2" in Ф the (strict) 
inclusion [2'15c 121 is observed. Any complete and 


irreducible set in M is called a basis of the closed class M 
relative to the set of operations O. The set M', con- 
tained in the closed class M is called a precomplete class in 
M ifitisnota complete set in M, but if the equality [M U 
(Фо = M is satished for every function р EM N M'. 


Remark 1. Henceforth, we shall omit the expression 
"relative to the set of operations ©” if the set © relative 
to which the closure, complete sets, bases, etc. are con- 
sidered is known. 

Remark 2. Usually, we shall use the set {0,, 02,03, 
Oi, S] formed by the operations described in Sec. 6.2, 
for the set of operations ©. 


. 1t was mentioned in Sec. 6.2 that the set of b.d.-func- 
tions containing a unit delay element а and the operators 
generated by the functions of a certain set that is com- 
plete in P, (k> 2) forms a complete set in the set 

U U Фр" relative to the operations O,, Oa, Оз, Og, 
n--U m= 
and S (i.e., in a set of all k-valued b.d.-functions). 


The set U U Фк" (k>?) is known to contain 
=0 m=0 


n= 
bases relative to the set {О,, O,, O 4, O,, S), which con- 
sist of a single function. An example of such a basis is 
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the set {фе (Xi, Ху, Аз, Pa (X 1) 1, where Фа 18 а unit 


delay element from @,, and фо 15 an operator in Фуз 
generated by the function max {titta + Ta (1—z4 z3 + 
1 (mod & sum, difference and product) 


Everywhere 1n this section, we shall use the symbol qp; 
(D) to denote the set of all & valued bd {resp d) 
functtons including functions without inputs, or without 
outputs, or without both, те 


Py = U U Ф "апа Day= U Ub "| 
m=i 71.0 n--0 m] 
6.3.1. Is the set M a closed class relative to the set 


of operations ©? 
(1) M consists of all k-valued b d functions without 


«қу m 2 
outputs, and of all functions p belonging te U U d ^ 
fi—-ll m=i 


— M uj Pur 
and "preserving Qu те e,  ,0")— 


n limes 
(0, —, 09, O— (0, On S] 


тт Times 


(2) M consists of al] А valued bd functions belonging 
ta the set U Ф! " and having a weight that is mual- 
tiple of &, 0 = (81 

(3) M consists of all & valued d functions belonging 
to the set U J D; ", and having either an even or 
infinite weight, O={0,, On O, О, 


1 on " 
(4) М= ц Mf КМФ "у, 9 (0, S) 


6.3.2. (1) Let фа be a unit delay element in the set Ф, 
and © = {0 ,,0,, Sj Prove that the class [palog contams 
only functions that are identically equal to zero (ie ор 
erators whose each output yields the word 0"), functions 
without inputs and outputs which are always 1n the same 
initial state, and functions having an even weight 


(2) Give an example of a function in Ф, having an 
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even weight and not belonging to the class [фај de- 
scribed in Problem 6.3.2 (1). 

6.3.3. Let my (X,, Х,) be an operator in Oo generated 
by the Sheffer stroke хт, | za, and let фа be a unit delay 
element in Ф,. Prove that the operator Фф (хә) = (1/3) 
in D, does not belong to the class [фе, Paleo if O = {S}. 


6.3.4. A periodic word хо of period 3 is supplied at the 


input of a b.d.-operator ọ € Ф, . Find the maximum регі- 
od of the output word (the majorization is carried out 
over all input periodic words of period 3): 


y (t) = (x(t) Ф qı (E—1)) qs (t— 1), 

qı (2) = 2 (t) qi (t — 1) q2 @—1)\/ z (0) q» (1—1), 
qa (£) — x(t) q(t—1) ga (t—1)V x (t) qs (1—1), 
qı (0) = 9 (0) = 0; 


y (t) = x (t) q1(t— 1), 
‚| ad=2( q(t—1) Vas (E—1), 
UE F a nen ttt, 
qı (0) = q (0) = 0. 


6.3.5. Let ф be a b.d.-function of weight г, belonging 
to the set Ф, в. 
(1) Prove that if each input word z9 is quasi-periodic 


with a period Т, the output word ф (хо) is also quasi- 
periodic and its period does not exceed the number r-T. 

(2) Find an upper estimate for the length of the pre- 
period of the output word Фф (х°) if the pre-period of 


the word z? is known to have a length p. 

6.3.6. Let the functions py, Фа and ф be the same as 
іп the Problem 6.3.3. Does there exist an sl 1 satis- 
fying the condition ф (på (Х)) El, Фајо, where © = 
(5)? (Here, pa (X) = qa (Фа (- .. qa (X) ...)) is the 
Superposition of s functions gg.) 


If f (z^) C P,, then 9, e Mt: .. 4 Xn) will denote 


a b.d.-operator (in Фр) generated by the function / (z^). 
14—0636 


(1) q: 


210 СИ & FINITE AUTOMATONS 


6.3.7 Are the following sets of bd functions complete 


in (Da; relative to the set of operations {©,, O.,, Oa, 
Op Sp 

(1) {Pmaxtxy Кә (АХ, X4) qal X)]. k “> 2, 

(2) les x. Qus Xah quem Xt» Xah Pax, (a (X), 
X, ф=1{(Х} Pea а (ХФ). kð (here, o, (X) з 
abd operator generated by a function їп Pp, identical 
ly equal to 7), 

(3*) {Pati (X) фа (Фе (X), Фуу (Фе (X) (А,)) 

6.3.8. Isolate at least one basis in the set Ф which is 


complete in Des relative to the set of operations (А, 
Os, O з, О, 
(1) $—iq4(X). qezo(X), qi (X), qui atA X3) 
Фу хе ха (Xi, X» Aah к= 2 
(2) $-iqa(X) фе (Ж), фе (ХХ), фу (А) 
Wxetxe (Ay, Ka} ку, 
(3) FP = {Pay (X) UP xp хә (Фа (А) Х,), Ф rdi (X), 
| фил с ap (Ха, Xa) 223 
6.3 9*. Does Dipy contain a basis relative to the set of 
operations (0,, O,, O4, O,, S3 with five functions? 
6,2.10* Prove that any closed class in Dir except the 


entire set @,,) can be extended to a precomplete class * 
6.3.11" Using the Problems 6 3 8 (1) and 6 3 1D, show 


that Фу contains at least four precomplete classes 


6312 Let фа Є Ф, Enumerate all the classes that 
are precomplete im [фо о, s; relative to the sei of 
operations {0,, § 

6 3.13, Let ps = py {K} he aba орета1От in Din) 
generated by thefunctionz Prove that whatever the type 
of the closed classf M in Фу, the equahty UM U "Ed = 
M |J (pz) 1s always satisfied (here, as usual, we take to 
gether with the function all functions that are equal to 
it or congruent to 11} 

6.3.14. Can there exist a function belonging to each 


precomplete Class in dq? 


* The closure and precompletion are taken relative ta the set 


of operations (Or, On Oy, O,, 
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6.3.15. Can the set du; be presented in the form of 


a union U M; (52> 2) of pairwise disjoint closed? 
classes in Dey? 
6.3.16*. Prove that the power of the set of all closed 


classes in Din is continual. 
6.3.17. Determine the power of the set of all closed? 


classes in (Dj, having finite complete sets. 

6.3.18*. Prove that the power of the set of all closed? 
classes in a) is equal to 2c (the power of a hyper- 
continuum). 

6.3.19*. Find the power of the set of all closed classes* 
їп Фу having finite bases. 

6.3.20. Disprove the following statements: 


(1) the set Der) forms a precomplete class in W,,); 
(2) the set (Di; contains a function forming together 


with the set Dir) a complete set in Diy). 
6.3.21. Let M, be a set consisting of all k-valued d- 
functions that do not have outputs, and of all functions ф 


belonging to U U Фр" and assuming the value 0 
n=0 m=1 


for t=1, ie. Ф (х, Deus хч) == (у®, — уч) апа 
y; (1) = 0 for j = 1, т. 


(1) Is M, a precomplete class in qj? 
(2) Is the intersection M, f) Din а precomplete 
class in Da)? . 


i CO л 
6.3.22. (1) Is the set U |) Ф" а precomplete 


п=0 mz 


class in Фк)? 


1 со 
(2) Is the set у, U Ф " а precomplete class in 
п=0 m= 
Da? 


5 See footnote on p. 210. 
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Chapter Seven 


Fundamentals of the Algorithm Theory 


7.1. Turing's Machines 
and Operations with Them. 
Functions Computabie 
on Turing's Machines 


А Turing's machine 1s an (abstract) device consisting of 
а fape a controlling devire and a scanning head 

The tape 1s divided into squares Any square at each 
(discrete) metant of time contains exactly one symbol in 
an external alphabet A = (ag, 44, даь Boe 2 
А certain symbol of the alphabet А 15 called a dummy 
symbol, and a square containing a dummy symbol at 
à given moment is known as à blank square (at this mo 
ment) А dummy symbol is usually represented by 0 
(rero) The tape is assumed to be infinite in both direc 
Lions 

А1 any instant of time the controlling device is in 
a certain state ту, Which belongs to a set Q = (go. Ф. А 
Faj 7 cei ThesetQ 15 referred to as an internal aipha 
bei {ar a set of internal states) Sometimes, disjoint subsets 
Q, and Qa of инна and final states respectavely are iso 
lated from the set Q 

Remark Henceforth unless stated otherwise, we shall 
assume that | Q |Z 2, and take only one state g, for the 
initial state As a rule, the state g, will be the final state 

The head moves along the tape so that at each instant 
tt scans exactly ane square of the tape The head сап 
scan a symbol 1n the square and record (print) on it a new 
symbol of the external alphahet instead The symbol 
"printed" in the square can, in particular, coincide with 
that being scanned (at that упеќапі) 

During its operation, the controlling device changes or 
does not its (internal) state depending on its state and on 
the symbol scanned by the head orders the head to print 


1 This should be understood as follows at each instant the tape 
is finite (contains a баце number of squares), hut the "length" of 
the tape (the number of squares in 1t) can be increased (if required) 
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in the square scanned a symbol of the external alphabet, 
and either to remain at the same square, or to move by 
one square to the left or right. 

The operation of the controlling device can be charac- 
terized by three functions: 


G: Qx A—Q, 
Е: Qx A—A, 
D: QxA—(S, L, R}. 


The function G is called a transition function, F an out- 
put function, and D is a function of displacement (of the 
head). The symbols S, L and R denote respectively the 
absence of head displacement, a left movement and 
a right movement by a square. 

The functions б, F and D can be specified by a list of 


quintuples 
gq,ajG (gi, aj) Е (qi, aj) D (9, aj) (1) 


which is abbreviated as q,2jq;;2;;d;;. These quintuples are 
referred to as commands. The functions G, F and D are, 
in general, partial functions (specified not everywhere). 
This means that a quintuple of the type (1) is defined not 
for each pair (g,, aj). The list of all quintuples which 
determine the operation of a Turing's machine is known 
as a program of this machine. The program is often 
given in tabular form (see Table 9). 


Table 9 


. [dijàijdij | . 
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If there is па quintuple af the type (1) in the program 
for a pair {qa a;) a dash appears in the table af the inter 
section of the row a, and the column q; 

The operation of Turimg’s machine can be conven 
ently described in the “language of configurations” 

Let at instant t the extreme left non blank square €, of 
the tape contain a symbol FN while the extreme right non 
blank square C, (sy 2) contarns a symbol ау, (there are 
s — 2 squares between C, and C,) In this case, the word 
Pa, а}, аз, where aj, ts the symbol con 
tained at mstant ¢ in the square Cp (1 p< 5), 13 said 
to be recorded on the tape at instant t For s = 1,16 when 
the tape contains only one non dummy symbol, Р = a, 
Let us suppose that at this instant of time the controlling 
device 15 in a state g, and the head scans a symbol а; of 
the word Р {i= 2) Then the word 


ар Gy Hg üj, (2) 
is called the configuration of the machine (at а given m- 
stant tà For = 1, the configuration has the form gja i 


a, [fat instant £ the head scans a blank square located 


to the left (or right) of the word P, and there are р> 0 
blank squares between this square and the first {last} 
square of the word P, the configuration of the machine ai 
fhe moment t is presented by the word 


А Aa; 1}, (3) 
t+i times 
(resp the word a; a, A Ag,A), where A denotes 
MÀ ne 


v Limes 

the dummy symbol of the alphabet A If at the moment 
t the tape is blank, 1 е a blank word cansisting of only 
dummy symbols of the external alphabet 1s recorded on 
1ї, the word gii will be the configuration of the machine 
at the instant t 

Let the configuration of the machine at a moment £ have 
the form (2), and suppose that the program of the ma 
chine contains the command 


ана 
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Then for d;;, = Ё, the configuration of the machine at the 
next instant will be expressed by the word 

(a) dii, Atij а), 0. Qj, if t=; 

(b) ijj dij ti 4. dj. H d 

(c) ај. ж Gj, lijt  .,0131 31 4.7 кз aj. if l > 2. 

The cases when dij, = R or diz, = S, or when the ma- 
chine configuration corresponds to the head outside the 
word P (as in the word (3)), or when the word P is dummy 
are described in a similar way. 

If a program of the machine contains no quintuple of 
‘the form (1) for a pair (gi, a ,,), or if a "new" state qij, 15 
the terminal state, the machine stops, and the “resulting” 
configuration is referred to as the terminal configuration. 
The configuration corresponding to the beginning of 
operation of the machine is referred to as the initial 
configuration. 

Let K be the configuration of the machine at acertain 
instant and let K’ be its configuration at the next instant. 
Then the configuration К’ is called a configuration directly 
derived from К (and denoted by Kt K’). If A, is the 
initial configuration, the sequence K,, Ko, ..., Am: 
where К; Е Kix, for 1<і< т — 1, is called the 
Turing computation. In this case, Km is said to be deriva- 
ble from Кү, and the following notation is used: К, [- 
Km. lf, in addition, K,, is a terminal configuration, it 
is said to be terminally derivable from K, and the nota- 
tion K,|— Km is used. 

Suppose that a Turing machine 7 starts operating at 
a certain (initial) instant of time. The word recorded at 
this moment on the tape is called the initial word. To 
put the machine 7 in operation, it is necessary to place 
the scanhing head against a square of the tape and indi- 
cate the state of the machine 7 at the initial moment. 

If P, is an initial word, the machine T which starts to 
operate at the "word" P, will either stop after a certain 
number of steps, or will not stop at all. In the former 
case, the machine 7 is said to be applicable to the word P,, 
and the result of application of the machine T to the word P, 
is a word P corresponding to the terminal configuration 
(notation P = T (P,)). In the latter case the machine 7 
is said to he inapplicable to the word P,. 

Henceforth, unless otherwise stipulated, we shall as- 
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sume that (1) the initial word 1s non dummy (2) at the 
mitial moment the head 15 against the extreme left non 
blank square on ihe tape and (3) the machine starts to 
operate when it is in the state q, 

The zone of operation of the machine F (on the word Ру 
is the set of squares which are scanned by the head at 
least once during the operation 

We shall often use the notation [P]" for words of the 
form PP P (m times) If Р = ais a word of length 1 
we shall write а” instead of aa а (m times) and fol" 

We shall denote by W an arbitrary nite word in the 
external alphabet of a Turing machine (1m particular 
а dummy word ie that consisting of dummy symbols 
of the external alphabet) 

While describing the operation of a Turing machine tn 
terms of configuration language we shalt use ап ex 
pression similar to 


qi" O1 YO A [— Og, 


ху» i and уу 1 The expression should be understood as 
follows the machine erases the word 1* and stops at the 
first symbol of the word W ЇЇ however W 1s a dummy 
word the machine stops at the second 0 (zero) following 
the word i” 

Turing s machines 7, and T, are called eguivalent (in 
alphabet A) 11 for any input word P (im alphabet A} the 
relation. 7, (P) ~ Г, (Р) holds This expression has the 
follawing meaning Г, (Р) and T,(P) are etther both 
specified or both not specified? and if they are specified 
then 7, (P} = Г, (Р) The symboal c is called the sym 
bol of conditional equality 

Let machines 7, and 7, have programs П, and П, 
respectively We shall assume that the internal alphabets 
of these machines do not intersect and that т, 1s a final 
state of the machine Т, while g, 15 an initial state of the 
machine T, We shall replace the state g, by thestate д, 
throughout the program П, and combine the obtained 
program with П, The new program П determines the 
machine T called the composition of ihe machines T, 
and TZ, (over the pair of states (д, q,} and denoted by 


* T (P) 18 dened (not defined T licable 
Qnapphicshble) to the me t pae ) if the machine 7 13 арр 
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Т, О T, or T,T, (in detail, T = T (T4, Т», (Ф, 9))). 
The external alphabet of the composition 7,7, is the 
union of the external alphabets of 7, and 7,. 

Let q' be a final state of a machine T, and g” be a state 
of this machine, which is other than final. We shall replace 
the symbol g' throughout the program II of the machine 7 
by q”. We shall obtain a program II’ determining the 
machine 7" (g^, q^). The machine Т” is called the iteration 
of the machine T (over the pair of states (q, q")). 

Let Turing's machines 7,, Г, and T, be defined by pro- 
grams П,, П, and П, respectively. We assume that the 
internal alphabets of these machines are pairwise non- 
intersecting. Let т, and т, be two different final states of 
the machine 7,. We shall replace the state g; throughout 
the program П, by an initial state q; of the machine 7», 
and the state q; by an initial state q; of 74. Then we com- 
bine the new program with 11, and Il}. We obtain a pro- 
gram П defining the Turing machine T = T (Ti, (qi, qa), 
Т», (9°, 9,), Тз). This machine is known as a branching of 
the machines T, and T4, controlled by the machine T,. 

In defining complicated Turing machines, the operator 
notation of algorithms is often used in the form of a line 
consisting of symbols of machines, transition symbols 


(of the form Е. апа 41), and also symbols « and « used 


to denote the beginning and end of algorithm operation. 
In operator notation (of an algorithm), the expression 


Т; ше. еч Т 221i T, denotes the branching of ma- 


chines T; and Ta, which is controlled by the machine 7. 
Here the final state g;, of the machine Т; is replaced by 
the initial state q,, of the machine 7,, while any other 
final state of the machine 7; is replaced by the (same) 
initial state of 7;. If the machine Т; has a single final 
state, the symbols |q;, and 4,,| denote unconditional 
transition. The symbols qio and g,, are omitted whenever 
a confusion is unlikely. 
Example. The operator scheme 


| PO's | Фо 73| дз Тә 
і ES 


2 


describes the following “computational process". At first 
the machine T, starts to operate, If it stops in the state 
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ао, the machine 7, begins to operate When 1t stops, T, 
starts to operate again lf, however, Г, stops in a final 
state ather than gag, the‘ work 18 continued" by the ma 
chine T, If this machine comes to the final state Фм, then 
T, starts to operate И, however, T, terminales at а final 
state other than ga, the “work 1s continued" by T, If the 
machine Г, stops in a certain state, the computatronal 
process is terminated 


Let & = (m, a, anh пыт i, be an arbitrary 
tuple of non negative integers The word 19+! 019:+: 0 
01252*! уз called the basic machine code (or Just а code) of 


the tuple a (1n the alphabet (0, 11) and 1s denoted by Ё (a) 
In particular, the word 12+! 1s the basic machine code 
af the number a 

Henceforth, we shall mainly consider partial numerical 


junctions. The function f (x,, ze, ‚ Inh BDA, 15 
a partial numerical function if the variables z; assume the 
values in the natural scale № = (0, 1, 2, , m, }, 


and 11 j (a) C N when the function f 1s defined on the 


tuple c= (i, Ur Г ea) 

A numerical partial function 1s said to be computable 
{im the Turing sense) if there exists a Turning ma 
chine Т, having the following properties 


(a) if f (а) is specified, then T, (k (а)) = k {ў (a), 


(b) if } (a) 15 not specified, then either Ty {X («y 18 
not acode of any numberin N, or the machine T, cannot 


be applied to the word & (a) 
Remark. Henceforth, we shall assume that at the int 
tial moment the head stans the extreme left umity of the 


word k (x) It is known that this restriction does not make 
the class of computable functions narrow 

li а function f is computable in ihe Tuting sense by 
using a machine Tp, the machine T, will be said to compute 
the function j 


11.1. Find out whether a Turing machine 7 speci 
fed by a program П 13 applicable to a word P I ttis, 
determine the result of application of the machine T to 
the word P 15 15 assumed that т, 1s the initial and д, the 
final states, and at the initial moment the head scans 
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the extreme left unity on the tape. 

0.090 

ae 

(1) П: rg AL (a) P = 130242, 
9309005 (b) P= 13013, 
9344918 (0) P= 10 [01]? 1. 


Lom." 


( q,00,1 f 
| q1g,0R 
(2) п: | 4290311, (a) Р = 1*01, 
71415 (b) Р = 1901, 
| qalq 4R (с) Par. 
( q0g,1R 
| 914:08 
(3) П: | 909418 (а) Р = 101°, 


41011, (Ы) P = 12091, 


7.1.2. In the alphabet (0,1), construct а Turing ma- 
chine having the following property (for dummy symbol 
we take 0): 

(1) the machine 15 applicable to any non-dummy word 
in the alphabet (0, 1}; 

(2) the machine is inapplicable to any word in the 
alphabet (0, 1}, and the zone of operation in each word is 
infinite; 

(3) the machine is inapplicable to any word in the 
alphabet (0, 1} and the zone of operation 1s limited by the 
same number of squares, which does not depend on the 
chosen word; 

M) the machine is applicable to words of the form 
48" (n >> 1) and inapplicable to any word of the form 
1?"« where œ = 1, 2 and nè 1; 

(5) the machine is applicable to words of the form 
42012, where > 1, and inapplicable to 19018 if a 56 D 
(®;> 1 and B> 1). 

7.1.3. Using a given Turing machine 7 and an initial 
configuration K,, determine the terminal configuration 
(qa is the final state): 
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(2) Т 


1 


gif | 2309 | q 08 


(а) Ж, = 19,15, (b) Ау, = 11%01, (e) A, —10¢,1* 
7 i 4. Construct a Turing machine in the alphabet 
{0 1) which transforms the configuration A, into A, 
(i) Ay = 1° Ky = 94130 {nz 1) 
(2) K,=¢0"'1", K= g r (222 1), 
(3 К = 1990, А, = gi” (nz 1) 
(4) А, = "g 01", A, =—1"%¢,01" Gai ap) 


(2) Prove that for any Turing machine it 1s possible to 
constructi an eguivalent machine whose program does 
not contain final states 

7 1.6. The program of a Turing machine Г has the 
form (the dummy symbol 1s 0 and the зоба] state 13 qi] 


0 | gif RİR 12/, | МЕТ: 


| 
4 | qa | "T. wR | gif 


La 
uj 
— 
b 
чы 
uem 
© 
- 
v 
"y 
е5 
P 
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(1) Prove that starting the operation with a blank tape, 
the machine 7 will construct a word of the form P, — 
11010210? ... 10"4 (nisan arbitrary positive integer) in 
t (п) steps, and at any instant t t (n) (for n ze 3) the 
head of the machine will be to the right of the word P, .,. 

(2) Construct a machine possessing the same property 
and having the set. (0, 1) as an external alphabet. 

(3) Prove that if the program of a Turing machine does 
not contain the symbol Z (naturally, it may contain 
symbols 5 and Д), the machine, starting the operation 
with a blank tape, cannot construct a prefix of the word 
110101031... 0'10"*1 .... however long. 

7.1.7. Prove that for any Turing machine 7 (in an 
alphabet А) there exists a countable set of machines 
Т, Ts,...-, Tm, ... equivalent to it (in the alphabet А) 
and differing from one another in their programs. 

7.1.8. Let A = {aos ay, ..., аһ} be a certain alpha- 
bet containing at least two letters. We shall encode its 
characters as follows: the code of a; is the word 10i*!4 in 
the alphabet (0, 1}. Accordingly to this coding, the code 
of an arbitrary word P = a;,a;,... aj, (s zz 1) in the 
alphabet A will have the form 105*1110i:51. , 10%ь+1{, 
Prove that irrespective of the type of a Turing machine 
Г with the external alphabet A there exists a Turing 
machine 7, with the external alphabet (0, 1}, which 
satishes the following condition: for any word P (in the 
alphabet A) the machine Т, is applicable to the code of 
this word if and only if the machine 7 is applicable to 
the word P. Moreover, if 7 (P) is specified, the code of 
the word 7 (P) coincides with the word which is a result of 
application of the machine 7,to the codeof the word P. 

7.1.9. Construct the composition 7,7, of Turing ma- 
chines 7, and T, (for the pair of states (qio, q.1)) and de- 
termine the result of application of the composition 7,7. 
to the word P (gs, is the final state of the machine Ta). 


(a) P- 13042, (b) Р=1401. 
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(2) T, J 1002, | 440 | 91,08 0 ш Faq 


1 | gra lA | Gist it jer 1 | а #3102 


(а) P= 140213012, (b) Р = 1201013 


(3) 7, Юа 0А тої] 7, les 43302 | G29 Ft 


шил eat — 119,112 Р m 


(a) р 1201002 ib} P= 120120212 


1 110 Determine the result of application of iteration 
of a machine T (ог a pair of states (0, qi)) ta the word 
Р (gg and q, are the final states) 


t+ 4% da | t | d. 
(1) 1-1, T Q quas | 005$ | 3,65 | q,AR | 0,41. 


(а) Р = 13%, (b) Psi, (су poU ki 


| 91 | qs | da | ga 
—Ó—EÜÍ— HÀ а зии жара ИШИ O S S E E 


(2) = і, 7 «| «en | g OF 2 e, 1L | 440 | go 
1 


(a) P-1*, (b) P195 турь» 
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(3) i23, T: 


Р = 1®*01%(2;>1, yl). 


1.1.11. Detemine the result of application of the ma- 
chine T — Г(Т,, (Qio 91), То, (Co G31), Ta) to the word 
Р (dog and 7з, are the final states of the machines T, and 
T, respectively): 


| Gar | Таз 931 | Q31 
(1) T, Ola10R|0/,02 T Т: [ДУ q301L 
TNT: 9012 


(а)Р — 1013, (р) Р — 1301. 


(2 (im q1:0F | 9;000 | q140R 


QAR] gigik| gi 1R 


T4: 93015 


1 q311 R qazı İR 


(а) P={*021 (zz21), 
(b) P= 150101015 (xz21, yz 1, zz 1). 
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7.412 Using machines 7,, T, 7, T, and 7, con 
struct the operator scheme of the algorithm Q (here 
Qi Фох Фо Fur Чы ANd фуу аге the final states of the 
corresponding machines) 


Г, OF pth | gus Т, 9 | 0:38 190508 | gats 
1 | QR | gult 1 gail Я аЛ eat 
Ts О dah Rb dag S T, oett aues P, 
ола — шыны 
(1) € gi [7 g 1^ (1221), 
(2) И qt) до" (222 0), 


(3) Я Од — Wgt?! (2220) 


Remark. If z = 0, then 1* 15 assumed to be a dummy 
word 

7.1.13. Using the operator scheme of the algoriihm 51 
and the description of the machines appearing зл the 
scheme of the algorithm, construct the program of a ma- 
chine and determine the result of application of the 
machine spectfied by this scheme to the word P 
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(1) Har, | Tafa | dao 9, 
LM tu 


р = 15017 (х2>1, y>!) 


(911, Yo, and Gy, are the initial and фо, Yoo: Yao, and go 
the final states of the machines). 


(2) 9 =@ | FT, СЕ T |do | W, 
2 i 3 i 


Ор — [0 (41:00) — О |402 |q2915 |q29155 


і (010R (d121R [0151 R| 9190 1 | 33915 |431 Lii 231 L 


| зл 


9з з 9 зз (134 
j О [q3930Z | 9350 | 93015 |93018 
1 qd3134L|g441L | — |g3,1L 


Р = 15019 ^ (zl1, yc) 


(01, Ga, and Оз; are the initial and 0; о, 90, Yoox @зо, and q;, 
the final states of the machines). 


15—0636 
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7.1.14, Construct a Turing machine computing the 
funclion f 


Ü wi r—U 
(4) (а) = sen г = | EU 


1 fo х=]. 
(2) ft) = [i| 0 Н rz52, 


is not defined af r—U, 


(3) на) [5 |= в if zÉUm or r—2m--1, 
m 20, 
О ud <р 


(4) f(z =-=] г-у d о> 


(9) Мт 0) = t—y, 
4 

(6) fi, aiar i 

Remark. Here (and below), some wel! known ‘elemen 
tary’ functions are often used for "analytic representa 
tion of numerical functions An “analytically” presented 
function is assumed to be specified only on integral tuples 
of values of variables (belonging to the natural scale №) 
for which all the “elementary functions appearing m A 
given analytic representation of the function under con 
sideration are specified and assume integral. non negatie 
values For example the function 22/(3— y/2) 1s specified 
only when y/2 is anon negative integer, 3— y/2 15 a posite 
integer and z*/(8 — y/2) is a non negative integer 

A Turing machine T 1s said to correctly compute a func 


tion } (29 af 

(1) f(a") аз specified, T (k (x^) = А (У Q) and the 
head of the machine in the terminal configuration scans 
the left unity of the code k (fia), 

(2) f (2") is not specilied, and the machine T starting to 


operate fram the left unity of the eode k (a^) does not 
stop 

1.1.45. Prove that for any computable function, there 
exists a Turing machine that correctly computes this 
function 
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7.1.16. Construct a Turing machine which correctly 
computes the function f: 


(1) f(x) z = 1; (4) f(z, y) - xc y 


(2) f(z)=sgnz=1—sgna; (5) f(z, 0) =. 
| 1 
(3) f (2) = >=: 
7.1.17. Using the program of the Turing machine T, 
write the analytic expression for the functions f(z) and 
f (x, y) computable by the machine T. (For the initial 


and final states everywhere, we take q, and gp» respec- 
tively.) 


Q4 


(1) 7:40} 4411, | 90А |1(2) T: |0| 440 4,01, | 9301, | 90А 


IOR | 412 | 411 


q; OR | q40L гь] — {9,01 |9,08 


1 [90А |9,1К | giL AR| gi R! g4 Ri qL | ggiL |9,1 


7.1.18. Which functions of one variable сап be com- 
puted by Turing's machines (in the alphabet (0, 13) whose 
programs contain only one command? 

7.1.19. Is it true that two different computable func- 


tions f, (7) and f, (x") can be computed on the same 
Turing machine if and only if m Æ п? 

4.1.20. Let M be a countable set of computable func- 
tions and let T (M) be the minimum possible set of 
Turing’s machines, such that for any function f in M 
there exists a machine in the set 7 (M) that computes 
the function f. 

(1) Prove that if for a certain n>> 4 there exists in the 
set M an infinite subset consisting of functions of n 
15* 
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variables then there exists in Г (M) a machine with an 
indefinitely large number of states (16 for any 0,7221 
there exists in 7 (M) a machine with a number of states 
exceeding 4j) 

(24 What are the necessary and sufficient conditions 
for the set 7 (M) to be finite? 

7.4 21 Construct an operator scheme of а Toring ma 
chine computing a function f For elementary operators 
use the machines Г, {: = 4, 5, 6 7, апа 8) In Problems 
(1) and (2), first construct an operator scheme only through 
the machines Т, Ta Ta and then represent each of 
them by an operator scheme using Ta Т», ‚ Ta The 
initial states in the machines under consideration аге 
dip Ger » Ix, and the final states are Фу, Gyo. doo 


9.0: Foor Gam + dap Fao 


1 
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(2) f (x)= 2, 
l | qq |= 9012, 
U [ gq4171|]— 101*09,,1?. for z—0; 
10104.17 |— 9017, 
= | 1*0**+140'g.,44 |- 1**10170'4,,1" for z>0. 
Неге х > 0, y 0, £206; 

T, : W0g41?** j- W0q3914**, y > 0; 

(3) f (x) = öz; 

(4) f (z, у) = ху; 

(9) f (т, y) = х — y. 

The distance between two squares C and C' on a tape is 
equal to the number of squares between C and C' plus one. 
In particular, adjacent squares are separated from each 
other by unity. Let l be a positive integer. The subset of 
all squares of the tape, such that every two of them are 
separated by a distance multiple of J, is called a lattice 
with spacing 1. Thus, the tape can be regarded as a union 
of l lattices with spacing J. Let Ry) be a lattice with spac- 
ing l. Two squares of this lattice will be called adjacent if 
the distance between them (relative to the entire tape) 
is Z. The word P = аја, . . . аһ is said to be recorded on 
the lattice Ry if 

(1) the symbol a, is recorded in a square C, of this lat- 
tice; 

(2) the symbol a, is recorded in the square C, which 
is adjacent to C, in the lattice R and is located to the 
right of C,, and so on; 

(m) the symbol am is recorded in the square C, separat- 
ed from the square C, by a distance (m — 1)! and located 
to the right? of C,. 

A Turing machine T, is said to simulate a Turing 
machine T on а lattice Ry) (with spacing І) if irrespective 
of the word P (in an alphabet A), the following condition 
is satisfied: let the word P be recorded on the lattice Ry) 
and let at the initial instant the head of the machine 7, 
scan the extreme left character of the word P; the machine 
Тү stops if and only if the machine T is applicable to 
the word P. If 7 (P) is defined, the word Т (P) will be 


? We assume that only dummy symbols of the external alphabet 
are outside the squares C,, C}, ..., Cm on the lattice Ri). 
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recorded on the lattice Hj after the machine 7, termi 
nates iis operation 


1.1.22. Simulate the operation of a machine T cam 
puting the function f on a lattice with spacing ? 


0 ft22|4]. 1-4 
Q) f(z, n= EE, 1-3, 


(3) f(x, y) zy, i—3 

7 1.23. Prove that for any Turing machine 7 and any 
integer [=> 2, there exists a mathine T’ simulating the 
machine Г on a lattice with spacing ! 

A word in the alphabet {0, i} having the form 
јан) test 00! Оһ (i z> 2) will be called 
ап imult:iple code of the tuple a^ = (кү, c, ‚бз 

7.1.24. (1) Prove that a machine transforming the bas- 


ic code of a tuple a^ to an l multiple code of this tuple 
(2 22 2) can be defined by the following operator scheme. 


ar, | Г, | Ча» 9, 


Л i 
where 
(a) T, has the initial state g,, and the final state qi. 
an 
qui 1 у (420 ** 


L-g,17119475*194 о рувони, 


(b) T; has the imtial state g,, and two final states 
Joo and g,, and 


g, 110247 6i t gri? n ag tat уе 70, +! Meg eat! Ky 


i 1 А 
04777 "IL обе o 
о Л К gn Dou t De, Qu нө 


lor х „> 0, 
„ый 1*1 На оа ge i t Pg 


gu ree 1) |- Geol ttt 0212 t0170 


qant gt at Dae 7 qu et gra 
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Kat Dai 


(«„+1) Қа +4) 


o... 04 
gat t gii stor. OM 


(2) Construct the programs of the machines Tg, 7,,..., 
T,, using the following description: 

the machine T}, which starts to operate from the last 
unity of the array of unities, "shifts" the array by one square 
to the left (without changing the “remaining content” 
of the tape*); the head stops against the first unity of the 
“shifted” array; 

for a given >> 1, the head of the machine T,, which 
starts to operate from an arbitrary square containing 
unity, moves to the right until it passes through an array 
of | + 1 zeros; the head stops in the first square behind 
this array and prints | on it; 

for a given l > 1, the head of the machine 7,, which 
starts to operate from any square and moves to the right, 
prints / unities in succession and stops at the last unity; 

the machine Tę starts to operate at the extreme 
left non-blank square; for a given l= 1, the first left 
array of | -+ 1 zeros is "detected", and the head stops at 
the last of these zeros (“the content of the initial piece 
of the tape" remains unchanged); 

the machine 7, starts to operate from the extreme left 
non-blank square, and detects the unity to the left of the 
first array consisting of three zeros "bordered" by unities, 
the head stops at the unity detected ("the content of the 
initial piece of the tape" remains unchanged); 

the machine 7, prints 0 in the initial square, and the 
head stops after shifting to the left by a square; 

the head of the machine 7, is shifted to the right by 
two squares of the "initial" square, and the machine stops 
at the state qg if the new square contains 0 and at the 
state q,, if the "new" square contains 1 (the content of 
the tape remains unchanged); 

the head of the machine 7,, is shifted to the left by 
one square (after that the machine stops, and no changes 
occur in the tape); 


— —  — À— 


q,,10 11 


(a+) Ка +1). 


* In other words, we assume that not a single "new" unity has 
appeared and the changes in the initial piece of the tape occurred 
only in the indicated array. 
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the head of 7,, starts to move to the right of an amtial" 
square, "detects" the first (in this displacement) unity 
and, having made another step, stops at the square locat 
ed to the right of the "detected" umty? (the content of 
the tape remains unchanged) 

(3) Taking Ту. 7, Туу for initial machines, con- 
struct the operator scheme for the machines Т, and 7, 
and for the machine transforming the basic code of the 
tuple into an i multiple code 

7 1 25 Construct the operator scheme of a Turing ma 


chine transforming the / multiple code of the tuple a" 
into the basic code of this tuple For initsal machines cor 
responding to elementary operators, use the machines ѓу, 
T, ‚Г, of Problem 7 121 and the following three 
machines 

the machine 7, such that for 275 1 its head, moving 
to the nght of a blank square, detects the first (in this dts 
placement} array contaimng at least | unites then the 
head erases the first £ umties in this array and stops at the 
square containing the last unity which has heen erased 
( the remaining" content of the tape remains unchanged), 

the machine Т, whose head 15 shifted from the ‘initial 
position" to the leit by I squares (1 15 specified), the ma 
chine stops at the 11h square, and ihe content of the 
{ара remains unchanged in this case, 

the machine 7, operates in fhe same way as machine 
T,, but the head 1s shifted to the right 


The lattice code of the tuple а“ = (a, a, » &y) 15 
the word in the alphabet (0, 1} recorded on л lattices 
with spacing л so that the first lattice contains the word 
{tt the second contains the word 12:*!, ete , and the 
n th lattirca contains the word 1+1 The beginnings of the 
words on the lattices must be agreed with each other 
1e the extrema left unity on the first lattice rmmediately 
precedes (on the tape} the extreme left unity 1n the second 
lattice, and this unity immediately precedes the ex 
treme left unity of the third lattice, etc 

7.1.26. (1) Construct the operator scheme of а Turing 


machine transforming the basic code of the tuple a” into 


+ IE unity as recorded in the "initial? square, the head stops at 
the nert square tà the tight 1 P 
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a lattice code of this tuple. For the initial machines cor- 
responding to elementary operators, use the machines 
T, Ty, ..., Tg in Problem 7.1.21. and the following 
two machines: | 

the machine 7,, whose head is shifted from the "initial 
position" to the right by n squares, stops at the n-th 
square; the content of the tape remains unchanged; 

the machine T operates in a similar way, but its head 
is shifted to the left. 

(2) Using the same machines as in the previous prob- 
lem, construct the operator scheme of a Turing machine 


that transforms the lattice code of a tuple a” into the 
basic code of this tuple. 


7.2. Classes of Computable 
and Recursive Functions 


The functions considered in this section are partial nu- 
merical functions. 

The function F (a, .. ., zi) f (81 (Zis ..., 2һ),...› 
Em (Tis - . ., Zn)) is called the superposition of functions 
f and gi, ..., 8m and is denoted by S (ff; gl, ..., 
£m )- Here the function F is defined on the tuple 
a” and F (a") = f (g, (0"), ..., 8m (0")) if and only 
if each function g; (1< i< т) is defined on the tuple 
® and, besides, the function f is defined on the tuple 
(8; (@"), ..., Bm (0")). 

Let g (Tis ..., x44) and Л (21, жж. «ж. Ynocr Lp, Lp 41) 
be two functions and n >> 2. We shall define the third 
function f (z,, ..., 231, Zn) with the help of the fol- 
lowing scheme: 


f (дү, ++, лз 0) =8(Тү,..., п), 
ТР En- y+ 1) (1) 
=f (24, se., Saag, Y, f (23, .... Zn- y), YQ. 
This scheme is known as а primitive recursive scheme 
tor the function f (z^) in variable x, (and ry +1) and gives 


à primitive recursive description of the function f (x") in 
terms of functions g and №. The function f is also said to 
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be obtained from g and h by using (he prumitive recursion 
operation їп variable x, {and x,.,,) In this case, the fel- 
lowing notation 15 used ў = A (g, А) (the variables in 
which the recursion ts carried out are indicated separate 
ly] 

In the primitive recursive description of the function 
f tz} depending on а single variable the primitive recur 
sion scheme has the form 


| ] (0) — i, (2) 
fet 1h, iG), yore, 


where а 1з a constant (a number from the natural scale 
N = (0, 1,2 ү) 

Let f (2, OX. 6 Л} næi be a certain func- 
tion We shall define the function g (zi 


d follows let M == (С, Р" Та С tn} be ali arbitrary 


tuple of non negative integers We shall consider ihe 
equation 


1 Rit fa) 


f (a, y fait y) = C (3) 

{a} lf equation (3) has a solution y, € N and fos all 
y € N such that бей y «py, the function ў (a, : 
Gais UJ) 13 defined, and its values differ from о, we as- 
sume that g (az) = у, 

(b) If Eq (3) does not have a solution та non negative 
iniegers, we assume that g fa) 1з non defined 

(с) 11 y 1s the smallest non negative integral solution 
of Eq (3) and for a certain y, € N and у, << уу, the value 
of f (da, Фал, 11) 13 non defined we assume that 
g (a) 18 non defined 


The function g (r^) constructed in this way from the 


function f (z"} їз said ѓо be obfained from the function 

(21, ‚жаң Fn) OY using the operation of minimization 
with respect to the variable x, (or just the minimization in 
2.) In this case the following notation 1s used g == Mf, 


org (z^) = Man (т), ов g G) — py (ns Run 
У) = za), OF g (z^) = its, (f (z*)) 

emark. The operations of primitive recursion and min- 
imization can be applied with respect to any variables 
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in the functions f, g and Л (however, the variables should 
always be indicated). 

The following functions will be henceforth referred to 
as simplest: 

(а) s(z) = z--1 is the successor function, 

(b) о (х) = 0 is the nullary function, and 

(с) Ihn (tis >- Tn) =m KMA n, n = 1, 2, ...) 
is the selection function, or the function of selecting argu- 
ments. 

The class Kpr.r of all primitive recursive functions is the 
set of all functions which can be obtained from the simpl- 
est ones by operations of superposition and primitive 
recursion. 

The class Kpar.r of all partial recursive functions is the set 
of all functions that can be obtained from the simplest 
ones by operations of superposition, primitive recursion 
and minimization. 

Remark. In the definition of the Kpr.r and Kpar.r classes 
it is assumed that while constructing each concrete func- 
tion, the corresponding operations are applied a finite 
number of times including zero (some or all of the opera- 
tions may not be applied at all). 

The class Kg of all general recursive functions is a set 
of all partial recursive functions defined everywhere. 

It can easily be shown that Kpar.r D Kg: (the inclusion 
is strict!). The following strict inclusion is also valid: 

gr D Kore. 

We shall denote by К, the class of all partial numerical 
functions that can be computed on Turing’s machines. 

The following statement is valid: the classes Épar.r and 
К, coincide. 

Theorem (R. Robinson). All primitive recursive functions 
of one variable, and only these functions, can be obtained 
from the functions x + 1 and sgn (x—- [ V zl?) by applying 
a finite number of times the following three operations: 

(a) absolute difference f (x) = |f, (x) — fe (x) |: 

(b) composition f (x) = f, (fo (2)); 

f (0) = 0, 


f (z-- 1) = fı (f (2). 

7.2.1. Apply the primitive recursion to the functions 
E (zı) and h (z, Z4, 24) with respect to variables 2, 
(and z4). Write the function f (ту, Xo) = R (g, h) in the 


(c) iteration | 
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analytic" form 
(1) g(z,) — Ëi T, x4) = 2, t ta 
(2) g(x,)—z, A(x, т, т) = 2, + 2, 
(3) g (z) —2*  hí(z, Za z4) = тү (we put 0° = 1) 
(4) gi) =i  hí(n n ту) = 
xy (Í -+ sgn {х + 2 — Zz, 6) 
(5) g(z)-z, B, t, а) = (zy 44) sgn (14 F 


722 Prove that the functions f (z^) are primitive ro- 
cursive 
(1) f(t, m) = 2, z 
(2) J iz) = 37 
(3) fiz, x4 r4) = or, Ө zr, (mod 2 sum) 
723 Prove the validity of the relation f = Я (р &) if 
I, Hd z;-=0 
(1) Fizi 2.)—rest{z, z)— [eremum of division 
of г, by zr, 1f г, >> 0 
g (211) =O Ann т, Fy} = (z; + 1) зеп | t,— (a, + iN 
the recursion is carried out in variables z, (and zr) 
x, Wo nag 
(2) f(z, a-[&-| ihe quotient of division of 
т, by zr, if zm 
g (z,) = 0 Air Ts Хз) EN 
= Із + sgn [5 + 1 — (ag -+ 1) z, | + 5502, 
the recursion 18 carried out in variables z, (and ту) 
(3) р) а Ир 
g—O hí(z, 2) = (т. 1) sgn (áx, — {r34 ár) 
(4) Fix) — LY =.) uu 
g=0 A(r, 22) = t,t sgn (2,4 1)? — (т, + 1)) 
724 Prove that if the functions g (y) q, (z) «4 (2) 
and Фах) are primitive recursive. the. function 
quiz) uf р) а 
fiz у= фо (2) Wd a«giysxb5 
qa(t) af (у) >b 
where О а Ё 18 also primitive recursive © 
© The conditions imposed on the function р (y) must be vnder- 


stood ds follows we consider all such values of y for which the 
functton g (y) sat sBes the ind cated relation 
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7.2.5. Let г, (y), Za (x) and g4 (x, y) be primitive recur- 
sive functions. Prove that in this case the function 
f (z, у) defined by the scheme 


f (0, y) = £i (y), 
f(x+1, 0) =g, (2), 
f (z4-1, 0+1) =g (т, y) 


is also primitive recursive (here zz» 0 and y >> 0). 
7.2.6. Let the functions g (Zis ..., Zn- Zn); 
I5 (ie ыз» dass dy) and ha (tirs s taana Ве 
be primitive recursive. Prove that the following 
functions are also primitive recursive in this case: 


"y 


(1) f (x, s ww Un-i Ip) = È) g (ey 5.57 Ents i); 


n 


x 
(2) (аа... tnt 22) = [|] E (Eo mue DI 


z e 
2 EX senos 1) 
G) f(s ea Wu Yr 2) = i for yxzz, 
0 for y> z; 


z 


LE (zi ....2а- 0 


(4) f(z,s... mae у, 2) = 5y for yz, 
1 for y > 2; 
(9) f (2; ++) д4) Tn) 
holt) .. Xs Xp) 
== > 8 (тү, JEDE L) 


i—h|1(xX1i -— *n-1 xA) 
(here, as usual, the sum is considered to be zero if the 
upper limit of summation is smaller than the lower one); 
(6) f (95, s.. Un-1: Ln) 
he(x]1, seals *n-1' xy) 
— | | g (тү, sey Uns i) 
= h1(x1, "ҮТ *n-1* X) 
(in the case when the upper limit of the product is smal- 


ler than the lower limit, the product is assumed to be 
unity). 
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7.2.7. Apply the minimization operation to tha function 
fin x, Represent the resultant function in an “analy- 
tic” farm 


4) f(z)—3 a-i, 
(2) Р) |] (5 


(3) Pay zg— diin fe t= 2, 
(4) f (5, ту) = Fy Бу, {=ч i, 2, 


(5) f(r, meas, 11,2, 


(6) f(s, 2) 2" z+), i—1,2 


72.8 Applying the minimization operation to an 
appropriate primitive recursive function, prove that 
the function f 18 partially recursive 


(1) fir) 2-р, (3) F {En 22) = 2, — 22, 
(2) Ji). (4) f(t, 2) — = 


1—17} . 

7.2.9. Is the following statement correct if at least 
one of partial recursive functions g and A :5 not defined 
everywhere, then / = R (g, #) & Кү? 

7.2.10. (1) Gan a function that 1s net defined anywhere 
be obtained by a single application of minimization of a 
function which 1s defined everywhere? 

(2) Give an example of a primitive recursive function 
wluch leads {о а function that 18 not defined anywhere hy 
applying the minimization operation twice 

1.2.41. Prove the computability of the following 
functions 


(t) f(z, yy g= [ty HG Sgn (P — y — (2+ tr 
(2) f(s y, a= (Ee p 2071) (ye — 22), 

(3) f(x y, 2) = 4 ^" —(a* + 1^1, 

(4) fiz, y, z) — TYE хуй пик e vrl 


s+ i 


7.2.12 What are the powers of the classes Apr, Жут, 
Kyar T and кы 
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The function Фф (2, y), defined by the scheme 
v (0, yy 
q (z4-1, 0) = e (az, 1), 
q (4-1, yt 1) = eG, p(zd 1, y), 


where zz: 0 and y>O is usually called Ackermann's 
function. 

7.2.13. Prove that the Ackermann function satisfies 
the following conditions: 

(a) (=, y) > y for any =z and y, 

(b) p (x, y) is strictly monotonic in both variables, 

(c) p (= + 1, y) ф (x, y + 1) lor any x and y. 

7.2.14. Using the solution of Problem 7.2.13. and Ro- 
binson's theorem (stating that the set {z + 1, sgn (= + 


[V z)?)) is complete relative to the composition, itera- 
tion and absolute difference operations in the class of 
all primitive recursive functions of one variable) prove 
that irrespective of the form of the primitive recursive 
function f (y) of one variable, there exists an x for which 
f (y) < Фф (x, y) for any value of the variable y. 

7.2.15. Prove that the Ackermann function is general 
recursive but is поі primitive recursive. 

7.2.16*. Let us denote by Kj?; and Kg; the sets of 
all unary primitive recursive and all general recursive 
functions of one variable respectively. Prove that the 
sets Кр, U {x+y} and Кот U {x + y) are complete rel- 
alive to superposition in the classes Кр... and Kg p re- 
spectively. 

7.2.17. Let a Turing machine 7 compute the function 
h(x)€ Ko Kpr. Is it always true that the function 
fa (z, y) computable by this machine does not belong to 


pr.r* 

7.2.18. (1) Let Turing machines 7, and 7, compute 
primitive recursive functions f, (x) and f, (x) respective- 
ly. Is it always true that the composition 7,7, also com- 
putes a primitive recursive function f (x)? What will 
happen if the machines 7, and 7. correctly compute the 
functions f, and fa? 

(2) Let а machine Т compute a primitive recursive 
function f (т). Is it always true that if an iteration of the 
machine T computes a function g (x) defined everywhere, 
this function is necessarily primitive recursive? 
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7.2.19. Are the following relations valid? 
(1) р (z— 1) (uu (z—2)—1 
(2) ux, (74 + (2; — 24) = Bx, (Gn. — Ta) + 79) 


(3) ш. E — [2 1) € Kor 
(4) Ls (z ~~ [V z]?) я К or г 


(5) p. (И ЕК, 

7.2 20* Let the functions f, (x) and f, (x) belong to the 
set Kpe\Ay,, Can the following statements be cor 
rect? 


(1) ,Us tz) C Ay, but fy (fix) Ap, 


(2) fi(3)e Kp, but ИЛИК, 

(3) f, (2), (2) Е Kor p but f,(z)+ 2 (z) Apr t 

7.2.21*. Геі (х) ЕК. N К.г Are the following rela- 
trons always satisfied? 

(1) } (2x) ¢ Kpr T1 (4) і — f (т) à Kr ri 

(2) fiz + WEA, (OF fe — PE Apres 

(3) F (x y) @ Ey v 

7.2.22. (1) Both variables of a function f (z, y) in 
A, г are essential We assume that p.f (zr. y) апар, (2, y) 
are {һе functions defined everywhere Can at least one a 
these functions essentially depend only on one 
variable? 

(2) The function f (z, y) € Ker has one fictitious var- 
able Can both variables of the function pf (т. y) be es- 
sential if we assume in addition that 1t ts a general recur- 
sive function? 

1.2.23. Formulate the necessary and sufficient condi- 
tion that a function uf (x) 1з not defined anywhere 

7.2.24. (1) What is the necessary and sufficient condi- 
Gan for the relation paf (x) € Ke, to be fulfilled? 

(2) Can at least one of the functions psf (x, y) or py (х v) 
be general recursive if f(r, y) € Apap x Кут 

4.2.29*. Let f(z)C Kg" Ko, Can the relation 
Haf (2) Є Кр; ho true? 

1.2.26 It is known that f (r) € Ky, and that for any 
tZ, f(2r--1)—/(x) and f (2z) = f (x + 1) It ts true 
that f (z) ЕК, 

4.2.27. Find out whether the set A, Ap; р 1s com- 
plete relative to superposihon in the class К, г? 
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7.2.28. Does a set AJ form a complete set relative to 
the set of operations © in the class Kpyay.r? 


(1) M = Кр. N Кейт» O= {R, nr 

(2 M = Kpar.r Ка O={S}; 

(3) M =Kgr N Ape O=(S, py 

(4) M = K pr.r O = {н}. 

2.7.29. Let a general recursive function f (x) be such 


that f (№) = (f (x): x € N} is an infinite proper subset of 
the set №. Will the following equality hold 


(Араг N KE) U GO (2) }] = K parr 


where КО. г and K4} are the sets of all unary partially 
recursive and all general recursive functions of one variable 
respectively and the closure is taken relative to super- 
position and minimization? 


7.3. Computability and Complexity 
of Computations 


A partial function F (xy, Zis .. ., Zn) is called uni- 
versal for a family У of functions of n variables if the 
following two conditions are satisfied: 

(a) for any i (i =0, 1, ...) the function F (i, z,, ..., 
T») of n variables, belongs to 9; 

(b) for any function f (z,, ..., x4) in 9, there exists 
a number i such that for all values of variables 21, ...,2,, 


E (i, Tiy +, 34 E) =f (Гү, e 8 y Lp). 


The number i is called the number of the function f (z,, ..., 
Zn) and the numbering of functions of the family 9, 
obtained in this way, is called a numeration corresponding 
іо the universal function F (20, x1, . . ., Zn). Conversely, if 
à numeration of the family Ẹ is specified, i.e. if a map- 
ping Фф: i —- f; of the natural scale on 9 is defined, the 
function F (x9, л, . .., zn) defined by the formula 


F (20, Хуу o: oy Tx) x fx, (zi, eo ey г.) 


is universal for $. Each primitive (partial) recursive 
"uer a f (£i, ..., £n) сап be associated with a term re- 
ecting the way of representation of the function f (£i, .. ., 
16—0636 
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x,) in terms of the functions Ža (21, (XR) = dy 
s(z) = г 1 and о (х) = 0 using superposition, primi» 
tive recursion (and minimization) By numbering all the 
terms we can obtain the numeration for ай primitive 
(partial) recursive functions A numeralion of this type 
1$ called a Godel numbering? Henceforth we shall as- 
sume that a certain Godel numbering 15 fixed A partial 
recursive function of п variables, having a number = 
in this numbering, wil be denoted by of" Lhe superscript 
will be omitted if there are no other stipulations con 
cerning the number of variables of the function QU" 

The following statements ага valid 

Theorem 1 (on a function which is universal for the set 
of all primitive recursive functions of п variables) 
The class of all prunitive recursive functions of n variables 
has а general recursive universal function 

This universal function (corresponding to a chosen 
Godel numbering) will be denoted by D (Tp 21 Xn) 

Theorem 2 (on a universal function} There exists a 
poriial recursive function U (zo, Ti 2.) which ids 
universal for the set of all parilal recursive functions of n 
vartables 

The concept of universal function 1s frequently used in 
proofs involving “diagonalization’ As an example, we 
can consider the following proof of the existence of a 
general recursive function which is not primitive recur 
siva Let D (z,, ху] ba a universal function in the class 
of primitive recursive functions of one variable If fol- 
lows from part (à) of the definition of the universal func- 
tion that D(x, д) is defined everywhere Let us consid 
ez g(z)=D (x x) +1 The function р (z) is not pnm- 
itive recursive Indeed if this were so, the equality 
D (fj, z) = g (х) would be satisfied for a certain у and 
for all x However, for + = у, this equality 1з transformed 
into an inconsistent relation 


The following (= m п} theorem, put forth by Kleene 
plays an important role 


T For a formal definition of the Gödel numbering see, for 
ample, “Theory ol Recursive Functions and Effective Computa- 
bility” by Rogers Н, McGraw-Hill New York, 1987. 
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Theorem 3. For any m, n р> 1, there exists a primitive 
recursive function s*9 such that for all £, Yis.» Ym 
the following relation holds: 


(n) 
ntn) VIT es 9$ Um: 24. ase $ 2р) == (Рз(х, Uys sess Um) (Zis TEE, Zn). 


Let T be a Turing machine and K be a certain configu- 
ration. The time complexity tr (К) of a computation process 
is defined as the number of steps taken by the machine 7 
during a transition from К to the final configuration if 
T can be applied to K. The function t4 (K) is not defined 
if T is inapplicable to К. The computation process zone 
is the minimum part of the tape containing all squares in 
at least one configuration encountered in the computation 
process. The storage complexity sp (К) is defined as the 
length of the computation process zone with the initial 
configuration K if Т is applicable to this configuration. 
The function sp (К) is not defined if T is inapplicable to 
K. By өт (К) we denote the number of changes in the di- 
rection of the head displacement, and by гт (К) the maxi- 
mum number of passages of the head across the boundary 
between two adjacent squares of the zone during compu- 
tation (the maximum is taken over all pairs of adjacent 
squares). The functions от (К) and rz (K) are not defined 
if T is inapplicable to A. If for K we take the initial 
configuration for the word P, the complexity functions 
are denoted by £p (P), sp(P), wr (P) and ғ. (Р) respec- 
tively. If дг is a complexity function, then фт (п) = 

max qz (Р). . 
Р, МРу<п 

7.8.1. Prove that a function that is universal for 
primitive recursive functions of one variable 

(a) assumes all the values in N = {0, 1, 2, ... }; 
, (b) assumes each value in N an infinite number of 
imes. 

7.3.2. Provethat each primitive recursive function of 
one variable in a Gödel numbering has a countable set 
of numbers. 

7.9.9. Prove that there is no partial recursive univer- 
sal function for a family of all general recursive functions 
of n variables. 

‚1.8.4. Prove that there exist partial numerical func- 
lions that are not partial recursive. Give the proof based 
оп а comparison of powers of two sets: that of partial 
16% 
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recursive functions and that of all partial numerical 
functions Give also the other proof based on “diagonali- 
zation" 

7.35. Give an example of a partial numerical func- 
tion which assumes exactly one value and which 15 not 
partial recursive 

7.3.6 Prove that the function ѓ ıs nota partial recur- 
Sive function 
t 1 the value of ф. (у) 15 defined, 


(1) fiz, y= О otherwise, 
if ф, (2) 1s defined, 


(2) f (x)= О otherwise, 
Palu) if p,{y) 1з defined, 
(3 fiz, у) = | О = otherwise, 


1 if Fx (y) = 2, 
О otherwise, 
i if there exists у for which 
(о) f(z, "n a=] Фе (y) = 2, 
O otherwise. 
7.3.4. Is the function f partial recursive in the fol- 
lowing cases 
i£ ge (2) 1, 


у ra-Í, 


О otherwise, 
is not defined if Ф, {z} is defined, 
i otherwise, 
i af the unity belongs ta the set of 
(3) Ham | values of function ,, 
О otherwise, 
1 af Ф, 19 primitive recursive, 
О otherwise, 


(4) f (2, y. j=l 


Q w=] 


a ra=] 
() fü) 
1 if the decimal decomposition of the number 
л coníains an infimite number of zeros, 
О otherwise. 


7.3.8. Let и (fo, is -. , Za) be a partial recursive 
function that is universal for a aon-empty subset M of 


a 
Ta. 
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general recursive functions, such that Kg NM is infi- 
nite. Using the "diagonalization" process, indicate a count- 
able set of general recursive functions not belonging 
to M. 

7.3.9. Show that if a function f (x) is partial recur- 
sive, any function differing from f (т) on a finite set of 
values of the argument is partial recursive. 

7.3.10. Let U (x, y) be a function that is universal 
for the set of all partial recursive functions of a single 
variable. Prove that the function f (x) = U (z, x) +1 
does not have recursive extensions (in other words, a 
function defined everywhere, coinciding with f (x) where- 
ver f (x) is defined and arbitrary otherwise, is not a par- 
tial recursive function). 

7.9.11. Let a partial recursive function f (x) be such, 
that the function Л (x), defined by the condition 


| 0 at points where f(z) is defined, 
m Í at points where f(x) is not defined, 


Is recursive. Prove that the function f (x) has a recursive 
extension. 

7.9.12. Give an example of a binary sequence ш, 
Gy, -.., On, ... generated by an appropriate autono- 
mous deterministic operator and satisfying the following 
condition: the function f (х), that is defined by the equali- 
ty f (n) =a, for all n> 0, is not general recursive. 

7.3.13. (1) Prove that if the sequence às, Qis .. ., Qn, 
... 15 the output for a certain autonomous b.d.-operator, 
the function f (x), defined by the relation f (n) = o, for 
all n= 0, is general recursive. | 

(2) Is such a function always primitive recursive? 
` 1.8.14. Give an example of an infinite binary sequence 
О = Qor Qis ..., ©, ... Satisfying the following con- 
ditions: = 
_ (1) there is no autonomous b.d.-operator for which а, 
15 an Output sequence; 

(2) there exists a Turing machine which starts operat- 


ing on a blank tape and constructs the sequence c; 
moreover, for each n there exists an instant of time tj = 
ta (n), such that for t>> 4, the head of the machine does 
not scan the squares of the tape to the left of the square, 
Where the symbol a, is recorded. 


2485 CH 7 FUNDAMENTALS OF THE ALGORITHM THCOAY 


7.3.45. Give an example of transformation of finite 
words which may be carried out by a suitable Turing 
machine, but cannot be carried out by any deterministic 
operator 

7.3.16. For a given function f, construct a Turing ma 
chine Г which can correctly compute f with an upper es 
timateforits time complexity, and majorizé the remain- 
ing complexity functions Tha input data are given in 
a unary form The external alphabet is given by A= 


} 
(1) f (zy) =r, р (п) en, 
(2) f (x) = 22, (т (nV sz сп, 
(3fíz—lz—yl te (п) en’, 


теи = || tese. 
(5) f(x) = llog,zl. tr (п) < сп? 


7 3,17. Construct а Turing machine 7 transforming the 
unary notation of a number into а binary notation with 
given restrictions on the complexity function ё (rd e 
an, sp (п) n. ор (п) < c.n ry (п) en where c, 
ĉa and с, аге constants 

7 3 18, Construct a Turing machino Т which transforms 
a binary notation into a unary notation, and such that 
fr (п) спа", Sp (п) сап + 2", Wy (n) S c4n2", 
ет (п) с,п2°, where су, Cy, c4 and c, are constants 

7 3.49, Construct a Turing machine T with an input 
alphabet A of m characters, transforming a word P 
into P*P, where the symbol ж does not appear in P, 
and such that ty (л) 5 спі sp(n)sze,n Op (л) суп 
ry (пу суп 

7.3.20, (1) Construct a machine 7, recognizing the Н 
nearity® of an arbitrary Boolean function / (z") The 


function f (z") is defined by a binary vector a, of length 
№ = 2° The input alphabet of the machine 1з A = 
(0, 4, A} The functions tz (№) and sz (№) must satisfy 
the inequalities ty (М) сМ, sp (N) = CAN 

(2) Construct a machine 7, recognizing the self duality 


of an arbitrary Boolean function ра?) and such that 
by (IN) eu. ep UN) Soe 


* A machine recognizing a property of an input word has two 
final states, f; and c; The machine stops at the state gj 1f the 
property is observe ‚ and at the state qq If It is not 
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(3) Construct а machine Т, recognizing the monotoni- 


ad 


city of an arbitrary Boolean function f (z"), and such 
that tp (N) xz сМ", Sr (V) xz N. 

7.3.21, Show that for any Turing machine 7 and for 
any word P 

(1) sp (P) S tr (P) + IP |; 

(2) there exists a constant c, such that tp (P) < c*r'"?, 


Chapter Eight 


Elements of Combinatorial Analysis 


8.4. Permutations and Combinations. 
Properties of Binomial Coefficients 


The tuple of elements а,, , d, M the set U = 


{а,, 4041 їз called an r multisubset of n set. U, or 
an (n, г) multiset If the sequential order of elements in a 
muset 15 specified, we call it an ordered muitisef Two 
ordered multisets, differing only in the sequential order 
of their elements, are assumed to be dijferent If the se 

quential order of elements is not significant, the multi 

set is called a disordered muliiset Elements may, or may 
not, repeat themselves in a multiset An ordered (n r) 

multiset in which the elements may be repeated 1s called 
a permutation of n elements with repetitions taken г at a 
lime, or an (n, ғу permutationiith repetitions ЇЇ an ordered 
(n, ғ) multiset has pairwise different elements, we call it an 
(n, r)-per mutation without repetitions, or simply an (n, 
r} permutation The number of (n, ғ) permutations will 
be denoted by the symbol P (n, r), while the number of 
(n, г} permutations with repetitions will be denoted by 


Р (a, ғ) A disordered (п, r} multiset, 17 which the ele- 
ments can be repeated, is called a combination of n ele- 
ments taken r at a time, or simply ап (n, r)-combination 
wiih repetitions If the elements of a disordered multiset 
are pairwise different, 1t 15 called a combination (without 
repetition} of n elements taken r at a tune, or an (n, r)- 
combination Each such combination 18 a subset of power 
rintheset C The number of combinations of n elements 
taken г at a time will be denoted by C (n, r), while the 
number of combinations (with repetitions) of n elements 


taken г at a time will be denoted by C (n, r) 

Example 1. Let = la, b,c} г== 2 lu this case 
we obtain 

nine Permutations with repetitions, viz, ad, ab, аб, 
ba, bb, bc, ca, cb, се, 
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six permutations without repetitions, viz., ab, ac, ba, 
bc, ca, cb, 

six combinations with repetitions, viz., aa, ab, ac, 
bb, bc, cc, and 

three combinations without repetitions, viz., ab, 
ac, be. 

The product n (в — 1)... (n —r + 1), where n is 
real and r is a positive integer, will be denoted by (n),. 
By definition, we put (л), = 1. If n is a natural number, 
(n), is denoted by the symbol n! and is called n-factorial. 
For n = 0, we assume that 0! = 1. For any real п and 
a non-negative integer r, the quantity (n),/r! is called a 


n 
binomial coefficient! and is denoted by the symbol i ) : 


Let л, Ts, ..., г be non-negative integers and let 
п! 
rir ... rp! 
called a polynomial coefficient, and is denoted by 

n 


г Hrt... г == п. The quantity is 


Г, DP», cea VÀ 

The following two rules are taken into consideration 
while counting the number of different combinations. 

Multiplication rule. If an object А can be chosen in m 
different ways, and if after each such choice an object 
B can, in turn, be chosen in п different ways, the choice 
"А and B" in this order сап be carried out in m X n ways. 

Summation rule. If an object A can be chosen in m 
different ways and an object В in n other ways, and if 
the choice “А and B" is not possible, the choice “А or B" 
can be made in m +- n ways. 

Example 2. Two dice (with six faces each) are cast. 
[п how many different ways can they be cast so that 
each of them shows either an even number, or each shows 
an odd number. 

Solution. Let A be the number of ways in which an even 
number is shown by each die, and let В be the number of 
Ways for an odd cast. Then, according to the sum rule, 
the required number is A + B. Let C be the number of 
Ways of an even cast by the first die and D the number of 
Ways for an even cast by the second die. Obviously, 


EE 
,. The notations СА, nC,, and (n, г) are also encountered in the 
literature, 
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C -D2z3 According to the multiplication rule 
А= Сх Р = 9 Similarly B = 9 Hence the total 
nossible number of ways ig equal іс 18 

Example 3 Show that the number of (n r) Permutations 
without repetitions is equal to л” 

Solution Induction on r For r= 1 the number of 
ways in which one object can be chosen from n 1s equal 
to n* Suppose that the equality Р {л г) = (л), 1s Satis 
fied for а certain r zz 1 We shall prove that an analogous 
equality also holds for r+- 1 Each set of r + 1 objects 
can be obtained by first choosing г objects comprising 
thé (n r)permutation [followed by the addition ol 
the (r + 1) th object to ít Tf r objects are chosen there 
are n—r waysin whith the (r+ 1) th object can be 
chosen According to the multiplication rule we obtain 


P (n r 4-1) = P (n r) x (n — r) 
Using the induction hypothesis we can write 
Pin r+ 1) = (n), X (n r) = (s, 


А largo number of combinatorial problems can be re 
duced to a computation of the number of binary vectors 

Example 4 In how many ways can the number n be pre 
sented as a sum of & non negative components (represen 
tations differing only in the order «f the Components are 
assumed to be different)? 

Solution Each decomposition of the number п inte 
k non negative integral components is assigned a vector 
of length n+ k — 1 with n unities and 5 —1 teros 
such that the number of untties just before the first zero 
1з equal to the first component the number of unities be 
tween the first and second zeros is equal to the second com 
ponent and so on This is a one to one correspondence 
It should be noted that each binary vector with n + А — 
1 coordinates and m unities can in turn he associated 
with an n element subset A of the set U ={a, а, 
йл+д 1} аз follows the ? th coordinate of the vector 13 
equal to 1 tf and only i£ а, ЕД c= 2 n 
k —1 But the number of such subsets is C (n r) 

811 in how many ways can three tickets ре distrib 
uted among 20 students if 

(1) The tickets are for different theatres and cach stu 
dent can get not more than one ticket? 
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(2) The tickets are for different theatres and for differ- 
ent shows, and any student can obtain any number of 
tickets (not exceeding three)? 

(3) The tickets are for the same show, and each student 
can get not more than one ticket? 

8.1.2. In how many ways can nine persons be lined up 

(1) in single file? 

(2) in threes, if they are formed in each rank according 
to height, and no two persons have the same height? 

8.1.3. Prove that 


^ 


(1) P (n, т) =n", 
(2) Ce. - (7). 
(3) C(n, pets 


r—1 

8.1.4. Find the number of vectors о = (@,, ..., &,) 
whose coordinates satisfy the following conditions: 

0) a, E€ {0, 1,..., А-1), im1,...,7 

(2) a, E {0,4, ..., ^^}. Ged, n 

(3) a; Є {0, 1}, = 1, ..., n, anda, +... +a, =r. 

8.1.9. (1) Find the number of matrices having n rows 
and m columns with their elements in the set (0, 1}. 

(2) Find the same, provided that the rows of the matrix 
are pairwise different. 

8.1.6. Given л objects of one type and m objects of 
another. Find the number of multisets containing r objects 
of one type and s objects of the other type. 

8.1.7. Words are formed by using п letters, of which a 
and b appear « and В times respectively, while the re- 
maining letters are pairwise different. How many differ- 
ent r-lettered words can be formed, so that the letters a 
and b appear A and k times respectively? 

8.1.8. A deck containing 4n (n> 5) cards has n cards 
each of four different suits, numbered 1, 2,..., n. In 
how many different ways can five cards be chosen, so 
that they contain 

(1) five consecutive cards of the same suit? 

(2) four of the five cards with the same value? 

(3) three cards with one value and two cards with 
some other value? 

(4) five cards of the same suit? 

(9) live successively numbered cards? 
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(бу three of the five cards with the same value? 

(1) not more than two cards of the same suit? 

8.1.9. Solve the following problems by using the sum- 
mation and multiplication rules 

(D in how many ways can two chips be chosen from 
among 28 in a game of domino, such that they can be put 
next to each other (1 е , the same number is encountered 
on both chips)? 

(2) Three dice are cast Jn how many ways can they 
show the same number or pairwise different numbers? 

(3) [tas customary to give more than one christian name 
to the newly born baby in England In how many differ 
ent ways can a baby be named if he is to be given three 
names from a total oí 300? 

8.1.10 (1) In how many ways can the number a be 
presented as a sum of A natural components (representa 
tions differing only in the order of components are as 
sumed £o be different)? 

(2 lo how many ways can the number 1" be presented 
in the form of a product of three cofactors (representa 
tions differing only in the order of cofactors are assumed 
to be different}? 

(3} The same, provided that representations difer- 
ing only in the order of cofactors are assumed to be 1den- 
tical, and n & 3s? 

8.1.11. 1n how many ways сал n zeros and К unthes be 
arranged so ihat each two unies are separated by noi 
fess than at zeras? 

(2) Find the number of non negative integers not ex- 
ceeding 10” whose digits are arranged 1n. non diminishing 
order 

(3) A rectangular city is divided by streets into 
squares There are л such squares from north to south, and 
A squares from east to west Find the number of shortest 
walks from the north eastern end of the city to the south 
western end 


8.1.12. Let п be the product pe x хр of 


powers ol pairwise different preme numbers Find 
(1) the number of all natural divisors of the number 


п,, 
(2) the number of all divisors that cannot be divided by 
a Square of any integer other than 1, and 
(3) the sum of divisors of the number n 
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8.1.13. Prove the following properties of binomial 
coefficients: 


(1) (к)=( "n E 


| 

(HCE 5 
0 (5, (r) 9E 

| 

| 


© Gisa 
(С) ан: 


e 3 ()=( 1). 
8.1. 14. Prove that 
(1) 3 | increases with n for a. fixed k; 


(2) pa decreases with r for fixed n and k; 


(3) if n is fixed, then | 4 increases with А for 
Е «]n/2[—1 and decreases for k>>]n/2Q{; 


е Е PLI 


(5) the minimum value of the sum & ЕЧ Е ) + 


e f | provided that b n; — n is equal to (s—r) X 


MELIUM ‚ where eid r—n-— s [n/s]; 


(0) the maximum value of the sum м )-_( “ ) -+ 


Ti 6, | provided that 0©<Ё,<...<<К,<&п,1<5< 


: n 
n--1 is equal to У} (| ); 
"у eK 
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(7) for а prime рапа for any pz» Kzsí, the number 


(i) is а multiple of p, 


(8) ii ри (7) . Where the product is taken 
ne peer 
over all prime numbers p, (n « p, & 2n). 

8.1.15. (1) Let m be a non-negative integer, and let 
n = п (т) be the minimum integer, such that m « a! 
Prove that there 1s one and only one way їп which the 
number m can be associated with a vector a (m) = 
(a, Ge, ‚ 453-1). such that m =a, x 1+ a, x Zl 

Hara X {inei Of a, ror d. n—1 


Let p (a) be a number, such that a = x (и (a) 
(2) Find the vector a (m) for m = 4, 15, 37 


(3) Find u (а) from the following values of " 
P a = (0, 2,0, 4), (b) a = (0, 2, 1), (c) & = (i 2, 


(3) The permutation of а set 2, = [1 2, » nj 
їй dehned as an arbitrary mapping of Za onto itself Any 
permutation л can be put in a one-to one correspondence 


with the vector x = (x (1), л (n) in which the 
л (1) coordinate indicates the position of the element i 
Each permutation zx i18 put in correspondence with a 
number v (л), 0 S v (n) << nl, called the number of tho 
permuiation For this purpose, we first construct a 


vector Gn == (Qu, Mo, QUO.) We put a,-, = л (1) — 
1 if oma. .GQ., are already defined and s (7) = 
I mJ) sag). we put a, ja = a + 1)— 
sọ 4-1) — 1 The number v {n} 15 defined as и (aq) 
Fer example, if л = (3, 4, 2, 1}, then Cn = (Q, 2, 3), 
v(n)-z0x1l-- 2x21 -- 3x 3 = 22 From the 
permutation x defined by tha vector л, find the number 
v {x} in the following cases 


(a) л == (2,3,1, 4, (b) n= (3,5,2, 1, 4), (c Я == 
(1,4, 3, 5, 2 | ^w 

(5) Find the algorithm for constructing the permuta- 
поп л from its number v (x) 
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(6) From the number m, find the permutation л on the 
set Z,, n! >> т> (n — 1), such that v (л) = m: 

(a) m = 7; (b) m = 18; and (c) m = 28. 

8.1.16. (1) Let A and п be natural numbers. Prove 


(һа! апу integer 7m [0m « ( : )| can be uniquely 


associated with an integral vector B (m) = (B,, Bo, .... В). 
satisfying the condition n> 6,>B8.>...>8,>0, 


m= ( ^ )3- (454) -.. T M . In this case, the num- 


ber m is called the number of the tuple B (denoted by 


m= p (B). 


(2) For given m, n, and К, construct the vector B (m): 
(a) m = 19, ne k = 4; 

(b m = 25, n=7, k=3; 
(c) m = 32, п=8, k=4, 


(3) From a given vector В = (By ‚. + Рл), find а num- 
ber m satisfying the conditions of Problem 8.1.16 (1): 
(a) б = (6,3,0); (b) B = (5, 4, 3, 1); (c) B = (6, 4. 
(4) Let Bà be the set of all vectors of length nm 
having A unities and л—Ё zeros. Using Problem 


8.1.16 (1), enumerate all tuples in BE from 1 to Oar 
і.е. construct a one-to-one mapping v of the set BY onto 


the set 11, 2 : 


1 = ү * эу 


8.1.17. Using the relation 


C = (+(ns) 


prove the following identity by induction on 7: 


n 


(2) - 5 (у). (1) 


hz0 


8.1.18, Let n and m be positive integers. Using the iden- 


tity (1) or some other method, prove the following 
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equalities 


wy (jen 


A—0 
(2) D(-1 (7p) = 
А0 


(3) 3a(*)enz І, 
ih 
(4) 3 kk- |—-na(n— 1) 27-2, 


T 2 


У ("п ) 192% 
A=0 


© J qpr (i) Arp eo. 
3 cede 

6) A o-(e-ie c 
9) z CP) G2 )=( 17). 

ao X (2) (2), 


aiite 
I 


„н 
=! 
aue 


ш) 3 ase se e (n. 
E 
пл п È 
a2 3 2 (1) ("6") з", 
k--ü r— 
" п-А 
a3 2; (C 25 r( 5) 23 cC vit (7). 


rA гў 
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n m {m+n)\, 
(14) 2. n | r )={ п — Е | ; 


wy 3 coO()n)- R zn 
А=п 


for т=п. 


8.1.19. Prove the following identities: 
n n Р 
(1) 2 (2) = "m | =2"5 
Li 
(2) 4 >) (а) 7274-2? cos = r 
h 
(3) if dn dico then 


2mirv iv 
m 2 PA = z e m (i-e "m. т y, where і = — 1; 
" 2 (ан) = (2 ET eos T (0—20), 


0<r<3; 
x if O<r<m, moi, then 


— (1— (m — 1) соз" 4 }< Ж mem 


<= (1 + (m — 1) cos" I 
8.1.20. Prove that 


2лгуі ( 2ліУ 


т— 1 е 
(1) PIS CL em (рав т). (a) 


Using the identity (ж), calculate 


(2) 253* (7.); 

h 
3 »x(-—4525(, "|. 
AZ C2 (а) 


+1 
4 лу n 2k-+ 1 
O Biome (ui H, 


17— 0636 
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8121 Find the number of rational terms in the ex 
pansion 

(0(И2+ 3)” (2) (ИЗИ 5)" 

(Por 2)” (4) (12:- V3) 

8122 Find the coefficient of /^ in the expansions 

(4) (1--2t — 3895 А = 9 

Oy (4—1 42 А-7 

(3) (2--t— 28) д — 10 

(4) (44+ 1+ ASAT 

8123 Show that the following identities are valid for 
integral mor and nl 


(л) 2 md 
(0 hi (marc "e 


X (900) (n 0) 
ked hÜ 


8 124 Let a and & be real and let à m n and r he 
non negative integers Prove that 


(1) GG }=(“& 


тщ 


Q @+чу= (ge [<и 


k—ü 


epieces(t s) а>@ 

e 5 (7 )-61)-063) 

(5) 3 (S oum T)  (Gddition theorem) 
(6) b (=) 


(7) 3 (^0 ) | 02-1 )= (7° ). 
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ОРЕ М к шм 
Ok, ran 

o У, (=y: 
k=0 

по Ж (af) (4) 5-3 
k=0 


(11) т Ў! er hmhtr 
k 


m-l _ 2xirv 2niv үа 
—»e m (1-е т | ‚ |Ь|<1. 
у==0 

8.1.25. (1) Find the number of all words of length mn 
in an z-lettered alphabet, in which each letter is encoun- 
{егей m times. 

(2) In how many ways can a set of n elements be decom- 
posed into s subsets the first of which contains k, ele- 
ments, the second k, elements, and so on? 

(3) With the help of combinatorial analysis, prove that 
the following equality holds for any non-negative inte- 


gers ky, kg, ..., k,, n, such that k, +h, +... - E, = 
n: 


| n ("c М ае 5 n! 
Бу ka aiuto ks MET ka! s.a ks!” 


(4) Prove the following identity by induction on s: 


(5 -H t2 + dici +i)” = > n! pila ps 
Кое КЫ КереК ^o nne cres 
В\+..,+В$=п 


8.2 Inclusion and Exclusion Formulas 


Let us consider № objects and n properties А,, ..., An. 
Each object may, or may not, possess any of these prop- 
erties. We denote by Ni,,..., i, the number of objects 
having the properties Ad. з. acs Ai, (and perhaps some 


other properties as well). In this case, the number N, 
17s 
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of objects not possessing any of the properties Aa, (d, 
is defined by the equality 


N — S7 5, + — T(—ÀY 85. (2) 
where S,= №, and 


Fh L ik T 


EE Pd dm 
Formula (2) 15 called the inclusion and exclusion formula 

Example 1. Suppose that a deck contains z cards, num 
bered from 1 to л Їп how many ways can the cards be 
arranged in the deck so that card number i does not 
occupy the :-th position for any value of + (5 rz nj? 

Solution. We have n properties x, of the form "the 
i-th card occupies the i-th position in the deck" The 
number of possible arrangements of the cards 1n the deck 
is equal to н! The number of arrangements №, ty 
for whitch a card with number 4, occupies the 
position zv (v = f, Ку, equal 40 (n — k} This gives 


Sy=nl, Spo У Ni, 
LE PES “чн 


Ji 


= (5) (а-г. 


Using formula (2) we find that the number №, of the 
arrangements for which none of the properties a; 13 satis- 
fied, 1s equal to 


"n 


т 
> (105, л Ў (1094 
A=D h==6 
if the number of properties 1s not very large, such prob- 
lems can be conveniently solved with the help of Venn's 
circles 
Example Z. In a group of 25 students, 20 have successful 
ly passed their examinations Out of the 12 students en- 
gaged in sports, 10 have passed their exams How many of 
the unsuccessful students do not take part m sports 
activities? 
Solution. We represent tha group of students who have 
successfully passed their examinations by a carcle 


8.2. INCLUSION AND EXCLUSION FORMULAS 261 


marked А (see Fig. 40), and the group of students participat- 
ing in sports activities by a circle marked В. The intersec- 
tion of the circles corresponds to the group of successful 
students who participate in sports, while the union of 
the circles corresponds to the group of students who have 
either passed their examinations or take part in sports 


activities. The number of such students is equal to 20 + 
12 —10 — 22. The number of unsuccessful students 
who do not take part in sports, is equal to 29—22 = 3. 

Venn's diagrams are used for solving problems involv- 
ing the counting of number of elements in the set U = 
(4,5, ..., Gy) having given properties. Venn's diagram 
for n properties has the form of a rectangle divided into 2" 
squares. Each square corresponds to one type of elements. 
The type of an element is determined by whether or not 
the i-th element possesses the i-th property for each i, 
I< i< n. Hence it is convenient to encode the type 
of an element and the cell corresponding to it by a binary 
vector (24, . . ., л), in which a; = 1 if the i-th property 
takes place for a given type of elements, and a; = 0 
otherwise (i = 1, ..., n). 

Example 3. Let X, Y and Z be the subsets of the set 

= (äi, ..., ay), satisfying the conditions X c (Y f 
4)UUNY, Zem-uxny)yux, Yo (XZ) UZ, 
ve UNA, A € (X, Y, Z}. Find the number of such 
riads. 

Solution. For each a € U, three properties are defined: 
a€ X, a CY, a CZ. Each element belongs to one of the 
eight types depending on its affiliation to the sets X, У, 
and Z. Apparently, the inclusion А = B is equivalent to 
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ANB = р Hence the condition X (Y AZ) UY ss 
equivalent to X (Y ПД ПУ = X n(Y 02) n Y) 
ХПЁПУ) = g The remaining two conditions are 
equivalent to the equalities Z (У i X) = @ and У [ 


(X (Z) — @ These conditions are presented in the 
diagram below as empty squares Hence X Y and Z 
satisfy the conditions of the problem 1 and only tf the 
elements of the set U = {a dy} do not contain 


the elements of three types viz XYZ XYZ and XYZ 
Any element in E can belong to any of the remaining 


five types Hence the number of the required triads 15 
equal to 5" 


Y Y Y F 


x! Tela 


eet | | 
Z Z 2 2 
821* (i) Prove formula (2) by induction 


(2) Let Xm be the number of objects possessing exactly 
m properties from among n [rove that 


Nin = 2 (— 1)" car) mk (3) 
А-0 


(3) Let Nm be the number of objects possessing not less 
than m properties from among п Prove that 


Um 2 ("ү") Эта (3) 
(4) Prove that 
Dy = У (5 } (9) 
moh 
= (и), (6) 
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(5) Prove that 


Sq — (m+ 1) Lo Nub. (7) 
lf ын АЕ б» (8) 


8.2.2. Four persons deposit their hats in the cloak- 
room. Assuming that the hats are returned at random, 
find the probability that exactly k persons will get their 
hats back. Consider all the values of k (0S kx 4). 

8.2.3. Let E (r, n, m) be the number of ways in which r 
different objects can be arranged in n boxes of which m 
are empty. Let F (r, 2,-m) be the number of arrangements 
for which at least m boxes are empty. Show that 


(1) E(r, n, 0) = >) (—1* ( ; ) n— 585 
h=0 


(2) E (г, n, m) = | m) y (- C) (n — m — ЕЁ); 
(3) F(r, n, m) 


e 


— 
—— 


© 


(SCoT a-ni 
k=0 


8.2.4. A survey into the reading habits of students 
revealed that 60% read magazine A, 50% read magazine B, 
00% read magazine С, 30% read magazines A and В, 
20% read magazines B and C, 40% read magazines A 
and C, while 10% read all three magazines. What percen- 
tage of students 

(1) do not read any magazine, 

(2) read exactly two magazines, 

(3) read at least two magazines? 

8.2.9. A university department has thirteen staff mem- 
bers, each of whom knows at least one foreign language. 
Ten know English, seven German, and six French. 
Five know both English and German, four know English 
and French, and three know French and German. 

(1) How many know all three languages? 

(2) How many know exactly two languages? 

(3) How many staff members know only English? 

8.2.6. (1) Show that the number of positive integers 


that are divisible by n and that are not larger than z is 
equal to [z/n]. 
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(2) Find the number of positive integers not exceeding 
1000 that are not drvistble by 3, 5, and 7 

(3) Find the number of positive integers not exceeding 
1000 that are not divisible by 6, 10, and 15 

(4) Shaw that if z = 50 m, the number of positive 1n 
tegers not exceeding п and indivisible by 5, 10, and 15 
18 equal to 22m 

(5) Let p, ‚2, ре all prime numbers not exceeding 


Vn Show that the number of prime numbers р such 
Р 


that Vn «ps л, is equal to n. 1 + 3 (— 1)*S,, 
k=] 
where the sum 


s X5 


a 


p PU 


т 
j tuples of powers оу, r 


of which exactly k powers are equal to 1, while the re- 
maming powers are equal to zero 

(6) Find the number of prime numbers not exceeding 100 

8.2.1. Let U be a set of n fate З) elements 

(1) Find the number of pairs (X, Y) of subsets of tho 
set satisfying the condition. X ДҮ = Ø 

(2) Find the number of pairs (X, Y), such that X = E, 
Y Sy, HNP) UPN XS} J = 1 

(3) Find the number of triads (X, Y, Z) for which 
XceU,YcU,Zecu,Xuqnz-exur 

(4) Find the number of pairs (X, Y) of subsets of the 
set U for which X NY = ow, 1X [z2, [Y | 83 

(5) Find the number of pairs (X, Y) for which X = U, 
Y acu, (ANY) U (PNA) | = 1, | X [pe 
У |522 

(6) Find the number of inads (X, Y, Z), such that 
Kev You, #=0, XUYAA=X vy, 
[X E91, (Y 14, (Z1<14 

8.2.8. Butlers problem п pairs of warring knights 
(п > 2) are invited to dinner Show that there are 


> (— H ( r ) 2% (2n — k— 1)! ways of seating them by 
Rz-ü 
а round table, so that no two enemies sit side by side 


is taken over all possible ( 
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8.2.9. Married couples problem. In how many different 
ways can n married couples be seated around a round 
table so that men and women occupy alternate positions, 
and none of the couples is seated side by side? 


8.3. Recurrent Sequences, Generating Functions, 
and Recurrence Relations 


The sequence dg, ау. ..., ад, . . . is called recurrent if, 
for a certain k and all n, a relation of the following type 
js satisfied: 

Anth F раба+к- T +++ + Pron = 0, (9) 


where the coefficients p;, i = 1, k are independent of n. 
The polynomial 


Р (х) = z? + pat- 4... + p" (10) 


is a characteristic polynomial for recurrent sequences {a, }. 

8.3.1. (1) Prove that a recurrent sequence can be com- 
pletely defined by specifying its first k terms and the 
relation (9). 

(2) Let A be the root of a characteristic polynomial. 
Prove that the sequence {Л} satisfies the relation (9). 

(3) Prove that if àj, . . ., A, are prime (not multiple) 
roots of the characteristic polynomial! (10), the general 
solution of the recurrence relation (9) has the form 


аһ == CAT +... + Съ. 


(4) Let A; be a root of multiplicity r, (à = 1, s) of 
the characteristic polynomial (10). Prove that in this 


case, the general solution of the recurrence relation (9) 
has the form 


а= 2) (Ci, + Cin d cx ж TC ni) А, 


where Ci; (i21, s, j= 1, r;) are arbitrary constants. 
5.9.2. Find the general solutions of the following 
recurrence relations: 
1) nto — ÁO n 1 -4- Ja, = О; 
(2) ante + да = 0; 
@һ+»— anti — ay = 0; 


(4) an+ + 20n+4 +a, = 0; 
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(5) аһ+а + 102444, + 320,4, 4+ 32284, = 0 

(б) G4 44 T n+ + Mati T ên = 0 

833 Find a, from the following recurrence relations 
and initral conditions 

(1) Orta 77 dn + T Ја, == 0 


d, __ 
(3) аа +з ~ Заһа + 2a, = 0 
1 == if i, = b iy = £ 
(4) dag, — 2 COBO афу t+ a, = 0 
аң = COSG а, = cos 2X 


(oy Enyi un O8 41 -t Ga, = 6 
24 = h Ga. — Fi 
8 3 h Show that 
(1) 1£ x = 1 1s not a root of the polynomial z* + pæ + 
g the partial solution of the recurrence relation 


Zn43 + Pensa + 92, = an + f (11) 


where ж B p qare given numbers 18 the sequence а} = 
an+ b find a and b 
(2) i£ x = 1 15 a simple root of the polynomial 2? + 
рх + т the partial solution can be obtained in the form 
а == п {ап + b) find the values of a and b 
(3) 11 2 = t isa multiple root of the polynomial 2% + 
pr -g the partial solution may be obiàimned in the 
form af = п? (а, + b) find a and № 
(4) an each of the above cases find the general solution 
of the relation (11) 
835 Solve the following recurrence relations 
(1) nay 7 йз СП dy = 1 
{2} Gn +9 + 2а, +t — nM 21 x 9" 
ü,— — 9 a, — 45 
(3) йл — 20544 + Za, = 2° 
=i a,=2 


(4) s + inyi 286 — А 
d, — — 2 
(2) ^ — да 4, + ла, = à" 


ар = ау = 
(0) anpa + Gna, ба, = 5 х 2+1 
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9.3.6. (1) Let {an} and {bn} be two sequences whose 
terms are connected through the relations 


Qn41 = Din + 0а, 
On41 = pon + 002, 
А = pide — р» 5 О, 


where p,, 91, p», Qo аге given numbers. Find the expres- 
sions for a, and bn, assuming a, and b, to be given. 

(2) Find the solution of the following system of recur- 
rence relations: 


Ont, = 9n + бл, bati = — an + бл, 
ai — 14, b, == ~ D, 


(3) Find the general solution for the following system 
of recurrence relations: 


ала 770 4-9, bati = —a, +3. 


8.3.7. Fibonacci's sequence (F,) is defined by the 
recurrence relation Р, = Fn H Fn and by the 
initial conditions F, — F, — 1. Prove that 

(1) Fram = ЕЁ, Е. + Ғ.Е. + for any natural num- 
bers л and m; 

(2) the number F, is divisible by F, for any m and 
n — km; 

(3) two adjacent numbers F, and F a4, are mutually 
prime; 

(4) any natural number N (№ > 1) may be uniquely 
presented as a sum of Fibonacci’s numbers, such that 
each number enters the sum not more than once and no 
two adjacent numbers enter together; 


B reg [L5 (20307 


2 j : 


(6) PicpE.q asp Кар e 
E depu cdi cesar EE 
(8) Fag: ЕР РЗ = Fon. 

Each sequence ao, G4, ...; G4, ... can be associated 
with a series A(t) =a, +t at +... Hant +... 
called a generating function for the sequence {a,}. If th 
series A (t) converges to a function f (t), the latter is 
also a generating function for {аһ}. The exponential 
generating function for {a,} is the series E (t) = a, + 


2n t1? 
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ау (t) + + ant + The operatians of adds 


н] 
uon multipheation, and multiplication by a constant 
can be defined for generating functions by treating them 
as formal series Let A (t) and B (t) be the generating 
functions for the sequences {a n} and {6,} respectively 
and let а and B he constants In this case, 


oA (ty - BB (0 = aay + Be, + (xa, + B.M 
+ + (ал T pb," T , 
A (t) B (i) = agb, + (29b, + a, 54) 
+ + (20а + abn- + + aabot” + 

lf E, (t) and Æ, (1) are exponential generating functions 
for the sequences {аһ} and {bn} respectively, the opera 
tions of addition and multiplication by a constant are 
defined tn the same way as for normal generating func- 
tons, while their product 15 defined as 


Epi” 


EWE O=eteat+ +2 4+, 
where са = аб„-Е( ү ] ара. + (5 arba pt + 


bg 
"8.3 8. Find the generating function f (t) for the se- 


(1) a, =1for all 5820, 


(2) a, = і for Ox; nz № and a, = 0 ior n>N, 
(3) i, =a", 

(A) a4, = an, 

(9) a = (— іу", 

(6) a4 = п, 

(7) Фу = (п — 1), 

(8) a, = (51 , "i8 a natural number, 


(9) a, = eM. , @ 18 a real number, 


n*, 
(11) a, = sin an, 
(12) a, = cos an 
6.3.9. Find the exponential generating functions E (t) 
ior the sequence {ан} ii 
п == А, 


(2) ty = а", 


M 
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(9) an = п; 

(4) a, = n (n — 1); 

(5) an = (m); 

(6) a, = т. 

8.3.10. Using the identities connecting generating 
functions, derive the following identities for binomial 
coefficients: 


(1) (1 4- 2 (4 4- 2)" -= (149; 
k 
>) (>) мй — шаш 


— 
—— 


Q) —27 ay ü gm 
5 ("Fs ) Шр 25 шшш 


n j} m k ' 
s=0 


(8) (LEA (1-07 = (1-H 
k 
RMR a ГҮЛ 
0 


— 
— 


(4) d) a pen go erem 


2k 
2i iym ("M (пк). 
s=0 
(5) UA (1 — 2) « (14 — 2755 
[5/2] 


2 (ate) (1) 027) 
(6) à --)^(1—2^—0— 28) 


h 
: — [ys T. 

У (аа) COP) E is even 

3—0) 0, k is odd. 

8.3.11. Find the general term a, in the sequence for 
which the function А (t) is a generating function. 

(1) A (t) = (0 + pt)"; 

(2) 4@=(—-; 

(3) A(t) =V 1—1; 

(4) A (t) — t" (1 — t)" 
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(5) Аб)=@-+ + + Ё)", 
(6) A(0-(14 5] . 

() astiti)": 
(8) A (n -— v(t — 0-427, 
(9) A(t) = а (i + д), 

(10) А (1) = arc tan t, 

(11) A (0 = are sia t, 

(12) A (1) = ete, 


(3) A(Ü)- | e-? dz, 


Ù 
a9 4(Q- (i) 
8.2.12. Derive the following identities? 
Q DT) api) = laa) 


(2) 2 c 9t), -2t-1v(), 
(3) xcu. su) ("t= (тп), 
azala) om -26)=( в) КС” (8). 


(5) 22 ("i") (mes. 


n-i ent 4 
(6) > (mie (tt ants 


# 

8.3.13. Let А (i) and E (t) be a generating and an ex- 
ponential] generating functions of the sequence {ap} re- 
spectively. 

(1) Using the equality n!— { e*2"dz, show that 

0 


Айү= | eE (xt) dr. {s} 
0 


1 Summation ts catrted out over all s for wluch these expres- 
sions are mesgmngiul 
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(2) Verify that formula (x) is valid for generating func- 
tions А (t) = (1 — #7! and E (t) = e! of the sequence 
ар =, = а = ... = 1. 

(3) The same, for a sequence with a general term 


А =| 0, n <], 
Lilli (n), т>]. 
8.3.14. (1) Let (a)n = a(a—1)... (a — n 4 1). 


With the help of exponential generating functions, prove 
that 


n 


(24-5), = 2 | м (а)һ-ь (b)s. 


В==0 


Hint. Use the identity (1 + dif" (4 + t9 (1 + ty*. 
(2) Let (a), 4 = a (a +h)... (a— h (n — 1). 
Prove that 


(a+ b)n,» -X (е) (Qoa, (Or, ле 


8.3.15. Let {an} and {bn} be sequences, and let А (t) 
and B (t) be their respective generating functions. Prove 
that if 


(1) аъ = 0, —b5,.,, then A(t) — B (t) (1 — ty; 
(2) an = Ons) — Das then А (t)= — B (t) x: z= byt; 


(3) аа — ааа. еп A(t) = во-во, 


(4) a, = nb,, then А (#) == тз B (t); 
(9) a, = mb,, then A(t)— E (t (¢ 7 Bt); ; 


(6) we define the operation 5" (b zm == 0) on the sequence 
{bn} with the help of the relation | 


S* (bn) = dnt ( |) һа (OTE) bn ay 
С. (уь 
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and we put an= S* (5, then A(t}= (1 —¢) ^ AC) 

(7) an=ban then A {N= 5 (B (2/9) + B(— г) 

(80 a4,—b,--5,-- Fina а=0 then А( 
Btt — t)! 

A 3160 Let A (t) and & (t) be the generating functions 
of the sequences {anj and fp} respectively and let 


A (0 B (0 — 1 Find [5,1 aud 7 (t) from the given se 
quence {an} af 


(1) а, = п). (2) аъ = а, (Ja, —n- 1, 

(å) 24 =a; = 1 a, = 0 for ay 2 

(5) а= (C71). (6) a == (-- 3)" (1) 

8 317 Suppose that the sequence {ap} satisfies the 
recurrence relaiion ал+, + pansy + qa, = 0 

(1) Prove that А (0) = Sot ct Рао) £ 


(2 


(2) Let 14 ptc =(@—М)(@ —Мй AeA, 
Prove that 


_ Moat | ATHAM 
an = (0, -+ pas) АА; + ay À1— Аз 
(3) Write ап expresston for a, for the case when 


1+ pi -+ gë = (1 — А) 
8 318 Let 


Ti 


1 
аа = M (5) = У (э) n=O 1 2, 
2 9 


=й 


and let A (t) and В (t) he the corresponding generating 
functions 


(1) Prove that a, and 6, are connected through relatians 
of the type 


ndr == On + On +1 
batı =O, +b, Bo = 1 b = 0 


, (2) Prove that A (1) and В (t) satisfy the system of equa 
lons 


A (1) — 1 — tA (1) + B (t) 
B (t) = tA (t) + 1B (0 
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(3) Find A (t) and B (t). 
(4) Show that 


: 2 п 1--V5 n 2 n 
——— = -—, lim {——— 
lim (——7 Oa тув lim (==) E 
8.3.19. Suppose that the terms of the sequence {an} 
satisfy the relation 


аһ == 403-4 F 41-34... Tan- — 09 — 1. 
(1) Prove that the generating function 4(9= У ant” 


satisfies the equality ŁA? (t) = A (t)— a or, if the intel 
T: : eV IA 
conditions are taken into account, A () = 617. 


(2) Expanding A (2) into a power series in і, show 


that a, = у ES | ; 


(3) Find the sequence {an} whose terms satisfy the re- 
lations 


Gg д а + аар ә T a T ап -109 = 2 n, 
Gg mE ay = 1. 

8.8.20. Derive a recurrence relation for the sequence 
{a,} and solve this relation if 

(1) a, is the number of ways in which a convex (п + 2)- 
gon can be divided into triangles by diagonals that do 
not intersect within this polygon. 

(2) a, is the number of ways in which parentheses can 
be arranged in the expression b; : ba: ... : 5,44, 50 that 
the resulting expressions are meaningful. 

8.3.21. Using the method of mathematical induction, 
find the sequence {an} from the following recurrence re- 
lations and initial стии 

(1) Qn] = (72 T 1) Gn = 1; 

(2) па, +1 + a, = 0, a, = d 

(3) (n + 2) (n + fl ang. — Ran, ау = 0, a, = 4; 

(4) (n + 2) fats +a, = 0, а= 1, a, = 0; 

(9) Rants + (n + 2) а, = 0, a =1, а = 0; 


n- 
ап — 210 +5 = (—4) E Gg = і, Qi — 1. 


8.3.22. Let A, (t) = bi а (п, k)t® be an arbitrary 


function for a sequence Tetisbying the relation 
а (п, k) = а (п, Е —1) ++ a (n — 1, k) 


18— 0636 
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with initial conditions a (n, 0) = 1, а (0, k) = 0 for 
k l0 Show that 

(1) (1— i) A, (£) — A, (t), 

0) AQ) ü—^ 

(3 a(n, ye (^^, 

8.3 23 (1) In how many ways can a 10-kopeck corn һе 
changed into 1, 2, 3 and 5-kopeck coins? 

(2) The same, but eath coin must have a duphcate 

(3) The same problem under the condition that the 
change is to be made from four i kopeck coins, three 
2 kopeck coins, two 3-Кореск coins, and one 5 kopeck 
coin 

8.3 24. Find the generating function A (f) for the se- 
quence {ал}, where 

(1) a4 15 the number of solutions in non negative mnte- 
gers far the equation 


22 + Sy + 52 = п 


(2) аһ 13 the number of solutions of the same equation 
given that z, y, 2 assume values in the set (0, 1} 

(3) ал 15 the number of integral solutions of the same 
equation given that Ox; zs p, Ot yr, O25 

8 3,29*. Find the value of a, using a given generating 
function A (t) for the sequence (a, 


(1) A= I] 0—94), gii 


Hint, Show that А (f) == (1 — gt) A (gf), and compare 
the coefficients of # on the left- and right hand sides of 
this equation 


@ а= П +a 


Hint. Prove that а„ = дол, where b, 1s the number of 
unities 10 the binary expansion of the number n 
8 3.26. Let 


S(n, k, Do»i-1)"*(2)trD 
vp 
Prove that 
(1) 5 (п +1, k 0 = Stn, kl1--1)—535í(n К, D, 
(2) 5 (n, k, E+ i) = S (n, А, 0 — S (n 4- 4, k I), 


8.4, POLYA'S THEORY 275 


(3) S (n, k +1, D) = (n + 1) S (n, k, D) + nS (n — 1, 


(4) S (n, k, 1) = 0 for n > k; 

(5) S (n, n, Ё) = nt 

(6) S (n, К, D > 0 for n xi К; 

(7) S (n, k, 1) is an increasing function of parameters 
k and l for n < k; 


(8) S (n, n 4-1, )- 5 (k+l) Е 
(9) SU, k, 0) —1 for 1<k. 
8.3.27. Let S(n, k)=S(n, k, 0) = >) (0 (7) 


and с, (t)= У) S (n, А)". Prove that for |2| —1 
R=0 


n! t^ ? 
(1) 90) = 5) L 


(2) on (t)=t 23 (~ k ) (Lay 
h—1 


8.4. Polya's Theory 


The permutation on a set Z, = {1, 2, .. ., n) is the 
mapping of Z, onto itself. The permutation л = 
RU aun 


"M will be frequently specified by the 
TEE m 


line (i, ig, ..., ij). A permutation is called cyclic (or 
a cycle) if a certain number j, is substituted for j., jə 
for jz, and so on, j4., is substituted for jp, and jp for j,, 
while all the other numbers remain unchanged. Such a 
cycle is denoted by (jj jo, ..., jx). The number k is 
called the length of the cycle. Any permutation can be pre- 
sented as а product of cycles. For example, 
1, 42, 9, 4. О 
" 14,5, 3 — (1, 2) (3, 4, 5). A cycle of length 2 


is called a transposition. The permutations on the set Z, 
form a group relative to the multiplication operation. 
The multiplication operation of the permutations л, 
and л» involves their successive application. For example, 


? Any set ої n elements can be taken as Zp. 
18* 
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p 12,3, i) (E? 3, 1) à 
m=(5 5 3 1j]? "= \a4 3 aye ^m 


1,2 3, 4 
л;л,, = (, 2 3 |) li can be easy vernfied that 


the multiplication operation 18 associative n (gf) = 
(па) т The unit element of a graup ts the identity per- 


‚ ( 2, 
mutation 1, 2, 


( 2, Q7 h Я II Ш ^| 
"m " 5 given hy 2 n 
The permutation group on the set Z, 1s called a symmetry 
group of n th degree and 15 denoted by S, The order of 
à symmetry group of wth degree (the number of its 
elements) 18 equal to 7 

II the permutation on a set JY" 1s represented as a prod 
uct of б, cycles of length 1, ё, cycles of length 2, and 
50 on, and b, cycles of length п ihe permutation 18 sard 
io be of the type (b,, b, , ba) For example the per 


3 94 | 1з of the type (1 0, 1, 0 
Heia subgroup oi the group 5,, the polynomial 
Po = Ps (t t)—|GpE S t (n^, 
REG 


FH 
| Ó The permutation inverse to 


muiation 


where (bj; ‚ Òn} 1s the type of permutation m, 18 
called the cyclic index of the group G Let G be a group of 
permutations on Z, The elements a and bın Z, are called 
G-equitalent (notation a ~ Бу, Ц there exists a permutation 
л € б, such that ma = b (or, which 1s the same, лё = 4) 
The classes of G-equivalence are called transitive sets or 
orpils 

Bernside's Lemma. The number of orbits v (G) in the set 
Zn defined by the group G, is given by the equality 


v(G)= [G |! 2) b (n) 


Let M and № be finite sets, and let G and Н be the per- 


mutation groups of M and N The power group Н 
consists of all possible pairs (л, о), where x € G, o € Н, 


and acts on the set /V" of all functions f M ~»N More 
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over, by definition, (л; o) f (x£) = of (x (z)) for all = € M 
and Ica Suppose that a weight function w: N > 
(0, 1,...} is defined on the set №, and that q, is the 
number of elements having a weight n in №. The generat- 


ing function Q (t) = 2) g,t” is called a figure counting 


series, The weight of the function f in N™ is determined 
from the equality w (t) = >; w (f (x)). The functions f, 
хЄМ 
and f, in N™ are called equivalent (notation f, ~ fa) 
if there exists an element л Є G, such that f, (xx) = f, (x) 
for all x € M. If f, and f, are equivalent, they have the 
same weight. Hence we can determine the weight w (F) 
of the equivalence class F as the weight of any element 
f in Е. Let фр be the number of equivalent classes of 


oo 
weight k in N. The generating function Ф (t) = > Ppt” 
k=Q 


is called a function counting series. 
Polya's Theorem. 


Ф (t) = Pe Q (0), О (0), .... Q (£7), 


where n = |G |, PG (t, ta, .. ., n) is the cyclic index 
of group G, and Q (t^) is substituted into P, in the place 
of variable t,, k = 1, 2, ..., n. 


8.4.1. Find the type of permutation m: 

(1) л = (2, 3, 4, 1); (3) x = (3, 4, 5, 6, 1, 2); 

(2) x = (4, 2, 3, 1); 4) x = (8, 2, 1, 7, 4, 6, 3, 5). 

8.4.2. Represent the permutations in Problem 8.4.1 
їп the form of a product of transpositions. 

8.4.3. Find the cyclic index of the group G, where 

(1) G is a group of permutations of the vertices of a 
square, which are obtained by rotating the square in 
a plane; ` 

(2) G is a group of permutations of the vertices of a 
square, which are obtained by rotating the square in 
space; 

(3) G is a group of permutations of the vertices of a 
tetrahedron, which are obtained by rotating it; 

(4) G is a group of permutations of the edges of a tetra- 
hedron, which are obtained by rotating it; 

(9) G is a group of permutations of the faces of a tetra- 
hedron, which are obtained by rotating it; 
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(6) G = Ss; 
(Тү б = A,, where A, ts an alternating graup of power 
å 1e a subgroup of group S,, formed by permutations 


representable as products of ап even number of transposi 
LLOns, 


(8) Gis a group of permutations of the faces of a cube, 
which are obtained as a result of rotation, and 


(8) G 15 a group of permutations of the vertices of an 
octahedron 


8.4 4. (1) Prove that the group G defined in Prob 
lem 8 4 3(1) specifies one orbit on the set №, 


(2) Find the number of orbits in the set 4, which are 
dehned by ihe group G and formed by ihe permutations 
ду == (1 2, 4), л, = (1, 2, 4, 3), 44 = (2, і, 3, 4) 
and m, = (2, 1, 4, 3) 

8.43. Prove Bernside's lemma 

8.4.6. Let b = (f, 5. , ba} be a vectar gorre- 
sponding to the decomposition. of the number m, 1¢ 
b, + 2b, + + n5, = n, where b, are non negative 
піеретэ {1 = А x n) We denote by Н (b) the set of all 
permutations of the symmetry group 5, whose type 


coincides with b, and let А (b) =: | H (5) | Prove that 
+ п 
(1) &бу=т CLE у, 
k= 


(2) Psn (5s, fs, F ty} = =. ^ hi (5) |! n, 
è 


k=l 
(3) the cyclic index Pg, 15 equal to the coefficient of 
z^ in the expansion of the function 


ехр (2,24 22/24 Harit O) 


into a power series 1n x 
5.4.7. Let A, be an alternating group of power n, 1e 
a subgroup of the group S.p, consisting of all its permu 


tations, which can be represented аз a product of an even 
number of transpositions Prove that 


Ple А) = Psn {ti on ta) 
+ Ps, {hy via, оо) En) 
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8.4.8. Let G be a group of permutations of the set X, 
and Н a group of permutations of the set Y, X ПУ = Ø. 
Any pair of permutations x € G, о € Н is put in corre- 
spondence with the permutation x X o of the set X UY, 
defined as z > zz for z € X, z — oz for z € Y. Prove that 

(1) the permutations л X о form a group of the order 
|G | LE |. This group is called the direct product of the 
groups С and Н, and is denoted by G х H; 

(2) if the permutations л € G and o € H, are of the 
type (b, ..., bn) and (с, ..., сл), then л X o is of 
the type (b, + 6, ..-, On + en); 

(3) Pexu = Pg X Ру. 

8.4.9. (1) Find the number of necklaces that can be 
made from beads of two colours, if each necklace contains 
seven beads. If one necklace can be obtained from the 
other by turning it, the two are assumed to be identical 
(mirror reflections are not allowed). 

(2) Using Polya’s theorem, find the number of necklaces 
from beads of k colours, if each necklace consists of n 
beads. The necklaces are considered to be identical ii 
they can be obtained from one another by rotation (with- 
out reflection). 

8.4.10. (1) Find the number of different colourings of 
а tetrahedron vertices in two colours. Two colourings are 
assumed to be different if the colours of the vertices cannot 
be made to coincide through a rotation of the tetrahed- 
ron. 

(2) Find the number of different colourings of the ver- 
tices of a tetrahedron using three colours. 

(3) Find the number of different colourings of the 
faces of a cube, such that three faces are painted in red, 
two in blue, and one in white. 

8.4.11. Let G be a group of permutations of the set 
Z,, and E be a unit group acting on the set № and trans- 
forming each element x € N into itself. Find the number of 
orbits defined by the power group EG on the set N77. 

8.4.12. (1) Let 7, be the number of pairwise non-iso- 


morphic rooted trees, and let T (х) = >) Трк" be the 
k=l 


generating function for the sequence (T, Prove that 


Т (х) = = 4 = x Ps (T (2) ..., T (2*)). 
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(2) Prove the validity of the following recurrence rela- 
tion 


+i 
1 
Г cm 2; 2i ГТ T a-h: m=i, 
h—1iri 
8 4.13. Let р, be the number of pairwise non-150mor- 
phic graphs with п vertices, and let 4, be the number of 


Pairwise non-isomorphic connected graphs with m ver 
tices Let 


mn EXT 
g= V gt”, (= M te 
п} n=l 
be the corresponding generating functions Prove that 
g(— У е. QU, HED 
n 


8 4.14 Let p (n, А) be the number of permutations of 
the group $n, which consist of A cycles, and let p, (t) = 


2. p (n, К) be the corresponding generating function 
nc 
Prove that 


"-1 
(1) CEU (t 4-1). 
(2) pin, = p(n—1, k—1) --(n— 1) p(n—1 k) 


8.5. Asymptotic Expressions and Inequalities 


Ihe following notation will be used while estimating 
the growth of functions The notation Ф (х) = O (р (2)) 
for z € A means that there exists a constant C such that 
eto Clip(DifoztX Мф (2) = O (ар iz} and 
Фр (x) = О {Ф (х) for x € X, we can write ф (x) Z (а) 
for zCX The notation Фф (z) = О Ob (xl) for x —a 


means that hm $7 =0 The functions Фф {ту and 


XI 
tp (2) аге said to be asymptotically equal (notation ф (z) ~ 
(zy) for ozo—a,a y (z) = р lz) + O bp (2) for z a 
For different types of estrmates it is convenient ta use 
Stirling s formula 


nl e V 2nn n'e" (42) 


8.5. ASYMPTOTIC EXPRESSIONS AND INEQUALITIES 284 


For more accurate estimates, the following inequalities 
are used: 


Oc xli xw 1 
V 9лп n" exp | ~n +a ae « n! 


< V лп n" exp | п 4) . (13) 
8.5.1. Prove the following inequalities: * 
(1) п c abc (AE) for п> 2; 
(2) (2n)! « [n (n+ 1)! 
(3) (14) «3 
& (s) «nt 
(5) n? (59), п; 


n(n-r1) 
(6) 1x 22x 8 х Sox ate (| dE 
àn — 1)!! n 
(7) (2 E < етт. : (40) (i ta)"Sitan, «zz —1; 


(8) (2n — 1)11 <", по 1; (n-F-2/n 4- 1) > (n+ 1/n)". 
(9) n! > e"n^. 
8.5.2. Prove the following inequalities: 


(1) (meu). 5 
e (i (5) атт. "o 
(3) TU «Gym , AT. 


8.9.3. Using Stirling's formula, show that for п —- oo, 
the following asymptotic equalities are valid: 


(1) (2n — Di = ~ V 2 (2п)" e". 
(2 ) (7) xc 4", 
TET 
n! 3V3 3%. 


ТЕГИ Е ШР 


(in 3-1) (m 4-2) ... (m+n) = nr- . 
(4) QE5GT2..01m ^ -r k for integral 


* ге — (2п — 1)!! is used to denote the number 1 X 
3X 5 X (2n — 1), while (2n)! —2X 4X 6X ... X 
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non-negative К and m, 


Bog E 
(3) атсы “Кп 


854 Prove that for n — co, the following asymp- 
totic equalities are. valid 


т 

e Saari) ~a> 

(2) >; (yl у?» Ог < д, 
y 


(3) 2 (Les) orm m oem Usrah, «I0, 


(4) D CT (i ] ~lan, 


k= Í 
® Bei) ~2V 3 
k 2 
85 5 ‘Let by, b, b, be such numbers that 0—< 


a^ <b, ct ei Are the following wmequalities vald? 
(1) +a" b а ро)", 


(2) (1— с)" b (н) Ба ау" 


8.0.6 {1) Prove the Chebyshev inequality in the 
following form Let A={a@,, dz,  , Zn} be a set oi 


п T 
numbers, and а= — >} i, Da = = >) (a,—a¥ Then the 
= 1 Ld _ 
fraction 6, of those a, for which |a,~a@|Z=t, does not 
exceed Эа 


(2) Using Chebyshev s inequality, prove that 


> (+ lisez 


EE: үп 3 tV nahn 
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(3) Prove that 
4 1 n 2n*l 
2 £i k | CUm C 
k=1 
8.5.7. Using Stirling’s formula, show that 
(1) if k— оо and k — 5 = О (n) for n—-co, then 
| à ) РЧР 2 e- (GR —n)?/2n. 
V 2: 
(2*) if 4290, k—- оо and k— 


s = O (n?/9) for n — оо, 
(k(a+-1)—an)? 


д k ra. man (d 
then (к }а*= —e = (1+0 (i4 
(k Gtia) | | 

n? , 
(3*) if а> 0, k< m, k—- оо and k, m= prO 5) 
as n—- со, then 
У | n DS (а-Е 1)" V na 
y=k М V 2a 
_ Car iym - any _ ((a4- 1)k ~an)? 
x | е ne _ е na J 
math na ^ Е(а--1)—ла /? 


(4*) if а2> 0, k — oo and k— = = O (n?/3) as n> оо, 


a-}-1 P 
then P | "lav e 2 Ata)". 


8.5.8. Let PP A, be an integer, i. 1 — А, and 


An п 
let G (n, А) = La N Using formulas (12) and (13), 
y nhun 
show that 


(4) (b lec (n, À) as n — oo; 
@) GG X exp ( —- (3--)) < ( ia ) < C (r An 
@ 46. <5) 


(4) (2) < X (i) a maa (an) for А25 


/ 
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6 X (x)« "u^ for Am. п>3 


8.5.9. Let k and п be natural numbers (А < n) Show 
that 


(1) (n = s exp [ — 3—2 ^). 

v=] —{ 
(2) af for n — co k—0(y n), then (n), ~ л", 
(3) 11 k—o(n) as n—-co, then for any m1 


mt pv +! Lm 
(n = л*ехр{ — >} usto (E), 


- v (v -[- 1) n" 
(4) for n—- oo and &-— 0 (nis) 


i i 
(n = n* exp ( 5 r tot), 


(5) if xb «P TI and В x(k— 
rp)— r for m- n— оо, then 


(a) ZEOT) =, 


where h-((mn4-m) pot (1—91,  q(z) = (2n)-1/? е-х'? 
8.9.10. (1) Let &= (п) and s-s(m) be such that 


for п oo s--o(V k) Show that Gl) ( 4 


T г 


(2) Show that if == о (rt). then 
(i) Yes 5 2 Ge) 
8.0.11. Let s=s(n) and k= k(n) be non negative 


integral functions of a natural argument Show that 
(1) iE s--AÀ-—o0(n) for n—- оо, then 


on 
n—t ni -— ik ska ірку 
( к [Cy ) exp ( aa ~s 5 (4) 
abl 
LM, 
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TI п — 5 n . 
(2) if s*-- k* — o(n) for п — oo, then | ý )/( | ) ~ 1; 
ko 
3) exp(— (14 — 
Ui п — $ 
п * 
е) 
8.9.12. Let f (x) be a continuous, monotonically in- 
creasing function on the segment [n, m]. Show that 


cay ig ee Teme k— 5) ) < 


«exp ( — =), п о> Ё --8. 


Ро) У, 00 — V Р) ас (m). 
k=n n 


8.9.13. Using the previous problem, show that for 
m —- œ, the following relations are valid: 


(1) к Ink ~ m in m — m -- О (1n т); 


(2) b AN = orm O(m”), n1; 
i Í 
(3) 2 | kink xX In Ink = 18 In In m 4- c 4-0 (етта), 


C iS a pom 


Tit 
gk 
(4) 2; “85 — 1 logim-Ec4-O (987) , € 18 a constant; 


k=4 
4 1 
- 1 1 1 А 
о) == v ESSE E * 
(9) 2 кшт ср От) ‚ с ıs а constant; 
= { 
1 1 і 1 1 
© 3 —— (AA) 0(4--2.). 
2 k* Vo 1 n Yo 1 n" == 1 EN n y mY 


8.5.14. The "ru {Pn} is defined by the recurrence 


relation p; = p, ,—a«pB ,, р=1, O<a<i, Bot. 
Show that 


(2) p, decreases monotonically with increasing n; 


(3*) p, — (а (B— 1) пут, п —- oo. 
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Hint. Use the mmequalaties 


n+i 
nz P РА Pi се dz < РА Ра рр р 
аы ар} _, | ~az” 2 Zap ў И 


8 5.15. (1) Show that the solution. of the equation 
re* == f has the form 
In In t min! 
к= int—InInt+ 55 +0((5 ary ). i— оо 


(2) Prove that the solution of the equation e* + 10 z = 
t for f£ —- oo has the form 


z= n It, of (aen), 


8.5.16. Let f(f)z0 and e= f(0.-£-4-O(1) for 
O<t<ico Show that } (0) = 55 p O(r*) for to 
8.5.17 Suppose that the generating function A (i) 
of the sequence {ap} has the form A (t) = EI , where 


Q (f) and P (f) are polynomials with real coefficients 
Let 4, be the smallest (in. magnitude) root of the poly- 
nomal P (t) Prove that 

(1) uf A, 19 a simple (not multiple) real root, then for 
п —- CO 


А1) 4-n- , d 
oe P ai” t, where Р (44) = ar Р (2) [i—i 


(2) 1f A, is а real root of multiplicity г, then for n — со 
C71 pO 04) (kno) jy" 
PU) (Ay) r—i Ay ' 


where 2” (А) їз a derivative of P (t) of the order r at 
the point t = А 

8.5.18. Let A (t) he the generating function af the 
sequence іа. Find the asymptotic behaviour of a4 
for п —- oo* 


(1) 4) xt i 
2) A()— 


Qs ~ 


1 
62 --5:-—- 6" 
1213-104 
(3) 4 (t) саг: 
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t 
213 | 
(9) 4€) = батта: 


1—3t 
6) А0 = BENE ED: 


| 
(7) А (1) xs (t3 -1- of — E 
t3 — Í 

(8) A(t)= (3121-1) (£2 4- 1.4t 3- 0.49) ` 

8.5.19. Find the asymptotic behaviour of a, for n — со 
from the following recurrence relations and the corre- 
Sponding initial conditions: 

(1) anta + dani, + 2a, == 0, а, = 1, a, = 2; 

(2) ак = Gan- р(%@1—аһ-), a9 1, р+{+@=1, 
р, 9 2 0; 

(3) anta + 20441 + 4a, = 0, ag = 0, a, = 2; 

(4) а. +з — 9а, +, + 260,4, — 24a, = 0, ао — a, = 

lo = —д), 


? a f 
(9) алы, — 423+ + 4а„ = 2", а,=1, а = 0, 
a —- ——— 


372, а, = 0. 
8.0.20*. Find the limit of the sequence fan}, given by 
the recurrence relations 
(1) аһы = (a, + db/a,)/2, b 20, a, 0. 
(2) a4 44 = (2a, + b/a2)3, b 70, ао. 
(3) аль = (b — a3, 0<6<1, а, = Ы. 
8.9.21. Suppose that a, satisfies the relations 


2,2227 (п — 1) 4773, (14) 
йлы 27 5 + (n 4-1) 473 
ta, ( (4) + (n-F2)2"9-F4a,), (15) 


a,=0, а, = 1/10. 
Show that 

(1) an < 1/8; 

(2) a, < 9 (3/4); 

(3) a, = 2-7 (1+ O ((3/4у")). 

8.0.22. Suppose that the sequence {а„} satisfies the 
condition аһы» S ân + ам, a, 2 0. Prove that a, < 
an for n > 1. 

8.5.23. Let К and n be integers. Calculate k = К (n) 
to the nearest integer, for which the function f (n, К) 


тА. 
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assumes the maximum value 
ak 
(1) fn, = (1127. 
(2) fin, b= | п) gna (4— 27 y 


8.5.24, Find the minimum and maximum values of the 


expression 
feun B (D) GL)TTT 


as a function af r (0 x r x k x n, г, К, n are integers) 

8.0.25. Find the asymptotic behaviour of the quantity 

а (п) = min f (п, k) (k 15 an integer) for n — oo, if 
О? n 


(D fin 1) 5 27 ^22 
(2) f (n, k) — 42^ + x pan-a 


Solutions, Answers, and Hints 


CHAPTER ONE 


1.1. 


1.1.1. (1) ME (2) 2^. 1.12. (1) 9, 13, 50; (2) (010011). 


1.1.3. Pani 1.1.5. (1) n2?-1; (2) p je 1.1.6, (1) 2"; 


m п— т т 
о ня) (ка) (3)! > x uen X 
2 2 
n—m 
eue ). 
2 


1.1.9. Hint. Prove that the number yp (п) of vectors 26 Ben 


m 
such that У! a; < т/2 for all m=1, 2n satisfies the recurrence 
1-1 
relation v= 3 p (é—1) p(n—2), p (0) = w(1)2 1. Using this 
relation, prove that р (6) = 132. 


1.1.10. "709 


1.1.11. (1) Hint. Consider the stratum Binoy (2) Hint. Among 


n d tuples in B", there always exist two tuples of the same 
weig 


1.1.12. (1) - ji (2) MI (3) 28 - 2t -h — 1, 

1.1.13. Assuming that O xz 1< К< п, we calculate the number 
р (п, k, 1) of pairs (a, B) such that ac A, Bc B. On the one hand, 
p(k, l, n) 24A] : ‚|, while on the other hand, p(n, К, DS 


n———————— ÁN 


| n 
1 Fora non-integral | | is assumed here to be equal to 0. 
a 


24 


19-0636 ` 


"x 
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k nif n—l nik 
| HI " Using the identity; Ca CG | me abta n 


the required inequality Far ik the result will be the same 
11145 dl) An ascending chain of length л contains one vertex 
in each stratum joa stratum Я а vertex can be chosen in a dilier 
ent ways After a vertex of the chain has been chosen in A" 
the vertex of the chain in the second stratum can be chosen in 
n — 4 ways and so on 
1135 (3) Let A Беа set of pairwise incomparable tuples in 


B" A, An Bi and Z ( a) һе the set of ascending chains of 
length п that contains the vertex œ We have 


-Y 1Z(@)| D Alt (а) 


=f 


nts] U zia) 


Ge Д 


at A 
epp Ы 
1— 0 


п 
Hence |A? <Í , (2) Hint For uz k&n? the mequalily 
п 
і (n —— 1) = Kt (n-— ЕЁ)! is valid 
1116 Ни We associate each number of the farm p^ py? 
pa’ with a vector (т, g m, in B? Then the set A 
corresponds to the set А = В" consisting of pairwise mmcomparable 
tuples Us np the solution of Problem 1 1 15 (1) we obtam the 


required statement 
1117 Let i, ty he the numbers of those coordinates 


at which м and B are difierent Any vector ү such that T v x ф 


can be obtained from a by replacing © by 4 in some oí the above- 
mentioned coordinates The number of ways in which such à sub 
stituiion can be made is Z^ 

{ 118 For the cube B! the partition consists of a single chain 
Z= (0 (D) Z ((10) and Z, = (00) (04) (11)) can be 
taken as a partition chains for В? rhe properties (5) and (2) ате 
satisied for these partitions We assume that the statement 13 
proved for cubes with à dimensionality not exceeding л and then 
prove the statement for B^*1 By hypothesis there exists a part 
tion of faces A+] A+ and BPA +i into a chan which satishes 
the conditions (1) and (2) Partit ons in. #24! 741 and pner n+} can 
be chosen 1n such a way that they are rsomorphic 1¢ such that 


ra 


the chain iy = (c, ©, a,) belongs to à partition of the cube 


Ayr "n i and only if the cham Z, = (a 2, a} obtained 
from Z; by substituting unity for zero at the (n + 1] th coordinate 


in each tuple б in 2, belongs to a partition of the face Дт! "+ 
Let Za = (a, a, G,] and Z4 = {a, 9, п.) be two 180 
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morphic chains in partitions of the faces Bio and Byrne. 
We construct two new chains 2, = (a, Cho, 2.24, Oe, 05} and 
7. == TA о, T ы Ыр The chain 2, is obtained from 2, by 
adding the vertex &; € Z,, while the chain Z, is obtained from Z, 


by omitting the vertex a. We proceed in this way with each pair 
of isomorphic chains. As a result, we obtain a partition of the 
cube В"+1 into non-intersecting chains. The fulfilment of conditions 
(1) and (2) can be easily verified. 


r 
m 
1.1.19. 2% У i | À 


1=0 
1.1.20. (2) We prove that the stratum Bf is a complete set for 
n 2x 2. Let d be a vector in B?, in which the i-th coordinate is 
equal to unity. Let the distances p (®;, В) = rj, i = 1, n be spe- 


cified. Let us demonstrate how В can be reconstructed. If || B | = 
k > 0, we obviously haver; Є {k — 1, Е + 1). Let max г; 2 2 


{<i<n 
and A (B) = (i r; = min rj. Then the i-th coordi- 
1=ј<т 
nate of the vector B is equal to unity if i € A (B) and equal to zero 
Otherwise. If тах г; = 1, then B = 0. For n = 5, the 


і<ј<п 
stratum В? is not a basis set since the set { (00001), (00010), (00100), 
(01000) } is complete. (3) For an even n and k = n/2, for any n > 1 


and E = 0, n. (4) Let A = CA ET a, } be a complete set. Let 
us consider the set of equalities p(a;, В) =r;, i= 1, К. 
Obviously, r; Є {0,1,..., n), i = 1, k. Each tuple (ris r4, . . ., rà) 
for which the set has a solution uniquely determines a certain 
vector В Є B”. Hence it follows that (n + 1)? >> 2". Hint. The 
upper bound for the number of vectors in the base system can be 
obtained from the fact that the set of equations p (c;, В) = ri, 


1 == 1, k, can be reduced to an ordinary set of linear equations. 
For k — n, some of the equations of this system can be expressed 
as linear combinations of remaining equations. Such equations, and 
hence the vectors corresponding to them, can be omitted. 

1.1.21, Sufficiency. The commutation of coordinates of all 
vectors in B", as well as the inversion of the coordinates i,, i5, . . ., 
t} Of all vectors in B" do not change the separation between 
the vertices. Necessity. Let ф be a mapping of the cube B?” into itself 


such that for any a and Б, р (Ф (о), o (D) = p (©, 8). Let us con- 
sider the set D = B? U B? which is complete in B" (see the pre- 


vious problem). Let Ф (D) = {Ф (0), Фф (a), eas. iD (&,)) be an 
image of the set D and о; bea vector in B? whose i-th coordinate 


із equal to unity. We put В, = ф (0) Qo (Жр), і = 1, n. We 
igs 
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have HB =e 0, бу=р (e e e, e Ө® ф(ар} = 
"EG (0), Ф САТ = р (0, а) = { Let у (0) be the number of the 


coordinate ol the vector B. which :s equal to unity ё = 1, л 
Then the mapping л i> j (2) Із а permutation on the set {i 2 


n} For an arbitrary a = (a, | Un) in. B". we put л (a) = 
(Za » Gai) We show that for any y C В", the equality 
Ф ip) = д [o Ф Ф (05 Ig vahd Thus the necessity 13 proved ln- 
deed eip fy) 9 0) =P 0, P {Ф q $ &) = P б, б) On 
the other hand р (x () © e), Ф 0) =e t. 0, рт (ү) © ф {0}, 
e(a)) = р (7 ш} Obviously, the sets q (D) а and D are complete 
ш В" Hence it follows that р (y) and a л (3) Qu (0) coincide 
ал+ 4 

TERN 7 

1.423 (1) For n=f and &= 0, 1, the statement is true. 
[we assume that k = 0) for all k=) 1 Let us suppose 
that the statement 1з proved for all dimensionalities which are 
less than or equal to n—1 and for all k—D, 1, Let & be 
(б л) and at be (24, MEME bee, anh lf a,—4, 
we obviously have [Are TATEM ag aute (7107 


R——1—i(&—1^— n— i ut u 
+Í | )= ; j+ H, | If a, = 


м -— ы — 1 
then ҮМ (б = Mg cue = lui 


n——1-—(i4—1) n—i—([a-1y ,,[n—nu 
| k —1 E + i Је k )+ + 


C1 (2) For arbitrary k and ac БЛ, the number ua (2)— 


MT (Ө! will be called the number of the tuple æ in the sira 


tum E? Let at BY be a vector whose umt coordinates are 
й, tf dum <i, sn Then їп view of what has 


heen stated above, иһ (a) = e 1 1+ H 4 "| Fur- 
ther, let the tuple BE В? be obtained from c by substituting zeros 
for the last k — I unit coordinates We show that Ze (Mg (a)) = = 


MP (Ё) or, which is the same, 2р (Mk (а) = (v M (y) < ш (B) 
We first prove that for any ү T- B? such that pz (ү) — H] (B). there 
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exists a tuple 6 € BE such that y< 8 and Hn (8) < Up (а). We 
choose for 8 a tuple obtained from » by substituting unities for 
the last k — 1 zero coordinates. We must prove that py, (8) Ф 
ЦА (a). If pp, (5) > Up (c). there exists a t such that "d == б; for 
i< l, a, = 0, 6, = 1. Considering the tuples о’ and ô’ obtained 


from @ and ё respectively by substituting zeros for the last ed 
unit coordinates, we have ц; (a^) < u (5, a! = B, Hi (5^) Ф 
Ly (\). We arrive at a contradiction to the inequality p, (B)— 
Hg (y). Similarly, we can prove that for any E B? such that 
Ш (Y) > I (B) there does not exist a Luple бє Mk (a) such that 
5 < 6. (3) It follows from (1) and (2). (4) Let A = ВВ and A be 
other than the initial segment of the stratum Bk. We 
construct the set F = B? such that | F |=] А |, 2; v (o) Pl V (2), 
ae Е aeA 
| ны (F) | sl Zh. (A) |. Thus, the statement is proved. We 


denote by К (a) the set of the numbers of unit coordinates of the 
tuple a. Let & € ВА and 8 € A be the tuples on which 
min | X (0) N.K (1) | is attained, where the minimum is taken 
over all pairs (0, т) such that б € BRNA, x C A, v (о) <V (Т). 
Let M = К (a). K (D, У = К (BNK (a). Obviously, MQ N = 
G, | |= | МУ |. For arbitrary с and т іп B", we denote by 
ONT the tuple of the form с Ф (с N 7), and assume that a! = 
aNG and В' = Bs e. Clearly, v (a^) << v (B. We put 

р ={ү:үєА, a n y—0, В vi (ҮЙ) Uc 4), 

E = (8:8 = QNP’) Ua’, Єр), 

F = E UJ (AND). 
Obviously, Р = Вр, | F| = | A]and. 3 vey< У væ, 
e СЕЕ ae A 
since v ((YN B’) U a’) < У (y) tor all yE D. It remains for us to 
prove that | Zk_, (F) | < | Zk- (A) |. We shall just give a hint 
towards the solution. We must first prove that if о € Zh (YN 
Zh —1(4, then a f B, = 0 and с < О, and then show that the 


tuple е == (0v) U В is contained in Zk—1 (AY NZR-.1 (F). (5) Hint. 
Prove by induction on К — l. (6) Let k be the highest integer for 
Which a, > 0. Then 1 = k — 1, the statement is reduced to (4). 
By taking an inductive step (induction is carried out on k — l), 


h 
we assume that 4; = А N B}, А; =А n( U ву) and note that 


J—t 


Zt (A) = Z? (Cipi (41,0) UAL 
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It 15 clear that 


mun IZ? (С)! ш min [Zp (C)! 
CEE 10} -=т C= hy 161 >т 


By inductive hypothesis min} ZF, , (4,, ,) | 19 attained when each 
Z^ (А) +>? 1 is an initial segment of the stratum BT But. 
then according to (2) theset ZP, , (A, , ,jisaninitslsegment By 
ап appropriate choice af A; the set ZF (A) ZT (2p, , (А, 0) U dí 
can be made an initial segment of the stratum BH? This 
leads to the statement 


1124 For each !z0 п we suppose that A;=Af) pr We 


denote by t(n m k) the number of pairs (a B such that "T. Ам 
Вёл Bna-0 orBUa-—B BEBPUB” a, By hypothesis BA 


On the one hand (n m н) аң und On the other hand 


ПЕЕ 


leads io the statement 

1125 (4) Let a be tbe center of ihe set д Then A = (cx e 8 
B CA} 15 the required set (2) We can assume that m view of (1) 
О 1s the center of А in order іо consiruck А 3А 15 sufficient for 
each £ — 4 n to substitute the tuple ai ior each tuple a in A, Tor 


which «i & A (3) Hint Let A c E” have the center бапа possess 
the property (1) Let Si ?hea transformation consisting in that 


for each a € Ai, such that "um ё А the tuple @ 15 replaced by 


ai? Let us arrange the pairs фт у) such that 1 xz i «jos as 
follows 


{1 m (I n— 1) (1 2) (2 n) (2 n— 1) 
(2 3) (n—1 nl 


Applying to А consecutively all transformations Si ? starting 


from (: 7) = (1 я) апа fimshing with f р) = (n -— 1 пр we obtam 
the required 4 


1126 (2) For А such that | А | = ЯЗ ! we can take any 
(n — t) dimensional [ace containing i For an odd m же сап take 
the set {a ala (n+ 41/2} On the other hand i£ (A |> 
2% 1 there exist in A two opposite tuples whcse infergection 8 0 


1127 (1) Hint Consider the set t TIES 19213 | 
сев) 
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1.1.28. (1) The proof is similar to 1.1.25. (2) A — (à: ae p 
PT is even}. 

1.1.31, (1) Each face By, !' 5; ^ of direction Г = (ig i) 
can be put in one-to-one correspondence with itscode, viz. a vector 


(ү, - +) Yn) With coordinates y; € (0, 1, —), i = 1, n, such that 
Ya = 90 -> 5 Yi, “бм the remaining coordinates being blanks. 


The fixed & places can be filled with zeros and unities in 2^ ways. 
(4) The required number is equal to the number of vectors (Yis . . ., 
v4) with К coordinates in the set (0, 1) and n — k blanks. The К 
places from n for significant symbols (i.e. for 0 and 1) can be chosen 


in H ways, and the fixed & placescan be filled by zeros and unities 


in 2^ ways. (6) The code of the k-dimensional face containing a given 
vertex (@,, . . ., Œn) can be specified by arranging k blanks instead 
of certain k coordinates of the vector (Œ, . . ., @,). (8) The inter- 
section of two faces is a face. А j-dimensional face can be chosen 


| ' ee г. . Е 
in the face of dimensionality 1 in | _} 2*7 ways. Thus, І coordinates 


have already been fixed in the code of the k-dimensional face. 
Among the remaining n — lcoordinates, we must arrange k — j 


blanks. This can be done in Iu] ways. 


1.1.33. Let y,, ү›, үз be the codes of the faces g,, g}, g3 respec- 
tively. Two faces do not intersect if and only if there exists a coor- 
dinate at which the codes of these faces have significant symbols, 
and these symbols are opposite. If, however, the faces g} and g, 
intersect, the code of their intersection contains significant sym- 


bols of coordinates at which at least one of the codes y, and y. 
has a significant coordinate, and significant coordinates of the 
code of the intersection coincide with the coorresponding coordi- 


nates of at least one of the codes т and "M If 8 is the code of the 
intersection of the faces д; and g, and the face g} has no vertices 
in common with this intersection, there exists an i such that the 


i-th coordinates of the vectors б and їз are significant and do not 
coincide. Then the i-th coordinate of the vector y, does not coincide 


with the i-th significant coordinate of one of the vectors Үү or Yo 
This means that the corresponding faces do not intersect. We 
arrive at a contradiction. 


1.1.34. The problem can be easily reduced to the case when 
S 
п. 
2 2! = 2", We shall carry out the proof by induction on n. 
E 
For n = 0, 1, the statement is obviously true. We make a transi- 


tion n-- n+ 1. Let min — n;z» 1. We put n; = n; — 1. Then n; 
{ics i 


296 SOLUTIONS ANSWERS AND HINTS 


F 
are nan hegative numbers, and у) 25... 22^ By inductive hy 


Ui 
pothesis there exists a partition of each of the faces БЇ ^+! 
and B" ti =+! ofthe cuhe B? into the faces of dimensionalitues 
п, n, We choose these partitions so that they are identi 
cal, re such that for each ¿ = 1, s, the union of n -dimensional 
faces forms an m,-dimensional face д, We obtain the required 
partition For mm = 0, let m be the number of those i 


4 
for which м, = 0 The сопйипоп у g" = 2^4 implies that 
1—1 


m is even Let us consider a new set пу, n, , ni-m/s obtained 
from the previous one by substituting m/2 unjtres for m zeros 
As earlier, we partition the cube A+ into faces, and then split 
certain mia faces of dimensonality 1 mta m faces af dimension 
ality 


1436 (1) Majonzation Hint Consider N = fa a € B", 


[| x 11} 1s even Minorzation Let AM = В", JN |} «2*7! There 
P1151 (see 1 1 31 and 1 4 34) а partition of the cube В into nomm 
tersecting faces of dimensionality 1 The number of faces in such 
à partition 19 2° 1 Hence it follows that at least one of the faces 


does not contain vertices from N (3) Hint Consider Y == (а zE 
B^, Wa |} =O (mod Зуу or №, = [e а € B^, y (x) = 3 (mod 4}] 


(à) Minorization It should be noted that for a vertex œ = (а, , 
G4! to be contained in an (n — 2}-dimensional face with a code 


Y = (ў. Yn) (see solution of Problem 1 1 31) with signilicaat 
coordinates in the places 1 and у, it 15 necessary that a, = y; and 
Q = р, Let № Ez B", EN | =m bea set such that its each (n— 2)- 


dimensional face contains the vertex u from M Let us consider 
a binary matrix M whose lines are vectora in N The aboye remark 
unplies that for each pair of numbers (i, j) 1 qi «c; x and 


each pair {т +) a t€ {0 1) there exists a line a= (2, л 
such that а; = а, о. = т Hence any tuo columns of the mat 
гіх Af are pairwise incomparable The number of pairaise 1ncom 


parable binary sets of Jength m does nat exceed mn Hence 
mr » Majonzation Leim be the mmimum integer such 
that mm ох п We construct a binary matrix Jf with m lines 


and n pairwise incomparable columns We add the lines 0 and 1 to 
the matrix M Then the obtained set of vectors hnes is. "piercing" 
for the set of all (n — 2) dimensional faces of the cube В" 


КА t.i 31, Богра — 1 2 the statement is obvious Let ei ts ‚ 
Qin beu cycle m В" Let B, where БЄЛ", o € (0, 1}, denote 


CHAPTER ONE 297 


a vector of length n -+ 1, whose first n coordinates coincide with 
the corresponding coordinates of the tuple В, and the (n + 1)-th 
coordinateis о. Then the sequence 040, 0,0, е а 510, ® ani, е, 
a,i, a is а cycle in B"+!, containing all its vertices. 
1.1.39. (1) Yes. (2) No. (3) Yes. (4) Yes. 
1.1.43. Hint, It should be noted that if the tuples о = (044 са s 
с.) and с! = (0j, «++, ол) are comparable, then one of the sums 
1 n 


p? = p^ a; and 2 (— 1) 94; is greater than unity in 
i-i i—1 
absolute value. 


1.2. 


n-1 

1.2.1. 2% (п;>1). 1.2.2. 2 (пр 1). 1.2.3. C9, + Ch + 
— + (t where т = 2* {л> 1, kzl). 

1.2.7. (2) 2" (nz 1) 1.2.10. (1) In five ways. (2) In 
nine ways. 

1.2.12. (1) Basis of induction. If the complexity of a for- 
mula is unity (generated by the set of connectives M = { 7, &; V, 
->}), this formula has one of the following forms: ( х), (= & y), 
(z V y) or (z— y) (within the notation of variables). Therefore, 
the statement is obvious for formulas of complexity 1. Induction 
step, Let the statement be valid for all formulas (generated by 
the set of connectives M) of complexity not exceeding a number 
І (i> 1). We take an arbitrary formula 9f (generated by M) of 
complexity ? + 1. We assume for the sake of definiteness, that 
X = (В V ©) (remaining cases are considered similarly). The 
connective V between formulas 8 and © has an index equal to 
unity. Further, if the connective in formula % (or ©) treated as 
а connective of formula 8 (resp. ©) has an index greater than 1, 
the index of this connective in formula $ cannot be lower. If, 
however, the connective in § (ог C) has an index equal to unity, 
Its Index in formula Y will be equal to 2 (the index increases since 
formula $ contains a left parenthesis before subformula $). 

1.2.15, (3) (01 0 0). 1.2.18. (3) 9f ~ B. 1.2.19. (2) у, (z, y) = 
0, fa (z, y) = 2, fa (ж, y) = y, fa (т, y) = zO y. 1.2.20. (1) (= 1 
Diet O Erhielt u du. 12.21. (0 
(тру) (zi. (2) (z V (z V y))~ y. (3) No, it cannot. 

1.2.22. (2) The function represented by a formula generated 
by the set {~>} assumes the value 1 on at least half the tupies of 
values of its arguments. The function zy does not satisfy this 

condition. 

1.2.23. In general, it is impossible. For example, for S — 
1), the function z cannot be represented by a formula of even 
epth generated by S. 

1.2.24. If only constant functions can be represented by а for- 
mula generated by the set S, the statement is obvious. Let a cer- 


tain function f (zh) == const be represented by a formula generated 
by 5. Identifying all the variables in the function f (z") and in 
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the formula representing it we obtain a function p (r) (and the 
formula 9f (z) corresponding to it) We must consider the following 
three cases (a) p (r) is а constant. (b) Ф (zr) = x and (c) p (x) = z 
Having obtained (in cases (a) and (c}) a formula representing the 
function х (and having a depth not less than 1) we can construct 
a formula of an inde&nttely large depth for each specific function 
represented by a formula generated hy Л Let Фф (х) = 0 Then 


there exists a tuple œ — (a, « ¢,) on which the function 
is equal to 1 Substituting x for all z; corres onding to a, = 
and @ {т} = 0 for the remaining тү we obtain a function ф (2) = г 


If however Ф (zx) == і the function z can he ohtaimed in a similar 


Way 

{226 (2) rV y 5 {r= ybi— y (brc pote у) & (0-92) 

i 2 30 (2) In general it cannot For example ЧЇ = у, z 13 
a formula which is not identically ime However the formula 
И | = pam {p — y.) 13 tdenticalfy true 

1231 (1) Ifveassume that f (0 0} — 0 then puthog т = y= 
z 0 we obtain (FO 10 0) fü (o € FO Op = FE OD 
(О 0j) = 0 which contradicts the conditions of the problem 
Тыв Sor " t poteng ^ Pn we obtain ‘ee 7 = y = 
z= ( f = ( n 
f «à fal AV and by LO shew d relation f (f 1) — 0 must he 
satisied However considering that z = 0 у = 2 = 1 we see 
that О fad 19 £010 0 7 Oy = 10 оу 0 H— 9 
which 19 In contradiction te the conditions of the problem Thus 
fO 1) = 1 Finally assuming that jA 5) = 6 and putting х == 
y = О алі з = 1 ме get SO FO 4) gO o FC OD 
i i} D 1) #1 2) = р 0) Taking mto account the condition 
f the problem we obtam f (f! 0) і But rmm this case jf (f (1 
Fü 1p FOR D Fa р = УРО 0 z0 0)—-70 190 
which contradicts the condition. of the problem Consequently 
Jit 1) = 1 азме) Thus £ (0 0) — fF (O0 1) —;(1 f) — 1 Hence 
f(z н) == 21> у or f {т n == 1 The equivalences (a) (e) are verr 
fied directly (for example by using the haste equivalences) (2) 


No they donot It 13 sufficient to consider the function ў iz y) = 
feo y 


— 
-— 


13 


{36 2^ 137 (102^! (2) 22—2 (3 29 ! 138 (р kx! 
(2 kX23"-EIx2*?—kxi (3) k(2"-— n-ri(25-—k) 139 (2 


008) = аз, HP) n f G9-zn sant 2050 7 1312 
k 
12 1316 4 1318 (^) t319 255.9 © sk. У (т) 
T 


n. ы 
f 3 20 O af kas odd and (2. Jua 19 even 1323 фр= 
(1101411011100110) 1326 f(z")- zz; Е 
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1.3.29. Hint. Using the decomposition formula, carry out the 
proof by induction on n. 


1.3.30. (4) 2л-®-{-2%—2; (2) = (ant 4. ( — 4), 

1.3.31. For n = 1, the statement is obvious. We proceed by 
induction from n — 1 to n. Ifl < 2?-1, by inductive hypothesis 
there exists а polynomial Р (z7-!) of length < n — 1, for which 


[Np | = l. Then the polynomial х. P (x"~1) becomes equal to unity 
ati vertices of the cube B”. If 27-1<11< 2", we consider the 


polynomial P (a1) which becomes equal to unity at 2" — 1 
vertices of the cube В-і, Then the polynomial z,P (x"71) Ө 1 
is the sought one. 


RA 
1.4.4. Hint. Let K—271 ... 2°", р z"1 ,., ту" and let KoL 


n ' 1 
һе an e.c. obtained from К by deleting the letters x, for which 
a; 5 B; Note that each implicant of the function f (zh) can be 
represented in the form KoL, where К and L are suitable elementary 


conjunctions from a perfect d.n.f. of the function Р Gn), which 
may coincide. 


1.4.5. (1) 29-1, (2) 28-1. (3) Зх 2^-3, (4) 21-2, (5) k4- (n —k) х 
(n — k — 1). 


E 
1.4.6. (1) (i) " М MP | 


1.4.8. (2) rytoxg\/ туг. V z4z3 V хүхү\/ хәләл. 


r 
1.4.9. (4) 22 - 2*7. (2) 927-277 У (. 4i C) 9-iZ^7. 
i=0 
1.4.41. (1) Taz, V Tiza V Tafa V тул. 
1.4.12. (1) 2123, 2120, 212324, 232311. 
, 1.4.13. Hint. Prove that there are no two proper tuples of two 
different kernel implicants which are adjacent, making use of the 


fact that the set N с В" such that | N | > 27-1 always contains 
the edge (see Problem 1.1.44). 


1.4.14. (1)2?-1, (2) 22-3. (3) 0. (4) 22-2, (5) k. 
1.4.15, 22^ - 2^" од (4. 0-27уп-гу, 
1.448. (4) 4. (2) 57. (3) 52... (4) 1. 


шы One. Prove that all simple implicants are kernel impli- 
s. 


1.4.23. Hint. Carry out induction on n, using expansion (3) of 
the function in the variables. 


1.4.24. (1) For two functions. (2) For 2"+1 functions. 
1.4.25. For example, k = п?" — 1. 


Зі) BOLUTIOMS ANSWERS A^D HINTS 


"n 


{427 (1) 03. k EU А-А # if А = 0 И lf Ет. 


(2) On two functions for even л and on four functions for 
odd n 


і 5 


152 (ут, (i x, z (zr, (л, 114 bz zr 
гу (3) 2. 157 m 158 ()z т z, Ze (2) а тут, (гу от, 
(3) x >„ тг 

[510 (0 nz 3 (2) № values of п (11 ар 3. (4) Even п 
(5) п=4&8—2 k-—12 

1512 (2) ] Pe (X) | = 248 

1513 Hint Мер the condition of the problem prove that 
there exist tuples a B М such that e (e фу = рф ү? = 1 
Leta and B differ in tbe i th and 8 and inthe; th place Then 
the variables гу and rz, are essential 


1544 Hint Jt 1s sufficient to prove that if z; or ту appear 
п a prime implicant К of the function f. then z, 18 ай essential 


variable Deleting af from K we obtar an elementary conjune 
ton А that isnotanimplicant Hence st follows that there exists 


à tuple a = {č fey б Uu a4) such that A (a) == 1 


but f(x) 0 At the same time f(a’) = 1 since Ж (a!) = 1 
Hence r; 18 essentral 


1219 Hm И x, expheitly enters the polynomial Рр {2% 
(һе latter сап be presented in ihe form 2,2 © Н where Q and R 


агё polynomials independent of z, and Q ҳе 0 Let the tuple a = 
(а, паг Ga a jbesuchthat © (x)—1 Then Pia, 


Mey Tp U yy ca i = Xi ou (а) The statement now 1Tollous 
from Problem 151 [t) 


{516 No i does not Hint Consider f (z^) = z,0 т, © 
=, 


{517 Hint Let f (x) satisfy the condition of the problem 
Then there exists an integer i (i <1 чс п) such that for any a and 6 


(such that a € A" фед" „у уа) 4 7 B) The statement now 
fallows from the fact that for any rin B, , Џ B? there exist edges 


of any direction of ; 
1518 Hint See Problem 1 5 13 


1219 Ti} n ts expressed through a polynom al oj degree 
greater than unt} without loss of generality it can be presented 
m the form г,т„Р, Ө r,P, Ф rP Ф P, where Py #0 and 


P, P, Р, and P, depend on the variables г; z, Let 

(2, „fn? be a tuple such that P, (0) = 1 Then the com 
TL Ph 

ponent fa, а, (z") has the form syry Ө Ayr, Ө Agr, Ө A, and 
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hence this component essentially depends on x, and ‘za. Hence it 
follows that the required three tuples will be found in the face 
B u^. Hf (z?) is expressed by a first-degree polynomial and 
iaa 
essentially depends on т, and z, then for any tuple (оз, . . ., €) 
any three vertices in the face Be =e a " are the required vertices. 
1.5.21, We assume the contrary. Without loss of generality, we 
can assume that the maximum number of essential variables among 
the components of the form f} (z") belongs to the component 


f! (хп). Then the assumption is equivalent to the statement that 
f! (хл) fictitiously depends on а certain variable, say za, i. e. fi = 
f = “Since z, isan essential variable, at least one of the rela- 
tions fis = fla > and fir? = jl: ^ must be satisfied. Let, for exam- 
ple, fi; ^ Æ jl; 2. Then the function 


enrages» Wer i 
Ду “= ө: М ху 
essentially depends on z,, as well as оп all essential variables of 


the subfunction fi; 2 = fi. This is in contradiction with the fact 
that f! has the maximum number of essential variables. 

1.5.22. (1) The validity of the statement follows from the pre- 
vious problem. (2) No, the statement is not valid. Hint. Consider 


} (x3) = тулу V хәл, and the variables xz, and z,. 

.1.9.23. (1) zy, Ta (2) 1. (3) Tis Ta. (4) Ta— Ty Ty ~ Ta 1. 
1.5.25. 6. 1.5.26. Yes, it can. Hint. Consider the function z4z4,z4 V 
угут V лүхулү V iara. 


_ 1.5.27. The numbers of coordinates of the tuples a, В, y can be 
divided into the following four groups: 
A, = {is a, = В, = yp=0}, A= (i a = Bia Bi < Yih 
Аз = {i a; «Bn Bp = yi}, Ay = {i a; = Bj = ү; = 1). 


Let у (0) = (0) = o, 7 (8) = с. Then if / (0) =f (1) = о, 
we putz; = r ifi€ 4, UA, and z; = y ifi € Aa U A,. НУ (0) = 
в, f (1) = 6, we put z; = z for i € Ay, z; = y for t€ Ag, 5; = 2 
fori € 4, U Ag. Пу (0) = G, we put z; = z fori € A, Udar; = у 


fori € 43, and z; = z fori € Ay. The essential dependence on the 


obtained functions follows from Problem 1.5.13. 

1.5.29. z,0 2:0 ... 6 In OG, GE{O, 1) for n 2, гушту 
с. 9 —— E " 

z n Vana, 0; C(0, 1), 151,3 for n=3; 920, zrf\Vz{ for 


П == 2, 


1.5.30. The function obtained from f (с) by identifying the 
variables =; and =; has the form =; і V z;fij. The conditions of 
the problem imply that at least one of the components fi}? and 
v)? is not identically equal to zero. 
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2533 Нап! At least one of the functions ј and g becomes 
equal to unity on an odd nomber oi tuples 
1534 Hint See Problem 1 5 30 
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212 No it does not We assume (by definition) that [Af] 
P, lor any set M in P, 1 e introduce such а closure operation 
Then relations (1) (3) in Problem 2444 are obviously satished 
while relafion (4) 15 not valid 

243 (1) Yes (2) No (33 No (4) Yes (5) Yes (6) No (1) No 


a 


2134 (i1) (2) (9 1 z, 21} (Q0 fs, zy Vo ту V re V ts} 
3 


(4) 11 т, рт хт Dor, B xy} 


215 Let f tz") be a function in a closed class which essenti 
ally depends on all its varjables (nz 2) Then the function 


aU 53 Yn F: ©} 
= f (f (y vs Уһ) 1 т} 
essentially depends on all 2n —1 variables (here {у, y vil П 
ти} Ø) The function ў (z, z, т} can then be 


z 
substituted for the variable p, 1n the function f, to obtain a func 
tion assentially depending on 3a — 2 variables and so on 

21% [0] [1) iz} [0 1] 10 zx] И a} fx zl [0 i 2] IO 
1 rz zr 
217 (1) Yes (2) No notalways (3) No not always (the only 
exception being all P, and its complement viz a closed empty 
class @ 

218 (3 z= y) у == уд х= х Ф т Ө х (4d A nega 
tion 13 obtarned 4 the ео function by йеп all the 
variables (5) m (r y = ry 10 Ф 0 = ух 

219 (1) A, с A, but the strict inclusion K, > KX, 18 also 
possible (2) Ky Ф K, for example for M, = (zy z] and M, = 
(xiwehave Ку = [xy] aud К, = Py [г] (51 See Problem 2 1 9(2] 

2110 (B М, = Ix ©] М, {= 11 (3) M, [x Q1] И, = 
[0] (5) See Problem 21402) v) P i 

21101 (0(0 z) (2) [tf 2 Фу) (3) iz Vy zày&s) 
(5) {2 G1 mis y шу} anez OG y Ф з т (т (г y x) mix y 
2 mit y 2n and in the closed class [m fz y 2]] any function 
which essentially depends on one argument 1s equal to an identical 
function 

£112 Let M he a precomplete class (иі P,} It means that 
[4f] 34 P, hut forany function f Є P,« we have (ag ЦИ = P, 
ШЛ] - М there exists a function gin [M], AM, such that (М — 
[M Ufg}] = P, We arive at a contradiction 
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2.1.13. If M: = M, the statement is obvious. Let M} = ML. 
We assume that M! = Mi. Since M, and M are closed classes, 
and M! с М, and M: c M,. then irrespective of the form of 
a function f in M, (or in Aa) substituting for its variables the 
functions from M! (= M) depending on the same variable z, we 
again obtain functions in M}. But this means that by adding to 
M, an arbitrary function g in M,NM, (4 Ø) we get. [MA U 
(gd П M! = Mi -Æ AM}, and this contradicts to the precomplete- 
ness of the class M, in the class M. 

2.4.14, (1) [0, 1, x}, {zl}. (2) [0], {1]. (4) [0, z}, [т V y]. 

2.1.15. (1) No, it is not. (3) No, it is not. 

2.1.16. If = Є M, the statement is obvious. Let т d M. By 
definition of the superposition operation, the substitution of an 
identical function can be considered as a transformation made 
only in the set M and carried out in accordance with the superpo- 
sition operation. Therefore, [M U {x}] & M U(z). The inverse 
inclusion follows from the properties of closure operation. 

2,1.17. The statement follows from the fact that the function 
т | у forms a complete system in P, 


2.1.18. Let f (z^) =: const. If by identifying ali the variables 


in the function ; (z^) we obtain an identical function or a nega- 
tion, the statement is obvious. Let f(x, ..., x) se const. For 


definiteness, we assume that f (х, ..., z) == 0. Since [ (xn) ‚уз 


const, there exists a tuple a = (a), ..., Qn) such that f (a) = 1. 
We put z; = x fora; = 1 and z; = y for a; = 0. Then from the 
function f we obtain a function g (х, y) satisfying the following 
conditions: р (0, 0) = g (1, 1) = 0, g (1, 0) = 1. If g (0, 1) = 1, 
then g (х, y) = x O y; if g (0, 1) = 0, then g (z, y) = x— y. 
Obviously [т Ф y] 3 z and [z—- y] 2 =. 

2.1.20. Since the set P, is countably infinite, the set of all its 
finite subsets is also countably infinite. Therefore, the power of 
all closed classes in P, which have finite complete systems in not 
more than countable. 

2.1.21. If a closed class in P, differs from the sets (0), (1), 
(0, 1), it contains an identical function (see Problem 2.1.18). 
Consequently, it cannot be expanded to the basis. 

2.1.22, Let P be a complete system in M. We take in £ an 
arbitrary function /,. It does not belong to any precomplete clas- 
Ses Kis... К. in M. Then we choose in 2 a function f, which 


does not belong to at least one of the remaining precomplete clas- 
ses, and so on. The number of functions in the system P’ obtained 
as а result of such a process does not exceed the number of pre- 
complete classes in M. The system P’ is complete in M, since 
otherwise it can be expanded to a precomplete class, while it 
follows from the method of construction that the system 2’ is not 
contained completely in any of precomplete classes in M. If 2 is 
a basis, all the functions in P must be used in the construction 
of the corresponding system 5°, otherwise we would arrive at 
а contradiction to the irreducibility of the system 2. 
1 2.1.23, The proof can be carried out by induction on the num- 
er of occurrences of the connective — in the formulas representing 
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the functions in the closed class [z — y} If 1bere 15 one occurrence 
of the connective + гд a formula the formula (accurate to nota 
tion of sariables) has one of the following forms z— z or г-к y 
[n this case the statement 13 obvious Further if W=f,— f, we 
must consider two possible cases 

(a) The formula corresponding to the function f, has at least 


one occurrence of the connective Then f, = y, V q, (gl) and 


-hVvVh-»uV th V pa 

(b) The formala corresponding io ihe function f; 15 а var abie 
(say y) Theo € =A y y 

2424 We carry out induction on the number of occurrences 
of the connective — Li the connective — appears only once we 


have z-- у and the statement 15 obvious Let V = f, (rh) + 


fe (z y апі let the function | corresponding io 9 essentially de 
pend on at least ino variables if, satisfies the conditions of the 
problem then М, hor 2" 1 and {Мурс М, | 2 22 1. Let us 
now suppose that f, essentially depends on only one variable 
We assume for debniteness that f} = z, (f, cannot be equal to 


the negation of the variable since zg [z-- y] Under such ап 


assumplicn f= f, Vr, Obviously f{i z гт}=1 H 
we had f (0 =, rg) == 0 then f(z, za | Ir) = тү which 


contradicts to the fact that the function f (z") essentially depends 
on at least two variables Consequentiy f (5 2, т} 5 9 
and (QN, 27 1 Буа М Шур function f, depends on all vare 
bles xz, Zn messentiail, then f, = 1 but in this case f=1 
te ib depends. а all the variables г x, inessentialls 

2 12» Let А be a nrecamplete class in 2, We assume that 
x K In view of Problem 2114 the additian of the function z 
tu the class A does not [ead {о a complete system їп P, (since 
[A Uir = К {|$ +! a) This яй contradiction with 
the precompleteness of the class К 


ё 2 


221 (2) No (3) Yes 223 И) zz V yt GQ) xy umi 
224 Carry out induction on the number of occurrences of 
copnectives in the set [0 1. 7 & WY to the formula 9 


226 Let;—1 : e the Junction f(z") essentially depends 


on the variable z, Then there exist tuples g= (0 fs a) 
and d z-(i te шлу such that (а) fia) Since JAU 
2; Qn) ==} {0 a; а) and {*(0 a, ап) = (0 
= бы) we have f* (1 tha Gn} 5 [* (0 te са} 


D ё x; 18 ag essential variable of the function f* (2% 
228 (0 (21 (31 229 у Yes (4) No (5) kes 
22.10 Use the decomposttion /(z")-- z,/(0 2, ža} V zi (1 


т» к} 
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2.2.11. Iff (z") is a self-dual function, then it assumes opposite 
values on any two opposite tuples of variables. Consequently, the 


number of tuples on which the self-dual function f (гп) assumes 
the value 1 is equal to the number of pairs of opposite tuples (of 
length п), ane [Vy] = 22-1, 

n- 


2243. M (—1) С0221—1-1, nz. 
1:={) 

2.2.14. TO y Oz rO@yO:zO1,m (=, у, 2), m (г, у, 2) Ө 1 
m(ryzzrGymí(xyzaezrzeyol1mií(ny:aexege 
т (2,0,2) O9 x Q z Ө 1, m (r, y, z) Ө у Ө 2, m (zx, y, z) Ө у 
z € 1. It can be easily verified that m (=, y, 2) = m(z, y, 2 
т@ у, т (х, у, 2) = т(т, y, 2) GO y Oz Ф 1, m (z, у, 2) = 
т (х, y, 2) Ө 1. 


2.2.15. (1) For n = 3. (2) For n =4m + 3, т = 0, 1, 2,.... 
(3) The function is not self-dual for any л> 2 since f (0) = у (1). 
(4) For odd nz З. 

2.2.16. Only for odd n. 

2.2.17. (3) g (y*)-y1 € yo © уз € у, B ys € S, m (ду, гз, Nes 
and m (£o, z} f) ES if f € S. Substituting the function ni (x, 
тз, |) = xf Ө raf Ө ziz in g (y$) for уу, the function m (zo, хз, 
f) = zaf Ө х3] Ө rz, for yo, the variable z, for уз, and the 
variables т; and z for y, and у; respectively, obtain z,f © ху] © 
туту Ө г, Ө т] Ө roxy Ө zr, Ox, © Tt; = qıf Ө түтү Ө z,f Ф 
т›ху Ө т, Ө xe, 

2.2.18. (1) We have f(z") Vf*(z)-—f( ... усу) & 
Í (ti ><- , тд) = const. This constant cannot be equal to 0 since 


otherwise the relation f (хп) == 1 must be satisfied. Therefore, 
(р... Tn) & f (tis ..., Zn) == 0. Proceeding from the equality 


t 


| @ @ 


INEI = | Ns, |, we conclude that in each of the functions f (с), 
f* (z") and у (2") = f (z,, ..., Zn), the number of zeros is equal 
to the number of unities, i.e, | Ng | = [Nj | = ENS] = 2271, 


Consequently, in view of the relation fas = 0, f (ат) = О 
and only if /' (a) = 1. Therefore, f (z^) = f* (z^). 

2.2.19. (3) (х | z)— (x O z) = I. 

2.2.20. Let f (z^) be a non-self-dual function, and let all its n 
variables (n> 3) be essential. From the non-self-duality of f it 
follows that there exist two opposite tuples c = (01... +, Zn) and 
а" = (01,..., an) on which the function f assumes identical val- 
ues. We first assume that f (0^) -+ f (i), and hence с + 0" and a + 


1". Let us consider the function g (z, y) obtained from / (z^) as 
а result of substituting z for any variable x; such that о; = 0 and 
аз а result of substituting y for each of the remaining variables. 
20—096306 
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We have g (0 Oz gi f) and g (0 1) = {1 0) Obviously 


giz y & $ Letusnaw suppose that f (0*) = у TES ace f (z"] == 
const (because it essentially depends on at least three variables} 


there exists a tuple В = (Bi Ba) steh that у (B) 47 (9 
Starting with the tuple В we construct a function & (х y) such 


that if B. = 0 we substitute r for the variable z, 10 f (1^). and if 
D — 1 «e substitute y for ғ The function {т y) satisties the 
following relations БО G= Add JAAD 4) Obviously 
А (= y) essentially depends on two variables and 1з not self dual 

2721 See the previous problem 

2222 It can be easily seen that (see Problem 2 2 15) m (2 
i9 y = “® 8 0р iim ia B ү) = 0 then m (z* zg =z 
Consiqienily substituting m {т^ y^ 27у lop r y and s wm the 
same function m {27 yf 27) we obtain either m {s y т) or one of 
the functions m (r y z) Bz Gy mir y zs) Bx Bz mir y 
z} Фу @: If we have one of the last three functions the function 
т (= y к} can be easily constructed. For example mir y m Е 
y z) G zB у) Oz у mts y 1) Let us now prove that t 
function m (z g 2) сап Бе used to obtain a function which essenti 
ally depends оп n (Z« 4) variables [I n 1s odd and nz: 5 we have 


Es (z p= n(r zr, M (Z3 f. Tp)? Est, (2° 1 = gat у {Т 
т Tat y M (fyi Тур žal) lt can easiy be prove 
{һу induction of D that each of these functions essentially depends 
an all sta arguments For an even n = 2122 å the corresponding 
function can be obtained for example from the function ga; у рУ 


puttzng ту 1 = x4 While proving that the function gp (21) essen 
tially depends on all tts arguments it should be borne їп mund 
that the median m {т у zjis eguaL to 1 only soothe tuples contain 
ing ab least two unities 

2224 We must take an arbitrary tuple (a, «, ©) of 
values of variables ху r z, aud compare on tt the values ol 
the left and right-hand sides af the given relation. We should 
distinguish between the following two cases (1) there are at least 
iw > zeros among the values a, a, and a; and (2) there are at 
least lwo unites among i t, and ay 

2225 i1) in the selunon to Problem 22922 iV was shown 
how the median m (т y з) can be constructed from т (х y ©) 
orm (x y т} Further m (2 x z|- m (r x х) =z and hence (ee 
Problem 2 2 23j1}) the unction z Ф у Gz can be constructed 
from т (z y 2) (of m(x y z)) Self dual functions z (and z) of one 
variabie are obviously contained in [m (= y. z)] (and in [m (xr y 2) 
11 follows from Problem 2 2 12 that there exist no self dual functions 
which essentially depend on two variables Finally using the pre 
vious problem we conclude that 1n order to construct any self dua! 
function of n> 3 variables it is sufficient to have all self dual 
functions Of n — 1 variables (as well as the Iunctions m {т у a} 
and z B yz n-à3| Ers] wa nan use the resull zn 
Problem 2214 (Remark Prohlem 2 2 14 can he solved hy using 
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the solution of Problem 2.2.24 and the functions т, т © y Ө : 


and m (zx, y, z).) (2) Let f (хп) be an arbitrary self-dual function, 
and all its variables are essemial (п >> 3). We prove that if п> 4 


and / (хп) is not a linear function (i.e. cannot be represented in the 
form z, Өх, Ф... Ф r, Ө o, where o € (0, 1}), a nonlinear 
self-dual function essentially depending on three variables can be 


obtained from / (хп) by identification of variables. (If f is a linear 
self-dual function, a similar statement for it is obvious.) Thus, 


let f (x”) be a nonlinear function essentially depending on n> 4 
variables. The nonlinearity of the function f implies that in the 
Zhegalkin polynomial representing this function there exists at 
least one nonlinear term. For the sake of definiteness, let this term 
contain the variable z,. Then /—x,«, (xj... ., In) € Po (25, ..., Zp) 
and фу = const. We take the tuple (@,,..., «,) on which Фф, 
vanishes. We have f (0, @s, ..., л) =f (1, Go, .. ., «„). Let 
us consider two cases. First we assume that о, =... = &р = 1 


n i 
Since т, is an essential variable of the function f, there exist two 
tuples B and Y adjacent in the first component and such that f (B) => 


ы 


f (y). Obviously, these two tuples differ from the tuples 1 and 
(0, 1,..., 1). We substitute y for those variables z; which corre- 


spond to zeros in the tuples B and Y and z for all the remaining 
variables except тү. We get the function g (тү, у, 2) satisfying the 
relations g (0, 0, 1) = о, g (1, 0, 1) = о, and in view of the self- 
duality of the function g, g (1, 1, 0) = o and g (0, 1, 0) =o. If 
g (1, 1, 1) = о (and g (0, 1, 1) = o), then g (zy, y, 2) = m (zy, у, 
z) € o. If, however, g (1,1, 1) = с = g (0, 1, 1), then g (zj, y, 2) = 
m (ху, y, z) € о. Let us now consider the case when not all «,, ...,@, 
are equal to 1. In view of the self-duality of the function f, not 


all a; are equal to 0. Let us take the tuples { and ё = (05:155 391) 
If f (A) = f (б), the above-mentioned tuples В and Y differ both 
from б and from 1, and the problem is reduced to the first case. 
If, however, 0) =] (8), the identification of the variables in the 


function f (z?) is carried out proceeding from the tuples (0, aa, ..., 
an) and (1, «4, ..., a4). We obtain a self-dual function 
h (xi, y, z) satisfying the relations: A (1) = о, A (0, 1, 1) = o, 
and л (0, 0, 1) = h (1, 0, 1). If h (0, 0, 1) = o, then h (z1, y, 2) = 
m (2), У, 2) Ө o. If, however, h (0, 0, 1) = Un then h (zi, У, 2) = 
m (zi, У, 2) D О. 

Since the superposition operation on a linear function can lead 
only to linear functions, any system 2 complete in 5 must contain 


a nonlinear self-dual function f (z^) from which, as was shown 
above, the function of the form m (2, y z”), where a, B, and y 
belong to the set (0, 1), can be constructed. If f (z, z, .. ., z) = z, 


then [f (x")| contains m (х, y, z) (see Problem 2.2.14), and hence 
20* 


ene” 
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[fiz ) 5 (see the previous problem) Let us now suppose that 
f(z т 5 = z 1e ў preserves 0 (and 1) Then there must bea 


function f, (17) 1n £ which does not preserve О [f 7, 19 à nonlinear 
function then [A] = 5 M however ў, ts a linear fuochon then 
efi) S and Uf fi }isa basis i 5 (the function f generates. only 
the functions preserving 0 while f, generates only linear functions] 
2226 (1) No it cannot since f € 5 and g d5 (2) Yes Itean 
2227 The largest value of a is 4 
2228 There are two such functions т, Pr, Pra Pr, Sa 
where c c {0 1} 
2229 (1) No (2) Yes (3) ^o (4) Yes 


2a 
232 Let у {т ) assume opposite values om any two adjacent 
tuples Let f (0) == à Then f (a) = а И the number || & il 15 odd 


and fia) =a u TT 15 even Let lg (z^) — т, Gz єр a 
та O d Then Wy = Үү, In view of the uniqueness of the repre- 
sentation of the functions by polynonuals ў == i, and hence f €L 


The opposite 15 not true (see for example { (zt =: xy P ry 


236 2" Solution Let уху er GO Beatin © су, 
Since fe 5 we have £4 (ry Ф 4} Ф Єр ёд {т a 1) a fret D 
TL 


1 == } (z^) Hence Y» г; — 1 1e the number of coefficients гү, 
= 1 

: = { п Which are equal to unity 1s odd The number of vectors 

{г с} with an odd weight in A” is 27 1 The coefficient сд, 

сап be chosen arbitrarily Hence the statement 


2310 H f (2^) € L and f (2") essentially depends on all tts 


variables then f {г") = =, Ф Ф х, Ф с where сЕ {0 1] 
Hence we easily obtain the necessary condition. of the statement 


Sufficiency Let є L Then there exist two adjacent tuples а 
and É such that f (a) = f (8) (see Problem 232) Let i be the 


number of the coordinate at which © and В dilter Then f (a, 
т, Ti aa aa? Detitrously depends on z; 


2311 Let P (z"] Һе a polynomial of degree &z- З Without 
any loss of generality ме саа assume that an ec А отл, 73 
is ап addend of the polynomial Р Putting Iy = Zas = — fa 
we obtain the polynomial Qin which А 15 the enlyec of rank & 
A few cases ate possible here {а} All the elementary conjunctions 
of rank k — 1 generated by the set X* appear in the polynomial Q 
We put z, , = ry, (b) T еге exist tj (d sz y <4) such that 

2} Ti atin I, and т, fy 4z +, do not appe 
in Q Then we pui z, = z; (c) The number of {А — 4) rank terms 
ig equal to к -— 1 Let ilie ec z r, , do not appear in @ 
Then we identify the variahles rand z, In all the cases we obtain 
a polynomial of degree & — 4 
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2.3.12. Let us consider the polynomial Р representinp the 
function f. If the degree of the polynomial P is greater than 2, by 
identification of variables we can get a polynomial Q of degree 2 
from it (see Problem 2.3.11). Without any loss of n we 
can assume that z4z, appears in Q. By identifying all the variables 
that differ from z, and z,, we obtain a nonlinear function of three 
variables. 

2.3.13. It follows from the solution to Problem 2.3.12 that 
by identifying some variables of the function /, it is possible to 
obtain a function of three variables, representing the polynomial of 
second degree. It remains for us to prove that if there are exactly 
two second-degree terms in this polynomial, this number can be 
reduced by unity upon identification of variables. If, for example, 
хуг, and z,z3 appear in P and z,z4 does not appear in it, we put 
Tı = їз. 


2.3.14. If f (т!) ¢ L, there exist i and у such that f (n) = 
zjrjP, Ө z;P, Ө х;Рз Ө Py, where Р, are functions independent 


of z; and z; and P, = 0. We put i = 1 andj = 2. Let a —(X4... 
а) реа tuple of the values of the variables r4, . . ., x, such that 


Р, (2) — 1. Then Ф (ту, x4) 9 f (тү, Tos 03... €) Ө D (2,24), 
where 1 (z,, za) is a linear function. The function q (гү, z;) becomes 
equal to unity on an odd number of tuples. Hence it follows 


that the face Б 3, x js the required one. 
gee Un 


2.3.18. Let f € L. If f forms a basis in L, then f (0) = 0 and 


f (4) == 1, and hence f essentially depends on an odd number 
of pum But then it is self-dual and cannot form a basis 
in L. 

.. 2.9.19. If Ф is a system of functions complete in L, there exists 
in Ф a function f, ¢ S, i.e. a function essentially depending on 
an even number of variables. Then a constant can be obtained irom 
it. Let с be such a constant. The system of functions Ф must also 
contain the function f, ¢ 7,. Substituting the constant c for 


the variables of the function fa, we get с. The system Ф also con- 
tains a function у, essentially depending on more than one variable. 
It can be easily seen that [0, 1, f4} = L. Thus, from any system 
complete in L we can always isolate a complete subsystem соп- 
sisting of three functions. Hence the statement. 


2.3.20. There are three classes (0), {1} and (0, 1} consisting 


only of constants, two classes {x} and (z, х} consisting of func- 
tions essentially depending on more than one variable, and four 
classes consisting of functions of not more than one variable and 
containing constants and functions differing from the constants: 


[0, zl, 4, x], (0, 1, z] and [0, 1, =, z}. И a class of linear functions 
contains a function essentially depending on more than one vari- 
able we have one of the following possibilities: the class contains 
or does not contain a function of an even number of variables; 
the class contains or does not contain a function not preserving 0. 
Hence it follows that the classes [zr Ө y Ө z Ө 1], [x © y ® sl, 
t ® yl, [£z Ө y Ф 4], Land only these classes are closed classes of 
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linear fonctions winth contam а function essentially depending 
on more than one variable 


2322 Hint, If f (23) satisfies the condition. of the problem 


and 13 not self dual, then for any с € 8%, f {фу = f (x) and hence f 
can he specified completely by specifying its values on the tuples 
of the form (ху, x,, 0) Besides, condition (1) implies that the 
function f becomes equal to unity exactly on two tuples of this 
form Thus there exist not more than stx поп self dual functions 
satislying conditjons {1% and {2) 1% бап be easily verified ihat all 
these functions are linear 

2.3.25 For s Æ 2, there exist no such functions. All functions 
of the form гух, 9 az, Ф fr, Ф y (2, B, pe (0, 1}) and only 
these functions satisfy conditions (1) and (2) 

23.26 Two for an odd л and 0 for an even п 2.3.27. In five 
ways 23.28 jJ (n (Og 1 Ön) = 1 2.4.29, For an odd л 
2330 See Problem 2314 2331 See Problem 2214 2 3.32. 
zy rV y, tty "X 
‚ 4.9 33, Mant, AL 1еаз1 one ol ihe functions ў, fa and f, 15 not 
inear 


2. 4, 


2.4 2. (2) For even п (4) For л&4&Е—1, k= 1,2, . 
2 4.3, (1) For all nz» 2 (3) For n = 3k, k = 1, 2, 244, In 


seven ways 2.45 (2) 3x 22°" буз х 2*3 (a) (2? —2* ya. 


(121 Q (1581 2% —— 4 дат. (£) No 1t cannot since. z S yd T, 
and r— y € Ti 

248. (1) 1$ f£ € T,, ats polynomial does not contain 1 as an 
addend Therefore, f can be expressed in terms of sy and z È у 
The equahty Т, = iz V y, z © y) follows from the previous one 
and from the fact that z V y = x9 Oz d 

24.9 Let Ф be а basis in 7, Then there exists a function 
f,€ ФМТ, By identifying all its variables, we obtain the con 
stant 0 Ф also contains a function f, which 1g not monotonic The 
function ў, 15 obviously nonlinear By :dentifying the variables 
and substituting 0 we cap obtain from f, a function ge (r v) 
ofthe form zy © az © ty о x € {0 1] (see Problem 2 3 13]. Since 


fa їз noL monotonic there exist tuples c and В such that a = 
B and f (a) — F(B) Let А (resp В) be a <et of coordinates of the 


tuple a (B) which are equal to unity Let us consider the fonction 
Ф: (г y, 1} obtained from f, hy putting in at z, = x for i ¢ A 
rj y fori € B and z; = z for 4$ E We have q,(0 0 0) = 
Ф. {1 1, 0) = 0, Фф, tt, 0, 0) = і TE ш this case е, I$ à self dual 
function, then ether p, =x Oy 2, or q, = rg V zi V yz 
In both cases, we have [0, Ф, Ф] = Ty If q, 15 not self dual, we 
consider the function qaa ќт, y) = m, (x, y, 0) We have either 
i zO y ог фу ху If ps Wi Hy, then [m, Ф] = To 
When g= zy and Ф, #2 V у, all the obtained functions 0, фу 
and q4 belong to the same closed class, namely, the class G consist- 
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ing of all functions f such that for any two tuples @ = (a), . . ., &д) 


and B = (B, ..., Bn) such that f (a) == f (B), there exists i 
for which E p; — 1. In view of the completeness of Ф in Tp, 
there exists a function f which does not belong to the class С. The 


function ўз has the following property: there exist tuples œ and В 
such that f (a) = f (B) and œ and p do not have unit coordinates in 
common. Let A (B) be a set o* unit coordinates of the tuple « 


(resp. В). Let Фф, (т, y) be a function obtained from f; by substitut- 
ing z for z; ili € A, y for z; if: € B, and O for z; fig A UB. 
Then фі; is either z V y or z € y. In both cases, we have [zy, фу] = 
T,. Thus, the completeness of the system Ф іп 7, implies that it 
contains a subsystem containing not more than three functions. 
Hence follows the statement. 

2.4.10. The solution is similar to that for the previous prob- 
lem. Make use of the fact that a complete system contains a non- 
monotonic function and one of the functions fj, o € (0, 1}, which 
do not belong to classes Gg consisting of all functions f such that 


for any two tuples а and В with the property f (a) = f (B) = 0, 


there exists i for which the i-th coordinates of the tuples с and В 
equal to о. An example of a basis consisting of one function is 
the set (zy Ө z Ф u}. 

2.4.11. Hint, Consider the function zy Ө y © 2. 

2.4.12. (3) Let us prove the completeness of the system Ф = 
(zy V zz V yz, z ® y © z} in 7, П S by induction. The functions 
in Т, N S which depend on not more than two variables can 
be obtained by identifying the variables y of the functions in Ф. 
Let all the functions in 7, П S, which depend on less than n (п >> 3) 


variables, be superpositions of functions in Ф, Let f (a?) € To, S. 


Then f (zi; Tis #3, Tys se oy Tn), f (Za; Toy 433 Tir m M MT Zn), and 
now use the result of solution of Problem 2.2.24. 


2.4.13. f (1, 1, 1) = Osince f є 7,;/ (1, 0, 1) = Osince f & M, 
and f (1, 0, 1) = f (0, 1, 0) = 0 since f Є 5. 

2.4.14. If f € L, there exists k>> 1 such that f is congruent to 
TDTO... Oxy, 4, 9 1. If f 4 L, by identifying the variables 
we can obtain either a function Фф of the form zy ® o (x Ф 
ү = e o €(0, 1}, or zy Ө zz Ө yz Ө 1. In both cases, LH 

C 


2.4.18. Let us prove, for example, that 7, N Г isa precomplete 
class in Т. Let f € T, NL. By identifying the variables in f, we 
can obtain a function Ф either in the form zy Ө I (z, y) or zy Ө 
zz ® yz ФІ (a, y, z). In both cases, the system {x ® y, Фф} is 
complete in 7, i.e. [(7, П D UEH = To. 

2.4.19. Hint, zy 6 z € ToN (T, UL US) and (1, zy Ө 2) is 
а System complete in P,. 

2.4.21. т, Ө ry Ө xy. 2.4.22. Hint. See Problem 2.3.20. 

2.4.23. We prove that if fé (To f) Tj) US, а constant can 
be obtained from it. If / € ToN T, orf € T, \ Ту, then by identi- 
fying all the variables of the function f. we obtain a constant. 
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Let f & Za UT, Since f & 5 the function ў essentially dependa 
on more than one variable and if 15 possible to identify the variables 
ip order to obtain a function whic essentially depends on two 


variables viz one ol the functions zy or z V y Їп bothrases we 
ean obiam a constant 


2» 


2 (1) an= 2 3 (2) For even п (3) For odd n 
4 Use the expansion from Problem 2 5 3 

9 Five functions among which one bas а fitiitious vari 
able Опе of the functions ts self dual 


258 (lU) It is nat true Consider f (27) = z, and the tuples 
(110) and {001} 


2512 r n functions 
2214 We assume that а prime implicant 7 of the funrtton 


f (z^) contains a negation of variable Let us suppose for exam 
ple that / = луй where L is an elementary conjunchon Lel us 


consider М, — {a А (х) 1} and an arbitrary tuple 0 a, 

a m Ag In view of 115 monotonicity f fi t ta) = 1 
16 follows that zL and hence L are rmphiants of the function f 
This ag 19 contradiction to the fact that {1s a prime implicant 


2-916 For ¥— 4+ | dnt <i T ) and lor $ át--1 

k-— 1 n — 1 
(тутел) 

25 18 (1) Xes there exists (2) No there does not exist 
Hint A contracted dni 2 of the function ў has a length equal to 
three The formula 2* dual to að ys a contracted en ef the 
function {* The contracted dnf of the function f 15 obtained 
from @* by opening the parentheses and by applying the rules 
AASA АМА = А AY АБ = А Consider all the cases 
when the contracted du f. of the function ўе has the length 8 


2519 All lower unittes of a monotonic function are 
pairwise incomparable The maximum number of pairwise incom 


(see Problem 1 1 15) 


2 2 
2 5 
2 5 


parable functions тп Z^ 18 ( 


7t 
[n2] ) - 

2 521 Al the functions f (279) such that f (а) 1 for ifa il > 
n/2 and у (20) = 0 for ра jt << [fa — 1)/2] are monotonic 

2522 (2 @)a+2 (5) 2" —2 

& o Z3 (I) Let у (z^) CAS We consder the expansion 


| — тыю V fnaf" Since } 13 self-dual we have {Д)* = @ In view 
of the monotonicity of f we have f € V PCM I2 V f? р 
Thus sf the function f, ш M is specified the function f 1з speci 
hed as well It remains for us to verify that for nz» 1. there exists 
a function f E M® * such that у V {* Е р We сап take for exam 


pie, the Iunclion f (z, x, Zg 1} 0 (3) Let у (z^) EM II 
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the component ho is given, the function f is defined by mono- 


tonicity on at least 2"-? tuples: if (03, ..., Œn) is a tuple and 
Пу d, 0, аз, ..., ац) = 0, then f (0, 0, аз, ..., On) = 0. If 
itt 0, @3,..., On) = 1, then f (1, 1, @3,..., @,) = 1. Thus, 


in order to specify f (2") € M it is sufficient to specify the com- 


ponents hs ja and additionally define the function by mono- 


tonicity. Then f remains indeterminate on not more than 2^-? 
tuples. 

| 2.5.25. me (1) = 1, me (2) = 2, me (3) = 9, ть (4) = 114. 
2.5.26. We have | M! | —168 (see Problem 2.5.24) and | 5+ |= 

256. The statement can now be proved by induction considering 

that | SP” | = | 59-1012, | M" | < | AP |7. 2.5.27. Four. 


2.5.28. Let f(z”) Є M. For each ascending chain Z Є B", 
either f (а) = 0 for all « c B", or there exists a tuple B € Z such 
that í (В) — 1 and f (à) = 0 for all x €Z, « < В. Let a parti- 


lion be specified in B" on | ) ascending chains. Then Lo spec- 


Н 
[n, 2] 
ify the function f (27) € M, it is sufficient to indicate for each 
chain in the partition whether it contains a vertex & such that 


га. 


f (о) = 1, and if it does, specify the vertex B for which / (B) == 1 


and f (0) = 0 for all œ € Z such that œ < p. Since the length of 
each ascending chain does not exceed n -} 1, there are not more 
than n+ 2 possibilities for each chain. 

2.5.29. Let us consider the partition of the cube В" into non- 
Intersecting ascending chains, considered in the solution of Prob- 
lem 1.1.18. This partition has the following properties. (1) Chains 
of minimum length have not more than two vertices. (2) For each 
two-dimensional face containing three vertices of a chain with 
К -r 2 vertices, the fourth vertex of the face is contained in the 
chain of the partition, which has k vertices. Property (1) implies 
that on each chain of minimum length, a monotonic function can 
be specified in not more than three ways. Property (2) implies 
that if a monotonic (partial) function is defined on all chains 
containing & unities, on each chain of length k 4- 2 this function 
IS defined by monotonicity everywhere except, perhaps, at two 
vertices. Consequently, there exist not more than three ways to 
additionally define it on such a chain. Considering that the number 

п 
of chains is (|. ), we have TER n) 


2.9.82, (z, V xa) (z3 V 24)... (Zon-i V Ton). 

2.0.33. Any function essentially depending on more than 
опе variable has not more than one lower unity. 

2.9.94. Hint. See solution to Problem 1.1.36(4). 

2.9.99. (1) No, it is impossible. (2) No, it is impossible. (3) 
Yes, it is. 2.5.44. No, it cannot. 2.5.45. No, it is impossible. 


2.5.46, The statement that any function f(z") € M can be 
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represented in terms of superpositions generated by the functions 
of the set [0 1 zy z V у} can be proved by induction on n us ng 
Problem 253 The statement then follows from the fact that 
(1 zy хуру Т, (0 zy z y yb ST, and that the function 
ry cannot be obtained from the set (0. і z y y] and the function 
т M y cannot be obtained from {0 1 ry} 

2548 Any basis in Af contams constanis 43 well as a function 
essentially depending on at least two variables On the other hand 
let Ф be a basis 10 AY containing more than four functions Then 
ai least three of them depend on more than one variable Among 
these functions there exists a function f, which i5 not an ele 
mentary conjunction Then by substituting constants we obtain 
r V y There ajso exists a function f, which {з not an e d. from 
which we get zy Then {0 1 f, fa} за subsystem complete in. At 

2549 See Problem 25 48 2550 (2) (1 z(y V 2) 2551 
See Problem 2 2 24 

2553 Lotus prove forezample that A ñ T13 precomplete 
The only function f € APS T, 13 the constant 1 In M f T, there 
аге functióona O zy rz V y which together with i constitute a sys 
tem complete in Af Let there exist one more closed class Q whch 
is noL contained 10 any of the above conditions Then there exist 
Ae A n T, ENN, јр 00 1] and 6 uU 
M) 15 Tn ibis case f. = 1 of, =20 and we obiaye xy from f. hy 
substituting constants and identifying variables and z V y from f, 


26 


261 Assume that the converse 13 true and use the completeness 
criterion 
2 


6 2 (4) Complete (8) Incomplete (7) Complete (8) Incom 
piete 
26423 Prove that JE T; UT, UE OM 
264 (f) The system can be either mcomplete for example 
Һ (p= mi от, ху) Q ү Ө т, f. (х2) и ry} Mox, OF 
complete for example ў, (23) = mir Noe x, VY rar 

(2) Complete (3) incomplete Mam) be (tens 

265 Complete Prove that fé T, UL U S U M and f, ¢ T, 

266 (1 [zy Bz (B yb: fie y uir Vy (т © у) 
г mír y zy) (3) (0 iz! (zgl)--z) iz Og {z| (р) 2) 
((-9- у) + (и е 2) (zlízyM 2} _, _ 

_207 fete} tele} ix 9G yz ф55@1}) (xz xy) ix z V yl 
{т ry} (1 Фу zy} (izGyzryy) (01 «By @ 
yr) (2 tf т© y Be ту) (0 1 tr By Br зуур (0 1 2D 
y Oz mir y ij 

268 There are seven such bases two of them contain one 
function each three contain veo funcions each and two more 
bases contain ng three functions each сап be tsolated from the 
complete system fry r V py rGy ra y] 

269 (1) (5) Yes at ean. (4) No 11 cannot 

2610 No it does not Let ў, & 1 Then fig M апа either 
Aad T, orf, б § The function f, can be deleted in the former 
сазе and the junction f, in the latter case The possibility connected 
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with the relation fa == 0 is analyzed in a similar way. Let us now 
assume that fı = 1 and f, == 0. If ўз 6 M, the system (Л, fa fa) 
is complete. Let fg € M. Then the function f, must not belong to 
the class M. If f, ¢ L, the system (fi, fo, fy} is complete. It re- 
mains for us to analyze the case when f, € LNM. Since f, € SU 
M and f, € L, f, essentially depends on an even number of varia- 
bles (and differs from constants 0 and 1). Consequently, either 
ЕТ, ог, ЁТ. Therefore, one of the systems {fis fas fA) Or {fa fa. fas} 
is necessarily complete. 

2.6.11. (1) Pa. (2) MN (Tg UL) = Ø. (3) MNT f) Tj) = 
(0, 13. (4) Mf) To N Ty (5) To N P. (6) S. (7) LA S. (8) To 
(9) To N 74. p 

2.6.12. (1) Kı C Ka (2) К,Р Ky (8) KÈ Ka (4) Ky 2 Ks. 


(5) Kı = Ky. (6) К,Р Ky. 2.6.13. (2) 50. 


2.6.14, (1) Iff ¢ To U T, US, then fÆ const and f (0) = 1, 


while f (1) = 0. Therefore, f & M. If у belonged to L, in view of 
the relation f ¢ 7, U 7,, the function f would essentially depend 
on an odd number of variables (and have a free term equal to 1). 
However, in this case f € S. (2) The number of Sheffer's functions 
in the set Р, (X") is equal to the difference between the number of 


ем? 


all functions f (z^), satisfying the conditions f (0) — 1 and f (1) — 
0, and the number of self-dual functions subject to the same condi- 


n T a 
tion. Thus, P,(X") contains 22 -? — 2? ! — 1 Sheffer's func- 
tions (nz 2). 


2.6.15. Let Жеш be a Sheffer's function (here n> 3 and all 
the variables are essential) Since f (2?) € S, there exist two 
opposite tuples & = (ж ..., аһ) and а = (ш, ..., 9) on 
which the function ў assumes the identical values f (x) ==; (a. ) = 


с. Obviously, © 4-0 and а, =f: 1 (since f (0) — 1 and f (1) == 0). 
Let us substitute z for variables х; corresponding to zero compo- 


nents in the tuple о and y for the remaining variables. We obtain 
a function g (=, y) satisfying the relations g (0, 0) = 1, g (1, 1) = 0, 
and р (0, 1) = g (1, 0) = о. If o= 0, then р(х, у) = = | у, 
and if o = 1, then g (z, у) == | y. 

2.6.16. (1) For n = 4m + 2, m= 0, 1, 2, ... . (2-(5) For 
no values of n. (6) For all nz 2. 

2.6.18, Functions which possess the properties mentioned in 
the condition of the problem essentially depend on at least three 
variables. 

2.6.21. See solution to Problem 2.2.25(2). 

2.6.23, ry. The function z V y, for example, cannot be ob- 


tained from it. Generally, the class [zy] does not contain functions 
assuming the value of 1 on more than half the tuples of values 
of the variables. 

2.6.24. The functions satisfying the requirement in the condi- 
tion of the problem essentially depend on at least four variables. 
Àn example of such a function is тү © х, Ө Taty Ө гү. 

2.6.25, The proof can be carried out by induction on n. The 
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basis of induction n — 4 (sep Problem 2312) inductive ste 
Let us assume that the statement is valid fof п = 42> 4 and let 


us prove it Jor и — s -- i Let the function f (2591) essentially 
depend on all its arguments and пої belong to the class L We 


represent the function f in the following form g (х8) Qr 18 (2) 


Since T,,4 18 an essential variable of the Junction f A (xr!) æ 0 
Let us consider several possibilities {ау A fictitious. variable 15 =, 
үй the function g and z, (i - зу тй the function À Then it i8 saffier 
ent to putz, z, (by Neither g nor А contar fictitious variables 
If ^d L we apply the inductive assumption to the function А 
ii kE L but gél we apply the mduchve assumption to g 
Mfg h} cL thenf=(z,@ Өзу, È гу ол, where 
ce; c4 € {0 i] and we can for example identify x, with т„,, (С) 
The function A does not contain fictrtious varrables while the 
function g does Let r, he one of such variables JF Ag L we 
apply the inductive assumphea tek Hh € 2 we identify z with 
taa, (0) Finally, we assume that g does not conta fictitious 
variables and д does Let z, be one of them If gE L (and hence 
h 1) weidentily ту with the variable on which А depends essen 
tially (for the sake of definiteness we assume that ту 13 such А vari 


able} We obtain f iz, г, r4 тү = za Ф Ф т, фсе 
хе (Z3 X. Ty r,) Obviously this funclión їз nonlinear 
and г, Te +; Are essential vanabiea io rt Let us now consider 


ihe case when gg L By jmductive hypothesis there exist im g iwo 
variables (x, and ту} whose identification in g leads to а nonlinear 
function which essentially depends on я — 1 variables if the 
junction A does not degenerate to 0 as a result of the identification 
of z, and rj then z,,, remains an essential variable in the new 
function as well Let us now suppose that the function 4 degener 
ates to 0 as a result of the rdentification of ғ; and ғ; Then the two 
variables х, and z; are essential эп л For dehmiteness we assume 


that +; = «а апа rj = ту We have А (z*) = Trah EP La e 
Tal, (zy X4) È туйу (x, т„) and hg = h, GBA, In the 
function f we putz = r,,, If an this case we obtain a function Ф 
which essentially depends on s arguments. the proof is completed 
(The nonlmearity of pis obvious since Фф (7, Ta Ze 74 £,) = 
giz, ту S. х, zd L) However it may happen that for 
т, = г... а erlam жага ре in р becomes betilious Such a vari 
able can only be one of the variables x, and za (since identifying 
obtain a fubetion g {rj 7? 

bles] 


ia 


the variables x, and +, 10 q we must 
т žų г.) which essentially depends on s — 4 varia 
Let x, be a fictitious variable of the function @ Since f = z, (сота Р 
Toft © теру Ө кү} È retake, Ө Taga Ө cag, © wa È Feat 

[r,r45, ib tah, & тай} where each function of E1 E fe M 
A. hy depends an the variables г, г, aud ka = h) BA, under 
the above assumption concerning the fictitious nature of the var 
able z, 1n the function ¢ же have p = f(z, zs г, тү} = 
ту (1523 © xy) Ф Xag; (D гы МӘ Тугуй, РР рү HÀ, ky TH hy and 
Eg = Ба == Consequently / (z") = £f. (xz, © Tyas} {га GO A, P 


Eiry ӨӨ гур, Broz, Ө ga Ф = pO. We pui т. = ža Ths 
leads to the function t= fly Ta Pa om Qm, m. = (n Ө 
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1) ta (zahi Ө ha) Ө түс ш; Ө xg, Ө gg Ө Tog, Ө Larglty. Since 
the function f (21, Tay Zq, Шау, © er Lgs 22) = E (Zis Lo, Zos Tys» o» Ts) 
essentially depends on all its arguments, only one of the variables 
z, and z, can be fictitious for the function 1p. But this is possible 
only for A, == 0 (and under some additional conditions). Then 
hg = hy and f= Tao (x, Ө Is.) һ» Ф Eg Ө 112303 Ө 118 © 
130; Ө =, «dla. Since л = 0, for A, = 0 the tunction ka cannot 
"degenerate" to 0, i.e. л, == 0. Consequently, the function p = 
т, (x, Ө 1) л. Ө духу: Ө gy Ө xg, Ө туш, Ө rr), essentially 
depends both on х, and хз even for hk, == 0. Thus, if none of the 
identifications z, = хз OF х, = г; 4, leads to the required function, 
it is sufficient to put х, = z, ,,. This completes the analysis of all 
possibilities. The fulfilment of the inductive step is just proved. 
2.6.28. (1)-(4). No, they are not true. In part (4) we can take 


f(z, y) = =-+ у. 
. А э | 1 n+ озы 
2.6.20. Since Tis Tte ^^, 6p a (for 


n oU m 
п> 2), |8®|<—2° ^! and (MPi xz 2* ~-+2<2° ^! (for n р> 2), 
the = Qf is not contained completely in any class in То, Ту, S, 
L and M. 


2.6.30. An identical function is not contained in any basis 
in P, (see Problem 2.1.18). Any of the remaining functions of one 
variable and of zero variables among the Boolean functions does 
not belong to any precomplete class in P,. At the same time, the 
hereditary system of any such function is an empty set, and hence 


is contained in each precomplete class (in P,). Let now f (х") be 
a function of a certain simple base % and n> 2 (all variables 
are essential). By the definition of a prime basis, the system (ї == 
(BN (£)) U 9t (7) is not complete in P, i.e. is contained completely 
in at least one precomplete class A. Ii f belonged to К, the system 
B (zGuUulíf) would not be complete. 


2.6.31. (1) 1, д. (2) 0, 1, zy, z V ух} у, zl y. m Qs у, 2), 
т (z, у, 2), m (z, y, 2), m (z, y, 2). (BJ =, = Фу, = e y Ө 1, zy, 
zVy,t>y,2> y, x Q y Ө z, m (х, у, 2), m (х, у, z). (4) т Oy, 
T~ Y, жуут \/ у, I> ушт у, d у, х|у, х Ө у Ө 2, х Фу Oz, 
т (г, у, 2), m (т, у, 2), т (=, y, 2), т (z, у, 2). While solving 
problems (2)-(4), it is expedient to use the results formulated in 
Problems 2.2.14, 2.2.20 and 2.3.12. 

2.6.33. (2) Taking into account Problems 2.2.20, 2.3.12 and 
2.0.38, we conclude that any prime basis in P, consists only of 
functions which essentially depend on not more than three vari- 
ables, Let us first consider functions which essentially depend on 
two arguments and are not Sheffer’s functions: хт Ө y, r^ y, 
р» у, z— y, ху, and z V y. Let us find out which of them can 

е contained in a four-element basis in Pa. It can һе seen that 
T@yETUSUM, c~yET,USUM, z—y€T,USU 
3 UM and zy T, US UL UM. Consequently, all these 
unctions are unsuitable for our purpose. We assume that there 
ae a four-element prime basis containing zy. Since zy € (Т, f 
* N ANNL U S), the remaining three functions in the basis must 
e as follows: fc (T, П MONT), fo € (To П SON Т, and fs € 
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iT, N ТУМ У Obviously f = і and f, = HA did not belong 
to L the system (f, jf, fa} would be complete Consequently 
{з © L and hence f, = z Ф y Ө z The case with the function 
z V y 19 analyzed in a similar way Let us now find out which 
nonlintar funttions that essentially depend on three arguments 
can he contained in a four element prime basis If fix y rl & 
ZU S then identifying variables in f we cán obtain а non self 
dual function essentially depending on two atguments (see Prob 
lem 2 2 20) Butin thiscase/ (т y з) сарпой he contained ina prime 
four-element basis (see the possibilities with the functions of twa 
argumenis considered above) lt remains for us to consider the 
case when у (= y JESN L ПЕТ (| 7, and hence f d V 
then for any function g б § the system {f £j 18 complete in Р, 
Therefore we can assume that f € 7,9 Ty И f q M then (accu 


rate to redesienatian of variables} f — mir y z) TE however 
Е M then f — m (ғ y х) In the former case f € (То A 
SINE U M) and hence m the corresponding prime four element 
bass {21 11 exisis at aliy the тешр three functions must sapsiy 
the candittousf, € (Т, A SINT, fa € (Pe N SIN T, and fa € (Т, П 
Ii However (Т, П Sy. T7,-(PnSprf£fe—iizie there 
exist neither f, nor ў, with the above properties Hence the first 
version is impossible fn the latter subcase f € (To П Ў ^ SN 
ASL Consequently the remaining three functions in the has 5 
must be linear (otherwise the function ў could be deleted from 
the basis) Linear functions essentially depending on an even 
number of variables and difiering from constants cannot belong to 
such a basis Since each such function is contained nether in the 
set 7, US LU M nor in the set 7, UJ 5 |} M A linear function 
essentially depending on an odd number of variables can belong 
to such a basis only if it preserves 0 and } Therefore it can be 
only the fonction z Ф y Qs This leaves behind only constants 
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Ji 


$11 (1) Consider two cases z= k —4 and zÆ Кк — 1 (2) 
(7) Consider two cases zz yand z « y (B) Let z xz y Then ~2 = 
&— I — r> y— z and {~ z} — (yp — Ir) = Е 1 5 (у 
х) = k — i — рае о у IF however rl у we have (~ х) — 
(y — I} = — 2 (8) Consider two cases х y and rz» y (10) 
(11) The equalities are proved directly hy using the relations. ~r = 
k--i-— rand x= х | 1 (12) Consider two cases z= А — 2 
and т £ & — 2 [13 Considertwocases x = x — lands 45k — 1 
(14) Consider five cases (а) = = y =k —1 (b) r= А 1 р з 
k—1 (б) zki рс к (dmuk—i узе К {, 
кш, and (e ®-&Ё—1 yki zy (15) Consider four 
cases (А) x= y = 1 (hh z= Еі, yg А-1 (0) rÆ 
k — 1, y == k 1 and (d) z zx k-— 41 p 3k k— 1 (15) (17) Con 
aider three cases {ауд = k-— 4, (b)z 5 k—1 zoey and (ух чё 
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К — 4, z « y. (18) Consider two cases: = = k — 1 and х Æ+ А — 1. 
(19) Consider two cases: x = 0 and = == 0. (20) Consider three 
cases: т = 0, z = [and zz 2. (21) Consider four cases: z < i — 1, 
r =: — Í, r = i and z >i. (22) Consider two cases: х = k — 1 
and z = k — 1. (23) Consider three cases: т = k — 1, z = k — 2, 
and z < k — 3. If = iin the last case, there are exactly k — 2 — 
i unities among the values of the functions jg (z), ja (z — 1),..., 
ia (x — (k — 3)). 

" GEZ Hint Relations from Problem 3.1.1 can be useful for 
solving this problem. (1) J, (х) = Jy (max (Jo (x, Ja (2))). 
(2)~z = max (Jo (х), min (z, J, (z)). (3) fı (ж) = max (1, Jy (z2)), 
fa (ж) = Jy (fy (ж)), f3 (т) = Јо (2) and т = max (jo (т), Jı (xz). 
(4) ig (x) = (1? — 1)? for k = 3 and jo (т) = (х? — 1)? for k = 5. 
(5) Let zy -+ r — y? + i == ọ (=, y). We have ọ (=, x) = z +1, 
Q(r,zrz--1)- 0. Further we obtain all the constants and (a) 
Ф (2, х) = J; (х) for А = 3, (b) Ф (0, z) = 1 — а? for k = 5, and 
hence we can construct the functions — z?, zi, z + 4 (= z — 1) 
and j, (х) = 1 — (x — 1). (6) We put zy = w (x, y) This gives: 
(a) ~ z = tb (1, p (1, p (z, 1))) for k = 3, (b) vi (z) = (9 (z, 1), 
1) = ár = — г, Po (т) = Y (1, х) =x + 1, Py (x) = Palp 0 = 
z- 2, Wy (т) = dy (by (z)) = z + 4 and ~ z = y; (W, (1) = 4 — 
xz ior k= 3. (7) z =z = 0, ј, (0) = 1,8 — 4 = 2, Jo (z — 1) + 
io (2) = fy (2). jo @ > 2) + jo (E — 1) =], (2, 1 (Е 9) = 
Ја (2), Py (ж) = (8 — јо (z)) — Jo (2), P2 (z) ^ Pı (x) ја (т), P3 (2) = 
((Ф: (x) — Ја (z) — ja (z) — ja (x) = x. (8) ~ z = max (JQ (т), 
Jy (к- 2), 2J4 (z)). (9) 4 (x) = (Ua ((z— 1) —1)7- 1) — 1) —1)— t. 


(10) 75 (z) — J3 (= + 4). (И) 1 (x) == — Jn (z — 2). (12)4.4(2) = 
(0 а) (Wz) а (л 2) = (~ а). (13) Ign (т) = 
h—2 times 
6.6 — D @ +2) =>... + (т +2) = (= + 2). (14) 
k-i times 


~2x1l=0, ~0=k—14, (~ z) => 2 (Е — 1) = jo (х). (15) 
= (~ ((~ х) + 1)) — Jg- (т), and Л, (х) can be repre- 
sented by a formula generated by the set {~z, х = y) (see 12)). 
3.1.3. If @ and k are mutually prime, there are no numbers 
among о, 2a, ..., ia, 4 (k — 1) о which are multiple to k 
or mod А comparable. Consequently, the division of these numbers 
by k gives different remainders. Since we have k — 1 given numbers, 
there exists among them a number which is mod К comparable 
with 1. Let this number be Iga. Then we have (z--a)--. . . | g= 


i, times 

z+ і. To ш) the proof, we note that J; (ж) = Jp-y (= + 
— i—i), (0, 1, ..., 5—2. 

3.1.4, (1) Take y = m — 1. (2) Consider the function 1 — 2z. 

3.1.9. In this case, we can use the relation = >y = min (k — 
1, y — z + k — 1) with ordinary (and not mod д) addition and 
subtraction in y — z + k — 1. By induction in i, we can prove 
that л; (х) = min (k—1, i(k—1—2), i=1, 2, ..., k— 1. 
Indeed, һу (1) = ~ r = k — i — zr = min k — 1, k— 1 — х). 
Further, if А; (z) = min (k — 1, (i — (k— 4 — z), :> 2, 
then A; (х) = min (k — 1, hj. (z) — z4 k — 1) = min (k — 1, 
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min ik —1 (i — i)i- 1 х) + (& — 1 — zi) = mn (Ё — 1 
(k— 4p ik 0 — 25 :rik—d$-—2)—mua(k—i а (Е 
4 — aM Consequentts hy i (г) = min(k—1 (К—1у {К — 
If z — А — 
i —у)) NE re АЯ and hence Р р (2) 
dh 1 (xj 
$16 Obviously a comparison of z* = x? (mod А) and =? = 
z*d4mod А) cannot be earned out wdeniically fot апу k 29 3 smeg 
for ze k-—1 «e have z? == (k— ff = r= (ko — d — 
k —1 and ct = (k — i)! = і Let us now consider the relation 
z? = ті {шой 4) We put = = 2 This gives 4 = 10 (mod k) Try 
ing the values of & from 3 to 15. ме see that the comparison can 
br ceatried out only fork = 3 4 c and 12 Hence for each of these 
values of & we must find out whether ihe comparison 22 = ді 
(m d &) зя valid for any values of z mm F, It turns out that Tor алу 
k = 3 4 Gand 12 the comparison 2? == 24 (mod &) 15 fulfilled iden 
ncaly in E, For example for k= 6 we have 


0 f 2 3 4 5 
| | 

0 1.4 3 4 1 
317 bo k=4 Sand 7 the number of different functions of 


the given lormis — 1 wWbilefor k — 4 6 B 9 iDitisequalto 3 
2 4 7 4 respectively For example [or 4 = 4 we have 


2—{) 1 2 j paf i 2 з) nef i 2 з) 


gi 


042 1 ü 1 U 1 оча 3 


amit rti = io 9043 = рї (2 id) 

18 ,,ír ~ Fp fx) г + Ja рб) 4 — d terms) 
рб) =» у{т—1—1) Üsixk—2 И pits then 
giz} = g {0} (ғ) + + gili G)- + gik — thin а ба) 
It remains for us to take into account ly, (т) = fe (ri +> + 
ji (x). {i terms) 

319 Let us consider the functions (0) —cicc {1 2) 
Fiz + 4) fix-r 2) and Í {fia iz} where h ir) — To TA iz} 
ta (=) Each of them assumes the same aumber of values as the 


funcion f(x) has Therefore e can assume that f, (ху = P К 


and fa (r) — p k s) where a 5, БЕ {1 2} Then g (х) = 
1 ©» 
01 2 
_ ikp 
(o bi othe} If  ¢ then 6,—2 and a+ Б, = 2 and 


hence а = 0 which contradicts ta the condition af the problem 
(since a € (1 24) TF however b, — 2 we have b, = 1 and a + 
6, — 1 Consequentl a = Ü and we again arrive at a contradie 
поп 

$110 Since the function f(z) — e (e£ fi 2}) assumes the 
same number of values as the [unction f {z} dacs the coefficient a4 
can assume any value in &, We can assume that a, = 0 Then 


fir} = ау + a = (0 a, + a, - os! The following three 


ü 
Cases are assumed 10 be favourable fa) dy ay = ay + 22), 
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(b) ay + a, = 0), but dy + 2a, = 0, (с) dg + a, 5 0, but dg 7i 
2g, = 0. In case (a), we have a; = 0, and ао is arbitrary. In case 
(b: a, 0, a, = — а, = 2a). Case (с): ау = а and 2a, 52 0 
(hence ау == 0). " Answer: a, is arbitrary and (1) if a, = 0, then ay 
is — (2) if К = 0, then either а, = a, or ау = 2a, (i.e. if 
а z5 0, then ay = 0). 

3. 1,11. (1) z = max (min (1, Jo (z)), Ji en = jy (x) + 2ј1(2). 
pe x = max (J, (т), min (2, Л, (2), min (1, Ja (2))) = 3jg (т) + 
2j (=) * ja (х). (3) — jo (с) = J, (x) = 4], (z). (2) 24, (=) = 
min (4, ^ (=)) € ај (т). (о) Ja da т) = max (J; (x) J3 (х)) = 
Aj, (т) + 4/5 (т). (6) (~ zr) +> х == max (min (1, J, (z)), “min (1, 

1 (2)), a (т), Ja (z)) = jo (x) t n (>) 4 ys (т) 4- 3/3 (т). 
(7) Jh (2) — ja (х) = max (J, (=), Ja (x)) = 3], (x) + 9з (2). 
(3) z+ 2y = max (min (1, J, us o (y), min (Js (=), Jo (y), 
min (Ja (x), J; (y)), min (1, Ja (х), J » (y), min n" Jo (2), Ja (y), 
min (J; (=), Ja (у))) = A (2) n (у) + 2j4 (x) Jo (0) + 2jo (2) Л U+ 
ja (х) ja (у) + Jo (=) ja (у) T 23 (3) ja (у). (9) max (х, у) = max 
(min (1, Ji (2), Jo (y), min (1, Ji (т), J 1 (y), min (1, » (x), 
Ji (y)), min C (х), J» (y)), min " (x), Ja (y), min (Js (х), Ja (y), 
min (Js (z), Ji (у)), min (Js (х), Jo U) = ji oly) + (2) (у 4c 
Jo (2) ју (y) T 270 (т) js (y) + 2j (х) ja (y) ч 2/„ (x) ja (у) + 
2ja (ж) jı (у) 5 3s e Jo {у (у). (10) z — у? = max (min (1, J; (2), 
Jo (y), min (1, Js (x), Jy (y)), min (1, Ja (z), Ja (y)), min (Js (т), 
Jo (i (y) = jı (2) јо (и) + ja (ж) Jy (0) je (2) }e 0) 5 2ja (x) Fi (y). 

11) 25у = max (min (1 ‚ Л (2), Ji (0), min (1, J, (2), J; (Y) 
min (J; e Ja (y)), min ТА (х), Ja (у))) = hy (2) ja (у) + Ja (2) 
ja (y) + 271 (2) ja (у) + 2)» (2) ja (у). (12) zy = max (min (1, Л, (2), 
то (у)), min (1, Ja (z), J > (y)), min (2, J, A Jo n2 min (2, J; (=), 

л (y)), min (2, 7з, (х), J 1 (y)) min (2, Ja (z), J 2 (y)), min [t 3 (т), 

7o у)), min (J i(z), Je (¥))) = ji (z) jo (у) E із (®) j» "A T 
2ja (x) Jo (0) + 231 (жу (у) + is (2) ja U) oe (2) / (у) + 
їз (х) Jo (0) + jı (2) ja ( (y). 


3.1.12, Putting T == (Ci Gay 343 бы) == a, we get f (ат) == 
min {шах (f (0), nm Jo, (a), ый Jo, (Za) ee ау ^ Jo, (®һ))}- Let 
g 
us prove that the right-hand side of this relation coincides with 
the left-hand side. If at least one 9; 5 o, for example, for i = 


ig, then max (ў (o), ~ Jo, Gud nm Js. Е (n; 7 Joi, (6i). 


арбы), +з ~ Ja, (Cn) = max (/ (0), ~ Jo, (01), - 
~ Н бү 160-1). 70,7 Js, Е (Gi sah ™ o, (@,)) ^ Е — 1. 
If, TM б = a, then m (f (б), ~ Jo, (9). - os d (Cn) = 
max (f(a), ~ (A— 14), ..., ~ (k—1) =f (©), and hence min 
6 


{max (f (o), ~ Jg, (S s m с, (x,)) = min (k — 1, ..., 
k— 1, (0), k—i ... k— 1) =f (a). 


21—0636 
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32 


$21 (1) In order to simplily the notation we put 7 ([0 
2j) T and Z([(0 1) [20 —27 (ау тС Г and £Z (b) 
einer П ()J,G)e?7n V (dr—pyt€7 and 6 

(e) x 4d Tandé Z (f)min(z pt T nN Y 
(2 We put T([1 3} = T VW (IU 1) (2) З) = V, Z ((ü 
3) И у=, fap eer QU, and Q7, (bb-z€T 
and ЄЎ? WY, (c nir €CY,andéZ, (dtz + ET 
. d p e» ed #) Е T ñ Net am. if) aty ET 


X 

322 (1) The subset {2} and the partition {0} U {t 2} are 
suitable (2) $ — {0 2} and D = {{0 2) {1}} (3) & = {ft} and 
D — {f0} u 2)) (4) 6 = {2} There 15 no suitable partition 
5) $ = (0j and D = {{0 1) (2) {3}} (89 = {0} and D — 
{0 23 if 331] (98 — (1 Stand D = ((0 2} {1 31) (8}@ = 

and D = {{0 1 4) {2 3))] (9) @ = {4} and D — (0 1 

4) {3}} dO) — (0 2) and Э={{0 2 4) (t1 3 5 


D = {i 2) (1)) for k = 3 and D = D'A—1) 
кдр for kta” 7 T ч 


К 
(2) Hint It should be first proved that different classes Г lé} 
correspond to Aifierent proper subseta in 7, The number oi xi 
non empty subsets in E, 15 2^ — 1 

(3) FS = £g then | (7 (6) | = AX Геі ат – {6 lS 
к — 1 Then {7 (8) [. m? k^ ™ (snce the values from $$ 
should be assumed on 6’ = É x x $ while on the remaining 


п il nes 
k" — m tuples the values of the functions can be arbitrary) 
824 (1) If D = ЦО) {f} (E ір ie s; kk OF 
D = {{0 1 k-—— 1) re s 1 then any function in Ph 
preserves this partition Let з 3-1 and sk In the partition 
== (a. Ф} ме Lake a subset '&, such that ld, [у> 2 


and another subset $ — differmg from $, Leta, a,C , and 


a, for zd, 
bet, Let us consider the function f (z) b for co 


Obviously f (a,) = 5 and hence f does not preserve the partition Э 
god fd 7 (D 


(2) Hint We must first prove that fora zx: 1 and s 5 & different 
classes 27 (D) correspond to different partitions of Ep For k = 3 
the set tas the following partitions D, = Ud (т {му D,— 

10 i} (22) Dy = uo 2} {1}) BD, = (i0) {1 2}} Da = 
O 1 23) 2 (D) = 2 (D,a = P, The remaining three classes 
UD Y Pa) and 9 {D dier trom опе another and from Р» 
Consequently there exist four different classes of the type £ (D) 
in P, (if we also take into account the entire set 2, as well) For 
À == 4 the set Г. has the following partitions D, = {10} {i} 
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2}, (3), Da = ((0,1), {2}, (3), Da = {{0, 2}, (15, {3}}, О, = 
О Бү, 4), (22), Da = {{1, 2), {0}, (333, De = {{1, 3}, {0}, 
{2}}, D, = {{2, 3}, {0}, (1), Da = {{0, 1], (2, 33), Ds ( (0, 2), 
{1, }}, р == 0, 3), {1, 2) }, Di at { {0}, {1, à, 3}}, Dy» = 
{ {1}, {0, 2, 3}}, Dis = {{2}, {0, l; 3}}; Di ж 3], (0, L; 23), 
Ру = ((0, 1, 2, 3}}. Consequently, there are 14 different classes 


of type Z (D) in. P,. In P, there are 51 classes of the type 
(D). 


(3) Let (i ig, .. ., in) be a tuple of numbers in the set (1, 
2,..., S}. The number of such tuples is s". Arrange them in the 
alphabetic order and assign them numbers from 1 to s". The tuple 
(4, 1, ..., 1, 1) has the number 1, the tuple (1, 1, ..., 1, 2) the 
number 2, the tuple (4, 1, ..., 1, 2, 1) the number s -+ 1, and 
so on. If a tuple (i, is ..., ij) has a number m, the number 
L8; | 16; |... 16; | isdencted by dm. The number of func- 


п . 
tions in the set Р, (X"), which preserve the partition D = {6}, 
So, .. 4. Ss} is equal to | 2j | | 6; |^] 63, [9 x 3 
(J1, 22, «5.9 2) 
а А : 
| 6; | 7, where г — s" and the sum is taken over all possible 


tuples of length s", consisting of numbers from the set (1, 2, . . . s). 

3.2.5. We denote the set 6 by 6, and E, | 6 by 6... Let 
| é | = Land, as in Problem 3.2.4(3), let dm stand for the number 
13, |... | б. |, where (i, ..., i) is the tuple of length n, 

n 

consisting of numbers belonging to the set (1, 2), where m is the 
number of the tuple in the alphabetic order. Obviously, d, = 1". 

(1) Since 7 (6) «2 (D) = T (6)\(T (6) П Z (D), the num- 
ber of functions in P, (X") contained іп the set T (6) < Z (D), 
Le. (Т (ENZ (DY is (T (899 | — | (T ($) Пп £ (р) = 


n 


Dan d an d, Qn 
UCET D 10$,118,19... 18; | == OE — 


Be od 6, |» к= | 6j. |^r, where r = 2”, and the last sum 


is taken over all such tuples of length 2^ — 1, which consist of 
numbers belonging to the set {1, 2}. The above formula is valid 
for nz» 1. If n = 0, then |(Т (ENZ (D))O| = 0. 


(2) For nz1, we have |(£ (DNT ($))09| = (Z (D)) | — 
(Т@п# (руй = VW |, тв... |ы 7 
Ga едр 
d, d d d, 
2j 1S 5, | * 1S jo "ete EZA г = 2 16 j,| * 5, | Suus 
EE j,=2 
dy rr Hy) CREE 
631 T= (k&— 1)! 21 |; |^? "T |$). (here, as before, 
TEE RS 
^Y M ss jets 2) i22, ...,r). For n=0, |(%/ (DNT ($)) | = 
(3) (CT ($) U & DIO = 107 (8) Z (D NT (8))| = 
21% 
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Tur 01" У) «31 EF fr (Forn-ü we 
{1 2.) 

have (T (8) UZ (D | E). 
326 (D I n- 


- k à 


My ду Dh 1 
(i е ag, 2} and b; 56 b, for і = р} and hence (0) = р (fofz)) 


И | m and a} then b; Æ b; and therelore 
k 


D 1 k i 


Gq 01 Ah | 


) and у {2) = 


ате the funetionsin Sa they have dilferent values 


Ub, dhi Thy 4 
Gy, F 05; Consequently ў (а) ЕЁ 5, Let f (z) and ў, (z) be iune 
tona in CS, Then there exist i y (г œ р) such that f, G) — fs 4^) 
But under {his condition the equality fy i/a (0) = his (D) 19 8130 
observed ‘Therefore f fr} — fi (f, (x)) € CS, 

0) For k-3 we have | 5, Ñ 4 ((0 1) (21 2 (Ths 


class contains the following functions (5 ; „| and , Г ә ) 
д> 4 then |S, N Z (10. k— 2} {8—1] {1 k— 3} = 
Hik — Зу! 
327 () 223-4 23-4 2242 e 3:4 + 3r? 4- 323 + 2z 
C rci z*— z* (4) 52% + 2r + åt 4 2 4 x? + аг (qo) Bett 
z+ Sef + 81° + ол (0) zy (0) zg + cy + ёг (8) x?y* -+ 
y 
—4 
гузу yte @уф —1) 4 — (+ 29) = T) 
à 2 ° k—1 
наг ağ 4 (а а -- 0) 1 2. c 9e { | | 
2!zh 1 b(4 — xii ш 
328 (1) It 15 sufficient to represent the function 2/9 (z) 


through a polynomal since 27, (а) — 23 {= —4) : 12 3 
We write the required. polynomial as an expression with indeter 
minate coeffcienis 2379 (z) ар az + ayt + aar? fhe remain 
ing powers are not needed since rit? == i? and zti+3 = r3 mod 
4 lor [zs t) Assigning the values Q 4 2and 3to x we obtain the 
following system of equations 


t= 2 
dg dr yay 24 = О 
Ug + да, + ds + Заз == 0 


Solving this system we obtain (а) аз = 2 ар 1 а, = 0 ау і 

(b) a, = 2 ау = d a, = Ü a. = 3 (c) д=2 & = 1 t= ё 

9З = 3 (0) ар = 2 а = 3 2 ау = 1 Consequently 2j,(z)— 
z 


й 
+22243: 304 = 2402 4 20024 320 2 p йг} 
(2) if the function ў (x) in P, is such that 7 (E,) = (0 2) it ean 
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3 
be represented in the form f (х) == 21 b;2j; (x), where 5; € 


ъ= 
0, 1), i= 0, 1, 2, 3. Then we must use the result of Problem 
3.2.8(1). If, however, f(E)= (1, 3), we can consider the func- 
tion g (х) = f (х) — 1. | 
(3) Assuming that the function f (z, y) can be represented by 
a mod 4 polynomial, we have f (z, y) = ао © ауу t 2002-1 
yay? + ах + аху +... + 23223y?-- a4423y?. Considering this 
relation for the pairs (0, 0), (0, 2), (2, 9) and (2, 2), we get a system 
which has no solution: 


dog — 2, 


40% F 209) = Q, 
100 -t- 2019 == 0, 


Zoo +- 209i -{- 219 == 0. 


3.2.9. Hint, It is sufficient to prove that the functions f (х) — 
Р (x) and f (х) — f? (т) assume the values only in the set (0, 2) and 
then to make use of the result of Problem 3.2.8(2). 

3.2.10. If the function f (х) in P, can be presented by a mod 
4 polynomial, it can be written in the form а, + ajz + ar? + 
азт3, where a; € Ey, i = 0, 1, 2, 3 (see Problem 3.2.8(1)). But 
one and the same function can be represented by different poly- 
nomials. Besides, each such function is represented by four diífer- 
ent polynomials (see, for example, the solution to Problem 3.2.8(1)). 
The latter fact can be easily proved by considering that the follow- 
Ing relations are valid in P,: 2х3 = 2z? = 2r and 3z3 = 22 + 23, 
The number of corresponding functions is equal to 64. 

3.2.11. (1) The functions z, z? and xz? in P, should be compared. 

(2) Since 32° = 3x (mod 6), each function that can be repre- 
sented by a mod 6 polynomial is represented by two different 
polynomials. Therefore, the number of functions in P, which can 
be represented by mod 6 polynomials is 63/2 — 108. 

(3) The necessary and sufficient conditions for representing 
the function (a + by, (z)? by a mod 6 polynomial consists in that 
the function (2a -+ Б) bJa (=) must be represented by a mod 6 
polynomial. It remains for us to іра the values с Є Es for 
Which the function cj, (xz) can be represented by a mod 6 polyno- 
mial, and after determining from each such value c the correspond- 
Ing pairs of values (a, b) choose the pairs for which the function 
a~+ bja (х) cannot be represented by а mod 6 polynomial. An- 
Swer; either b = 2 and a = 2,5, or b = 4 and а = 1,4. 

3.2.12, (1), (2), (4) No, it cannot. (3) and (5) Yes, it can. 

232413, 00 о ву @ TL 2). @) g (0, Ah 

S vs K 43). (4) T (0, 19). (5) T ((0, & — 13. (6) 7 ({0}). 

(7) T ((13). (8) T ((Ik — 1). (9) T ((1, k— 43). 40) Т ((0, 22). 

(11) T ((k — 2}). (42) T ((0, 13). 43) Z ((0), (1,2, ..., k — 1)). 

(14) T((l, 2,..., k— 1». (15) T ((1, k— 2}. (16) 9 ((0, 
= 4}, (5... & — 2). (17) T (£0, 13). 

p 3.2.14. (1) The set {jo (2), z- y) is such a subsystem (see 
roblem 3.1.8 and use the Slupecki criterion). The completeness 
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of this system can be proved in a different way We have р, (x) 4- 


бо (321 ett rz zL1—2z42 (x + (k — 2)} -+ 
5 = r+ ik 


а) (2) = рр {с 0) = ра {ж ikee =d 
à &—1 fe (fp (2) F gg (y) 7 so o (x y) = Ja (x) һу (y) 
ї= 0 1 к — 1 and m = 


om 0) eol — i y — m) 

at k—t Пы ybe no. & wt ноа бс y 

{s terms) s=1 2 К—1 k Iff (r у) вап arbitrary func 

поп of two arguments then ў (т y) = 2 f (! mj fa m {т у) 
{ 


{+ m) 
where the summation is carried out over all pairs (2 m) € Ey X En 
It remains for us to take into account the fact that the system of 
all functions in P, which depend on two arguments ts complete 
in P, 

(23) {0 z+ у sy} OT USD try fe} ns la 1í0) <= 
Tdo 19» {i 2 драге 2 k— ір 

3245 (D A, if} oF {Ee и) p-—1 k—2 
BAN (0 8—1 б} Л GD} Aint J, Us G0) — 0 л (t) 
к — і (see also Problema 3 1 1(18) and (193) 

$216 (1) The subsystem is complete О = 7, (44) 2 = J, @ 
J, (х) = Jy (max ff, (х)  J,(x))) (2) The subsystem 14 not com 
piete Consider the partition D = {i0 4} {2}] (3) Tbe subsystem 
is not complete and preserves the partition {i} [1] {2 åh 
е Yee is not complete and preserves the partition 

3217 (1) The completeness of the given system in 5, can be 
reved as follows By induction on i (iz 1) we prove that any 
unction g in Sp satzsfying the condition g (z) = x for z> i 13 
generated by functions in the set [Ag (z) Ap, (2) ho; (2)} 
Putting then à = k-— 1 we орал the required result The induc 
tive step is substantiated as follows Let g (z) =z for x — і -F- 1 
and gu +=? FIPS bt 1 (here рі 3and O sz is n 
Let us take a function А (zx) counciding with g (z) everywhere except 
at r = [апі z = i+ i At these two values of the argument the 
funchon k ta А (D — ; and AGit+ theai+td Obviously the 
function А (х) has already been constructed (in view of the induc 
lave hypothesis) 1% can be easly seen that gij = 
h Ghote уу Cog (ote у) (®)))) 

(2) Since Peg (A (gp (йыр (z)) = ha, vi) et 1 2 
k— 2 the given system generates each function in Prablem 3 2 1141] 

d Consider that ^i ftn (z + (k — 1) + 1 = hn ap un (2) 
р = — 

3218 It follows from Problem 321 (f) that the р ven sys 
tem generates the set 5, Using the function z + Jp (x) we can 
easily construct any function unt assuming exactly one value 
бп Ea) Then given that we have all the functions assuming not 
more than i values {1 <2 xz К — 2) we must show how an arbi 
trary function in PU} whien does not assume : + 1 values can 


he constructed Let р (х) be an arbitrary function not assuming 
only one value Then there exist exactly tro values of the argu- 
ment viz f, and A4 for which the values of the function g (7) are 
equal те g tig} == g і) The elements of the set Ej {iy 4) 
will be denoted by i, 1, у Let us take two functions 
Еу (т) and g, (z) 1n the set S, such that („у= т> r=0,1 
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k —1, and gy(s)=1,, s= 1, 2, ..., k 1, while g, (0) = 
ТЄ ERNE (E). We denote the function = -- jg (x) by ho (т). We 
have g (x) = & (ho (gi (2))). Let us now take an arbitrary function 
g' (x) not assuming i + 1 values (1 < i x; k — 2). Let one of these 
values be ij. We assume that g (ba) = g' (bj). Let us consider 
the function f, (z) coinciding with р (x) everywhere except at = = 
b, and ў, (фу) = lg. Obviously, the function f, (х) has already 
been constructed (by the inductive hypothesis). Let a,, ..., а, 
be all different values assumed by the function g' (х) (here s = 
k—i—4z1), and E,'w fa ..4 as} — (hy Цу кез ИП 
We take the function f, (x) in the following form: 


B x if 250, 
в ®@={ ry if c= lf, 


It can be easily seen that the function fa (x) does not assume only 
one value, and hence we know how to construct it. We have g'(z) == 

(z)). 
п 7 219. (1) z — z = 0, Ja (0) = k 1, (J, (0))?= 1. Further, 
we obtain the remaining constants (for k> 4): (А — 1)— 1 == 
k — 2, (k 2) — 1 = k — 3, .... Then we construct max (х, y) 
and min (т, у): = (x > y) = min (z, у), (k—1)—z—-—z, 
~ min (~ z, ~ у) = max (х, y). Thus, the initial system generates 
the Rosser-Turquette system. 

(2) (z — y) + y = max (z, у), z+ (k—1)+... (Е 1) 
= r--1 (here k — 1 is added k — 1 times). Consequently, we 
have constructed the system {z + 1, max (z, y)) known to be 
complete beforehand. 

(3) If k = 21 -+ 1 (L> 1), we proceed as follows: ((x 4- 2) + 

2) 1-2 = = 1 (2isadded І -+ 1 times); z — (х — y) = 
min (z, y), ~ min (~ z, ~ y) = max (х, y). We have obtained 
a Post's system. Let us now suppose that k = 21 (Lz» 2), Then we 
construct a Rosser-Turquette system: min (т, y) and max (х, у) 
are obtained in the same way as for an odd К. Then we construct 
the constants z — z = 0, 0+ 2 = 2, 2 | 2 = 4, ..., (k—4) + 
2=k—-2, ~0=k—-1, ~2=k—3, ..., ~ (k — 2) = 1, 
and then the functions J; (т): ((k — 1) ~~ zx) =- . ,. = z= J, (2), 
ae 


k-i times 
Jo (z -+ k — 2m) = Jam (х), m = 1, 2, — 1, Jom (~ z) = 
2m e — 1 — x) = Jp sem (2), т == 0, 1, e. o — 1. 
(@)2-—>х=&=0, 1— 02 = 4, —1-2k-—1, (k-1)-2= 


~ T, z> (z> y) = min (х, y), ~ min (~ xz, ~ y) = max (х, y). 

Using k — 1, 1 and z — y, we obtain the constants k — 2 = 

(k—1)—1, k—3 = (k—2) —1, ..., 2=3—1. Then we 

obtain (k—1)-—2)-—...-—z-— Jo (0), Jr- (2) = Jo (~ 2), 
——„„— 


а) = Ты — 2) = 2) — Tyg (2), дд (2) = Jo ((Е— 3) 
h-2 VE] — ЈОЦА — 4) — д) — Уку (X) -3 V) = 4g WV 7 B 
т) = Ja ((k — 2) + x) and so on. Thus, the initial system репег- 
ates a Rosser-Turquette system. 
r+... + 2=0 (k term), (~ 0) 2х0 = А 1, 

(~ 2) — 2 (К — 1) = jo (х). We obtained the system {jo (т), 
z-r y) which is known to be complete beforehand (see Prob- 
lem 3.2.14(1)). 
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(6} The completeness of this system can he proved hy a method 
similar to that used for proving the completeness of Post s system 
jie the system fr max (т yj) We shail give a fragment of the 
proof concerning the construction of the function ~ т We have 
пір (г rt d, z42 z+ (Е — 1)) а= 0 Further in the 
ordinary way we obtain all the constants and the functions j, (=) 
71 ix] fka (2) лр (2) = man (zr (&—1) at (k— 2) 

z+ (k—t— t) z+ {kilt 1р т--1 т) 
г 1 k — 1 Then we construct the functions g,, (z) 
such that g, р (0 = sand g, 4 (x) = k — 1 for z Ar р, р (2) = 
ma (i (xb 4 (8 — Ер k — 1—0) 4 5 ЕшаПу we get the Luka 


sevich negation ~ z = шп {гд 1o (x) gh #1 (1! En it 102) 
бод 1 {2)) 
7} mia = Ji zi {—{)—1=х-—2 іх — 


(k— 2)) —– # = х mate y — 4 = пиа {х y) We have con 
stricted the system {т munir p}} 

(8) From z4 у we construct zty z4 4-р Е == 
k — i (zis taken А — 1 times) (k— 1) (kK — 1) = 1 7, у (I) = 


о клы ve haee 4, ЫА o <n seb an A LOT 
= y PurLhor we дате ї т} — } т| and } + 
k — 1} = j, (z) We have constructed the system tio (2) P + у} 


(3) 1* — r = fy (x) peer Gp lrt ke) i= 
1 2 k — i We have z+ р = у У Pi (2) where 


t— 1 
с @) 0, 1) + + Gf, GH G terms) 1e Qj (а) = a, GI 
i= { k — 1 We have tahad the system H iz) r+ y} 
which is known jo be complete beforehand 

(10) = + + = == 0 {k terms) 7, (0) = k —1 (Е ір 

+ {tk — 1) = 1 (k — 1 terms) 1 x A(z) = ј (x) We have 
constructed the system {т-у nan 

üi) (~ (k — 2) — (—2) = 1-— (k— 2) — 0 {гр 0 = 
ex (е (m 0) —— pez р oeo {т1-— уу = тй {т y) ~ Min 
(— x ~ р) = шах (r y] ~ (k—2)-1 rx1--1—:; We 
have constructed the Post system {= тах {х y}} 

£9 (k-—1)*— (k—1)-—0 0-—:--—- Ajy 
z'- y — ik — 1) = 1 We have constructed the complete system 
from Problem 3 2 19/9) 

(133 z— z—0 2X t+2=2ct+2 Then we obtain all the 
constants 04- 2—2 2+ 23-4 (i -4) 4+ 2--k -2 
1+2=5 4--2=<5 (k-—3)--2--&k—1 Then we have 
(К —1) —z--—r z г y} == пип (гор) ~ mo {~ r ~y) 
max {x у) (A — ij- )— т = J, (2) Then 


k—1 ti 

we construct the remaining functions J, (2) (see Problem 3 2 40(4\! 

Thus the jmtal system generates a Rosser Turquette system 

04) P—1=0 05—z--z i$i—(—z:):z The com 

lete system fz mm {z y)) has been constructed (see Frob- 
em 3 2 19(6)) 

(15) The iunction = | x, + +ajt+20--2) tee 

can be easily constructed irom = tyt2 П k= 2m im? 2) 
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for 1 = m -- 1 we obtain the function z, + ... + Tmp Using 
then the constant 0 = 12 — 1, we get х; T х, t 07r... +0 == 
ху + z (which contains m — 1 zeros). Then we construct jo (т): 
12 -— x = јо (х). Thus, we have constructed the system (j, (т), 
x+y}, which is known to be complete beforehand (see Prob- 
lem 3.2.14(1)). If k = 2m + 1 (mÈ 1), for | = m + 2 we obtain 
the function zı- .. . + m+ 1 1, and from it, the function 
z—z404-...--0--4 (m-4+ 1 zeros) and z,-+2,+0+ 
... +0 -+ 1 = xm, + z, (m zeros) Then we proceed in the same 
way as for an even k. D _ 

(16) zjo (ж) = Јо (х), min (z, jo (z)) = 0, ту, (0) = х. We have 
obtained the complete system (x, min (т, y)) (see Problem 3.2.19(6)). 

3.2.20, While solving these problems, it is expedient to com- 
pile tables with two inputs (in = and y) for the functions of two 
variables under consideration. 

(1) z— y+ 2 is an essential function. Consequently, it 


sufficient to construct the functions z, х -r Jo (х) and л, (x) 
xz + јо (x) — ji (2), see S. Picard's theorem. We have (k — 1)? 
(k — 1) = 0, (k— 1? + х = јо (z jo (0) = 1, z—1-4- 2 x; 
z—y--2-—z—y-4d-1, x—y-d-tí1-—z-—y 0-—r--—z, 
zı — (— у) = х 4- y. From z + y and j, (x) we construct z -.- 
Јо (x) ho (x) = (x + jo (3) — jo (= (k — 1)) = x + jo (2) — 
Jı г). 

(2) The functions x + y? and zy -+ 1 are essential. We con- 


struct the functions z, һо (x) and x + jo (х): jaljg (2)) = 0, 2x 0 + 


1 =1, 1X14 = z, jy (£) = ja (£ + 2) = jo (2), z + s (2)? = 
rtiGh(e+NEN+..-tl=2—-Lin@—)=h (0), 


20 Nr. 


h—1 times 
ha (2) = z + jo (@) + Gi (D) А... His 099). 
k-i times | 
(3) (~x) — y and х y are essential functions, х — x = 0, 
(-z)— 0 = xr, (-(-z)—y-r—y, 0 — х == — zr, ж — 


(у) = фу ~ 0 = ki, r+ (Е 1) =r- 1, z ~ (k — 
1) =z, i> 2 = jo(z), jo (£ — 1) = j, (z). From z + y and jq (2), 
we construct z ~- jo (x); Лоу (x) = (x + jo (ж)) — ji (т). 

(4) z — y and t — y are essential functions; (j, (x)? — 
hG)-0,z—0-z z—yez—y Ü0—z:--—z z— 
(—y) = z-- y, ji (ж) = ja (ш). From z+ y and jy (2), we con- 
struct x T Јо (0); hg (2) = (£ + jo (x)) — jı (2). 

(5) zy is an essential function. From z and j, (т), we construct 
all the functions j; (х), == 1, 2, .. ., k — 4: ji (©) = jo (z + (k — 
i)). Further we have (z + s — i) ji (£) = gai (x), s=0,1,..., 

=A i=0, 1, ..., k— (25, (0 = s апа gi (x) = 0 for 
da i). If g(z) is an arbitrary function in PLU, then g (z) = 
&8(0-ьо (5) H 1) (Gt) a (22 H- 1) ~~. (gto i (D + 1)... 
(аа-а, а (H De кол 

(0) From z — 1, we construct, as usual, х: (х — 1) — 1 = 
Rue (z — (k — 2)) — 1 = z — (k — =z 4 1 = z. Let 
us denote the second function by f (х, y). Since 1 + x = j, (2), 
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f (2, y) = CH fa CN Po QD fy (к) G — пу т We have f (z, 2 
т == 

se e) a Pub І — f. (adm Ae fs) к= Th we 
have constructed the system (z, ko; (х) z + Jo (z)) generating alt 


funciions of ont variable in P, (ee Picatd's theorem) 
follows from the [orm of the Functions fiz 0) and f 00 т) 
that f (rz, y) is an essential function Applying the Slupeckl 


criterion we conclude that the initral system is complete 

(7} Ohveously, the given function 19 essential We denote it by 
Ф бт, i We have Ф (х, р) =j (2) у 2 (0), e 2) = 
Jo (2) = thy бар = Fo (а), ар ба, } {туу = ро (1) Fo ft} 4 ujolloiz 
fo €) + (@ hm = = 1 Лобо TES Р (0, г) = 


z t hih ir + it __ tint-i Ía ft — 1) = J, (5) 
k-1 times { 2 , 
€ Uii z= =н Ur (23) z4- Ux (32-1) to = (6 0 2 - | T 


( 1 2 О o |] == hg (f) We have constructed the system 
Gt, zt jy (2), Aw (2) which 1s complete п Pi? 
(8) The mual function 18 obviously essential We denote it 


by Y (2, y) We have 1p (z, г) =, 1р (с z) rj, (e — 23) + (2 — 
д (2) fo (2) + т}, (1) == OF 0-- Ја (т Jy a (Cua (ш) m. 

GO De nca OG tek ie hats be = 

zjo (x) + (x — fy (zD X AP Os (2 = Jg (2 + х fi) = 


I 
(9) Obviously, the grven function is essential. We denote it by 


fit, y) We have f (2, 2 = (, 3 4 "n ) =a t 
aq 2 k—t 


mia) =(5 5 5 5]-^5G. fh nim 
hy (2) ==] О dor Á 2 it ke we also consider the 
3 TM (2) {01 km 4 Р 50 conside 

superposition ha {hy (z)) m O Further, h (0) — 1 fiz O)e r4 
hO se 0-5 st, a-( 55 "y )-u9 


(0 42 к 
Fe мо) = (0 бз а) 
(10) The initial function is essential We denote it by Ф іг y) 
We have Ф (2, 2) fa y + 2 M == Б (2) gfe А (z= 
I 
А, науи ; T ч TOM fo H - 1 j y = 3 Р 
Tjj] mm OWL Ver, hi = t 
па ( (Jo (2) 2 0 Further, we obtain’ A, ost eN 0, P 
hes (Q2. (1, 2) = 2 iz D = ar -H h de) 
(11) Obviously, the. given function is essential We denote it 
Y Piz, у) We ave т, 2) = 21 fry + fy б) (2 + fe Ga + 
f т) Оз (6) — h iz TEE ith () : ht AH x a 
V Uo Ug UON. Pa (ri) Sit hih fe p Р (D) а Oy n (0) == 
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i (0, z) = z, 0 (1, 2) = ho (x). From z we obtain х — 1, and then 
jı (2) : jo (1—1) = ji (z); w (1 + jy (2), 2) =z- jo (т). 

3.2.21. (1) If k =.2m + 1 (m> 1), the system is complete 
since (х + 2) ++... -+ 2 = z + 1 (2 із added here т + 1 times), 
and hence the initial system generates the complete system {z, 
max (х, y)). If, however, k = 2m (т >> 2), the system is incom- 
plete since it preserves the subset @ of all odd numbers in Ёр, 


т — 
ie 6= U {21+ 1}. 
1=0 # a 

(2) The system is incomplete and preserves the set (1, 2}. _ 

(3) For k= 2m-+1 (mz»1) the system is complete since 
it generates the complete system (z, min (z, y)} (see Problem 
3.2.19(6)). The function х= can be constructed as follows: 
(z — 2) — ..— 2 = z — 2m = z4-1. If k= 2m (m z 2), the 

No ar 
m times 


m-1 
system is incomplete since it preserves the set = U {22}. 
0 


(4) The system is incomplete and preserves the set (0, 1j. 

(5) For k = 2m + 1 (т >> 1), the system is complete since it 
generates the complete system {jo (x), +y} (see Problem 3.2.14(1)). 
Indeed, 2z--...4-2z + y =z- y, (z + 2)+...-4+ 2= 


ST Ne 
m--1i times m--1 times 
etd, z--..4-z2-—90, 0-1 = 1, 12 хз ј (х). И 
e 
k times ‚ 
К = 2m (т z 2) the system is incomplete since it preserves 
m-i 


the set @ = У; (21). 


1=0 
(6) The system is incomplete and preserves a certain (k — 1)- 
element subset in E 


(7) The system is incomplete and preserves a certain one-ele- 
ment subset in £,. 


(8) For odd К, the system is complete (generates, for example, 
the system {x + y, jo (2) }). For even k, it is incomplete since it 
preserves the subset of all even numbers in Е,. 


(9) The system is incomplete since it preserves a certain two- 
element subset in Ёр. 


(10) If k= 2m +1 (т >> 1), the system is complete: (z -+ 
2)... +2 = 2, (r-— у) + у = тах (х=, у). For А = 2m 
m+t times _ 
(m > 2), the system is incomplete since it preserves the subset 


—— 
a 


(11) For k = 2m + 1 (m > 1), the system is incomplete since 
А m 
it preserves the subset @ = U (21). If k = 2m (т > 2) the 
| 


System is complete. Indeed, т ii (x + y) = min (z, y), ~min(~z, 
~y) == max (т, y) z-—z:-0,—e0- k — i, 2jQ(0) = 2, 
(—1)—22x:—3,...,5—2—8, оаа (k — 1) — 
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(—k—2 t&—-3% 1 #&-4 g—1-—4 HN ir-u- 
Ji 1 (х) { 1 k-- 2 Jy 1 (^r) — J (1) Thus the Roster 
Turquette system has been constructed 

(12) For k = 4 the system isimcamplete Fork 4 it preserves 
the partition D = {{0 i} (2 3}) and for & 3 1t preserves 
for example the partition D = ((0 i} [2] [k — 3} 
ik 2 k—i}) For k = З the system 1s complete Indeed 
mild (x) + 029) Jai) Fg (a) = Jaiz) Јо (max (J, (г) 
ғар Л) 300-2 —2-0 шах (mr wy) — 
muir y le ме have constructed a Rosser Turguette system 

(13) For А > 4 the system is incomplete For k = 4 the par 
ноп D = (10 43 (2 33} з preserved while for k 25 5 и 
preserves forexample the partition D = {10 1) {2 k — 3} 
fk — 2 k-——1]] For k 3 thesystem 18 complete = mit (~g 
~y} = max {f y) min(2 — jQ,(3) — 2n (zx) т} = Ja ia) 
Ja (m2) = Ja (2) fy (Qr — Ja (max (Ja (z) Ja (рр —0 = 2 Thus 
we have constructed the Rosser Turquette system 

(4) The system is mcomplete It preserves for example the 
partition P = {{0 1 k — 21 [Kk 1 

(15) The system 13 complete IL 18 not difficult to construct for 
example the following Rosser Turquette system r — (z y) 
min {г y] {~mm (~z ~y)— пах (х y z—rz-—ü 60 
k—1 (К—1)—{ 2) 4 (k—2)—1-k—3 
3—122 ЦЕ 4) x) zc JJ.) „(т d 


|. Teo 


я d ames 

(а Giy Даа ist 2 k —1 

3222 The functions appearing in each of the given systems 
are polynomials Consequently for composite k these systems are 
incomplete If however Е 1s a prime number not less than 3 the 
completeness of a system can be conveniently proved by construct 
mg one of the following systems (a) the system [75 (х) 2 -+ yl 
complete in P, (for any k see Problem 3 2 £4(1}) or (b) the system 
{i = + y ry) complete in the class of polynomials 

(1) It 18 sufficrent to construct the functions r + y and zy 
We have 12d-14-1 x 1—3 i+3+ixi=5 1 
k—2)--1 x1 k O0 т+у+тхф@б—:+у Ct 
i+ +i=ear—t er 4042 fy — 1) = гу 
ol F 

А times 

(2) It os suffüc ent to construct the system {j, {x} 2 -+ y) 
т = ЕЕЕ ЕЕ {=тх- 1 +—{у- t+ 
1 :—y 1хтх® g gyr- rt тї 322 xk 1 (kof 
tS 4n exen number since k is а prime number not lesa than 3) 
1 zt 1== рух) 0— rz х (р) = г фу 

(3) We construct the system {ra (2) z+ yl 2+ 
х @ fk terms) O 14 —4 а (—1) i zf( х = 

z* ха (—2AÀ 5) %1 ( {}-+ + ( 1} = 1 (Е 

i qerms) 1 + (—5^) —4— z^? (л) 


(4) We construct the functions і z -+ y and ry r(k — 1) + 
z-(k— l} +4+:;:=:;4+41 (k—li)-1-—0 й+{1=1 zX 
0-2-0 +0 = ғ рур (rdbÜycridbi1—y--0 sc 
х-ті z'rik—ij—z—tí1 (у) Бері = зр 1 


(zy -+ 1) — 1 = zy 
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(5) We construct the system {уу (z), = + y). We have (x + 
2) p... t -2y == y оп number of 2y terms is (k — 1)/2), 
zd e). 0 — = = —z, — (—y) = = + у. p" function 
z-+ y can be obtained more am diy: ((x -+ 2y) -- 2y) To ‚_-Е2у = 


(k+ 2. times 


zl y.) Further, —(k — 2) = 2, (Е — 8) — 2 = k — 4, ,3— 
2 = 1, and from functions 1 and z — у we obtain i — у; 1 x т? = 
i3, Pe == хі, ‚28-312 = gml, | — hl = 7, (2). 

(00 We construct the system Uo (2), z -+ yy: z — z = 0, 0 — 
х= і, р (у) == 10у (0 = К 1, —(k — 1) = 1, 
2 Х і = гї, аба == 21, с... І eight = gh, 4 — zh = } (2). 


(7) We construct the functions 1, z+ y and zy. We have 
(e+ 2y + 0) t 22461 == z-b3y-i-RA, (ж — 2) + 2y 4- 
Rm х + 2y 4- 2z, ((z ---(2у + 22) + Qy 3-220 + .. + 

у, 2:) = x+ y + z (here the terms 2y -+ 22 are contained 
mat 1)/2 times), z + y + y = z d- 2y, (x + 2y) + 2) +... + 
2y == r—y (the terms 2y are contained (k — 1)/2 times), = — z = 

Q—z-——z, = (у) = афу z4-2x0-i-zli 
04-1 = 1, Еро Y= EFN UEN ay, 

(zy — 1) + 1 = гу. 

(8 We construct the functions = -+ y and zy. We have ((= T 
2y) + 2y) +... + 2y = y — y (the number of terms 2y is 
(К — 1/2), t— х = (0, 0 — x = ~r, r-—(—y)—r-y 
(z (y 1) — z + y + 1) — (e (y — 1} — z + y — 1) = xy + 
2, ((4zy + 2) — 1) — 1 = 4zy. Further, if k = 4m + 1 (m >> 4 1), 
ме consider the sum 4zy + ázy + . + ázy of m terms | zi y. 
It is equal to —zy. But since we have the function —-х, we can easily 


obtain the function zy: —(—zy) = zy. lf k = 4m + 3 (n > 0), 


we construct the sum 4zy + 4zy-+ ... -+ 4zy of m+ 1 terms. 
It is equal to zy. 


(9) We construct the functions 1, z-L- y and zy. We have 


m—-2=0, OF OF 1=1, z-0-ci-czild, (c+ 
р Л бы гк юлык ч St 
колы =» 


h—1 times 
—Ü— 
(10) Б E ‚.— Ay = р у, 2-2 = 0, 0 — 


(k+ VL times 


zc ~z, = — (—у) == , охо+о+1= 1, — 1 
оте Дз 0 ж. | T d "T 


(11) We construct the functions 1, z 4- y and zy. Since k is 

à prime number, z^ = х, and hence we have 1--z— 

z-coir...r—d-z and (r--1)4-1-2z4-2, ..., (= 4 
S emma 


k times 


(К — 2) +1 = art (k D. UR we obtain 1 ires 


H 
| 
T 
t 
X 
ч 
X 
© 
X 
e 
| 
d 
H 
| 
== 
jar 
c 
| 


ly y + 

yd z—yd d +1) (у -- —1) + 
yt à — 1) 4-1 — ay + 2, iit byt er 0) 4 UT 
3.2,23, (1) Take into account the fact that Uo, (=) T E" yj 15 
à complete system and that у; (x + 1) = јо (x), : = 1. 
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(2) Consider Post s system (3) Adding, for example the functions 


„т 4nd f, we can construct Post's system (4) Fost s system can 
easily be constructed by adding, for example, the functions ~-z 


and х (5) By adiing, for example the function х se tàn easily 
ohtaim Posts system (6) It 13 sufficient to add the functions ~r 


and > to construct Post s system {7} Apply directly the theorem 
on completeness and incompleteness of a polynomial class ia P, 

3224 (1) For $= 4 and & we can consider the function 
fie-+1 х) (2) For k = 4, analyze the function f (2, т) and for 
k = 6, the function f (4, z) (3) For & = 4 we can consider any 
of the functions (f (0 z), (f (2 + 4,23)? and f — Ff (2, x) while 
for k = 6 the function 1 — f tå, z) should be considered (4) For 
kc 4 any of the functions (fir OD", (f(r zl (f(r--2 ui) 
orf (2, г) — 223s suitable For k = 6 we can consider the function 
f (4, z) — à 

3 2.25, (1) The subsystem B = (А — 1 у(х}, -— y) i a 
basis Let ug prove thie We have р, (Е — 0$ - 0, 1, (0) = 4, 


A UO. nac ihU-2-2-na6 — nati 
j iL РЕЗ F — -—— — 3} — ij&-1 17); pee (rb = 
Pik—3)—D-A(k-D—D . n(z) 57-2) — 


ja (à — xz) Let g fz) he an arbitrary Junction in Ü d can be con 


structed as follows At first we construct the function gg (r) = 
(ЦЕ — 1) — fy {2)) — Jo (20) — — fo (1), Where ja (z) 1s sub 
tracted from k — 1 such a number of times ғо that ga (0) = g (0) 
je r =k Ї — р (0) (For g (0) = k —1, we put gs, (r) = 
к — 1) Then we subtract r, = k — 1 — g (1) times the function 
А (х) from gy fr}, and so on (In particular, the function т can be 
constructed in this «ay \ In order ta prose the completeness of the 
system Б, rt remains for us to use the SIupeckr criterion (or recall 
that min (я, у) = х — (r— у). тах (= у) == imm (~F, ~y}, 
=r = (k — 1} — zand that tbe system {т шат іг, y)]is complete 
ш Pa) Further, we must prove that B does not contain complete 
proper subsystems The function r — y cannot be removed from 4 
since the functions k — 1 and pa (х) essentially depend on not more 
than one variable Further, we obviously have Uo (i r— yi с 
T(IO, 1) and {4—1 xz—ybcr((0 &— і} 

(2) БВ=4„(\. r— J Ohviously | z— yf а an essential 
function, We shall show how all the functions of опе variable сап 
he constructed We have ((Z,(z) — J$(23 — iis} — ЈЕ (гу a 


"———— — "P —— — — RR — 
A 1 times 


0, J (0) — k—1, (k—1) — (&k—1)) — te k—A—i (1 


1 times 
12. . k—2) ((z—13)—193)— — — f!*-rz—I fi = 1, 2, 


і times 
k—2) J, {z}=(7, (z—— i) — ЈА a (i210) — — Ji(r— (1719 


k- tirs 
i=, 2, QKk—1 Let g(z) be an arbitrary function in. РИ} It 


can be constructed as follows We first construct. the function 
бо (х) if g(0)— k—1, then gatz)ek—1 If however, g(0} Æ 
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k—1, then gy (х) = ((&—1) — Jg (z) > ... + Jg (x) where r= 
го times 

| k—1—g(0). Then we construct the function gi(z) if g(i)= 

k—1, then ар (2) = go (x), but if g(1)z5 k—1, then ру (2) = 

(ga (z) + J$ (2) + ... — Ji (z), where гу == k—1— g (1), and so on. 


— 
ri times 


On the &-th step, we obtain the function g,_; (z): if g (k— 1) = 
k—1, then ад] (х) = А-а (2), but if g(k—1)z5k—1, then 
Ek-1 (т) == (Ens (2) > Ja (1i)-— ...— Ii (x), where rhi = &— 
{—g(k—1). Obviously, the function gag-i(z) coincides with the 


function g (z). In order to complete the proof of the completeness of 
the system 2, it is sufficient to use the D рну, criterion. It can 
he easily seen that B does not contain complete proper subsystems 
since the function J, (х) depends only on one argument, and the 
function x — у preserves the set {0}. 

шн: For odd k, the subsystem {x — 2, max (г, y)} is also 
à basis. 

(3) B = (^r, min (x, y, r+ y} We have z4 (~r) = 
k-—14,rdk—1i—irz-—i,(r—1)--...—1-5z, ~min (~r, 

—_„—— 
В—1 times 
^y) = шах (х, y). We have obtained Post's system. It 
should be also noted that (—z, min (z, y)) c 7T ((0, k — 1}), 
(—^z, x+- y) CL and (min (z, y), z + y) c T ((0)). 

(4) If kis odd, for example, the subsystems {x + 2, max (т, y)) 
and {z + 2, x — y) are bases. This fact can be substantiated by 
using the following relations: (= + 2) + ... 02 = z 4-1 (the 
term 2 is taken (А -+ 1)/2 times) and х — (z — y) = min (т, y). If 
k is even (k > 4), the basis is the following subsystem: В = {k — 1, 
r--2, r— y) Let us prove this. We have (А — 1) + 2 = 1, 
(k—1)—12k—2,..., 38-—-1—2,1-1-—0,(k — 1) —z— 


“І, Е — (= — y) = min (т, y), ~~ min (~ х, ~ у) = wax (x, y), 
(E — i) >a) >... >z = J) (2), Ji (2) = Jo (œ > i) = 


Ja (z = (i — 1), i = 1, 2,..., k — 1. Thus, the subsystem B 
generates the Rosser-Turquette system which is known to be com- 
plete. Consequently, B is a complete system. Let us prove that B 
is a basis. Obviously, {k — 1, z — y) c T ((0, k — 1}), the sub- 
System {А — 1, z + 2} consists only of functions which essentially 
depend on not more than one variable, and for k — 2; the sub- 
system {z + 2, х — y) is contained in the class T ((0, 2, ..., 
k — 2}). Consequently, В does not contain complete proper sub- 
Systems. 

(3) The basis is the subsystem В = (jg (2), z + y?). In order 
to prove this, we must take into account that jg (jy (z)) + (jg (2)? = 
I and that the function z + y? can be used for constructing all the 
unctions of one variable (by using jy (z), ji (x). «+ ~ Jr- (2)) 
“most in the same way as the function zr -- y was used in the 
solution of Problem 3.1.8. 
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Р 3 2 26 Take into account the fact YT ‚* N y 
пиц max — 
T h min d, (2) Fa К) = О ча жыЁ-— 4 and 


max (dy {da 2) e (z)) == k — 1 
3227 [Í the variables of the functions belong ta the set 
[rn =, fn ] the number of different functions in any 


closed class in P, (inciudimng P, as a particular case) rs got more 
than countable Let a closed class A (cz Pa) have a fin te complete 
system Then апу basis in 11 15 Baite Consequently the power of 
the set of ita bases does not exceed the power of the set of all its 
Bnite subsystems which (as is known from the theory of sets) ts 
not more than countable 

32 28 (i) Any precomplete class is closed Consequently 2 
15 a closed class and the set А is also a closed class a Р, as an 
intersection of closed classes 1+ should be also noted that the 
class В and hence the set А contain an identity function Let us 
consider a closed class Ф (A) consisting of all the furct ons af the 


system P, which preserve the set d (tbe function f (27) m m 
preserves the set A if for any functions Фу (х) Ф (т) in А 
the superposition f (94 {x} Gn (1) 15 à function in А) Obi 
ously # = Фф (А) and Фф (A)  P, (since for example any func 
ion in РИ MA is not comtaimed in WAY Bul since B 15 à pre 
complete class it cannot be exactly contained 1n any closed class 
differing from the entire P, Therefore B = Ф (4) The class 
TB (A) is uniquely defined by the set A Consequently the class Н 
having the properties specified 1n the conditions of the problem 13 
umque 

(2) It follows from Problem 3 2 27(1) that the number of such 
precomplete classes in P, 13 not more than the number of all sub 
sets of the set Р, Since | Р! | — &* tbe power of the set of all 


k 
subsets in Р. цз gh 


3229 (1) Let us prove that the class À, contains only one 
(accurate up to redesignation of variables) function of one variable 
g(x) = z* We denote the function tg? by f (c y) We have 
fe z)— 24 х Fi? zp— f(s zb гаа? 5 o Ó$ fe 17) = 
тїсї == 2% OhDwnieously 27 -6 r and 77 -Æ consi 

(2) We denote the function уу (x) jg (y) by pir y) We have 
pir лу = 0 qiD 7) Ф (2 0) — p (0 0) = 0 Therefore А, 
contains only оре function depending оп not more than опе vari 
able and this function 1з an identical zero 

$230 We denote the function p4 (хур y} by wp (x. py) Let 
us consider the general form of the superposition genefated by the 


set f(s yl} Ф im Бу yn) == \ў {Чу {г 
ты} We (it D) where 4f, 18 either а variable or a super 
position generated i the set {pir yy} te 1 2 Let us prove that 


if at least one Шү differs from a variable the superposition ¥ 15 
equal іо an identical zero Indeed any functrom represented by the 
superposition generated by the set IM (r yl} does not assume the 
value of 2 Therefore if for example Y, differa from a variable 
then: (Ду (E, Ey UW, fe, EQ) Sp(e {2} Eu = 
i0! Thus the class A, contains only three pairwise incongruent 
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[unctions: 0, js (х) and jə (х) ja (y), which essentially depend on 
zero, one and two variables respectively. 


3.2.31, If in the function f, (z^) (п > 2) we identify any ! 


variables (2<l<n), we obtain a function — to Раа (29769) 
(since js (х) ja (2) = Ја (z). Further, like in the previous 
problem, we can prove that if at least one Qf; in the superposi- 
tion A = Л (N (211, „еу їп) pe (251, $83 Tom,» ELLE. 
Un (zh rn Zo, )) differs from a variable, then 9f is equal to 


an identical zero. Hence K, contains, in addition to the functions 
fs for «+++ fn» ss only an identical zero, and any function 
fn generates any function f; for 1 < n, but is not generated by the 
set {f fo... fug). Hence it follows that the set of closed 
classes in К, consists of K, itself, the class (0) and the classes [fi], 
е на ad S00 SS e Сее 
Obviously, none of these classes is precomplete in K, (since any 
class in this chain differing from К, is strictly contained in some 
other class differing from К,). 

3.2.32. Let us calculate the number of non-essential functions 


n 
in РЇ!) and subtract the obtained expression from &" . A function 
is not essential if it assumes less than k different values (in £j) 
or assumes all the & values (in Ej), but essentially depends only on 
one variable. The number of the first type functions can be deter- 


mined by the  inclusion-exclusion method. It is Ch x 
. h-i 
(k—1* —ch-*( —209 4... 4- (Ai CR Е — ae". ot 


n 
(—1)- cz2* 4 (— 1k Ch. The number of the second-type 
functions is (k!)n. 

3.2.38. Let us establish a one-to-one correspondence between 
all rational numbers of the segment [0, 1] and the set of functions 
Us fa... Ља). We take an arbitrary real number y € 
[0, 1] and denote by C, the subset of all such functions in m 
Їз. а) which given the chosen correspondence are in 
compliance with all rational numbers less than y. For y, < ys, we 


have С, © Cy, Let B, == [C,]. Obviously, By = By, for y, < Yo 
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4.1, 


4.1.1. It follows from the calculation of the type (v, т) pairs, 
where v € V, z € X, and v and z are incident. 
4.1.2. (2) None. 
о 4.1.9. (1) Let О (v) be the set of vertices adjacent to v and 
(v) = (v) UO (v). By hypothesis, | O' (v) | > (n + 1)/2 and 
А, NO (0) | x (n — 1)/2. Hence it follows that each vertex from 
NO'(v) is adjacent toa certain vertex from O’ (р), and hence the 
22—0636 


338 SOLUTIONS AMSWERS AND HINTS 


graph 1s connected (2) [t 18 possihle for an even n and impossible 
for an odd a 

4 110 Let fv u] jw i| be ivo chains of maximum length 
which have no common vertices 1n a graph G The graph & is con 
nected Consequently there exists a chain Z connecting for exam 
ple vertices v and w Let pr, be the last vertex of the chain Jz 4] 
which 13 met on the path from v to w along the chain Z and му 
he the first vertex of the chain lw 1] met оп this path alter р, 
The vertex г; of the chain {г u} divides 1t into two parts [v гу] 
and [r, ul Let [v ij] be not shorter than [z, u] Similarly the 
vETiEX ву divides the cham [e 1] ito two parts Let je wj] 
be not shorter than fw, t} Then the chain [v оу wy, uw] is longer 
than each of the chains [v u] and fie ¢] We arrive at a contra 
diclion 

4118 Hint Consider the complements of ihe graphs C and Н 

4120 2 4122 Six 

4 124 О) Lete uand w be three vertices of the same power of 
a graph Gin Л, We assume that pand u are adjacent and v and ш 
are noi For vertices wandw at least one of themehusiins О (u) = 
O (v) or O (ш) = O (u) as valid It follows hence from this and from 
the equality M (uj | = | © (i) | that? (a) = О (vj and there- 
fore v € О (v) Let us now consider the pair vand w It fellows from 
what has been proved above that v and w are adjacent But the 
inclusion. О iv) c О (wi doea not take place since wl О (el), 
O (s) The inclusion О (uw) CO (v) ig not valid either since 
|@ (0) 1 = |0 {г} | We arrive at a contradiction 

& i20 [1) The number of edges ol the graph б is equal to the 
sum of the numbers of edges of graphs А, divided by n — 1 (2) This 
follows from 4126 (1) 4128 Two 

4134 {1} Yes there exists 413) Yes 1615 4 139 No it 
158 not 


42 


425 Let С be a plane 2 connected graph with at least two 
iniéernal faces If there exista ап internal [ace separated from an 
external face by a single simple chain then the deletion of this 
cham leads to à 2-connected graph (prove this statement) Suppose 
that there 45 no such а face Then any internal face having a com 
moa chain with the external face has at least one vertex in common 
with ıt which does not tie on this chain Let ds prove that this 
case ts impossible We number al] the internal faces We mark 
the cannected pieces of the boundary of the external face which 
simultaneously belong to an internal face with the number i hy 
an index ı Then there exist such indices ; and з which are met 
during the circumvention of the boundary of the external face in 
the sequence ij р à р We denote the corresponding pieces af 
the boundary by Г. Pj Ty, Ty, Let us choose on these pieces 
points a, 5, «a, 4, on the plané (one pant on each piece) Then 
the points a, and a, can he connected by a curve whose а]] points 
except а, and a, are internal points of the face with the number і 
while points ё, and 54 can be connected hy а curve whose mternal 
рагі lies in the face with the number è Lhe curves intersect at a 
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certain point d which is hence an internal point of two different 
faces. We arrive at a contradiction. 

4.9.9. Let G be a 2-connected planar graph and G’ be its plane 
representation. Let n be the number of vertices, m the number of 
edges, and r the number of faces of the graph G' (including the 
internal and external faces). According to Problem 4.2.6, we have 
r = m — n + 2. The number of pairs of the form (v, х), where 
visa vertex incident to the edge = is equal to 2m. On the other 
hand, this number is equal to the sum of the powers of the graph 
vertices. Since each power by hypothesis is not less than 6, we can 
write 2m >> On, i.e. m >> Зп. The boundary of each face has at 
least two edges, and each edge belongs to the boundary of not more 
than two faces. Hence 3r < 2m. It can be easily seen that the 
system г = m — n + 2, т >> Зп, 3r x; 2m is incompatible. 

4.2.14. We assume that the graph K, is planar. Let К; be its 
plane representation. Then the number r of the faces of the graph 
K: isr = m — n + 2, where m is the number of edges, and n the 
number of vertices. As in Problem 4.2.9, we have 3r < 2m. Hence 
m < Зп — 6. But m = 10 and n = 5. We arrive at a contradiction. 
While proving the non-planarity of the graph К; з, we note that 
each its cycle contains at least four edges. Assuming that K3,, 
is a planar graph, use Problem 4.2.11. 

4.2.22. Each vertex of a 6-connected graph has a power not less 
than 6 (see Problem 4.2.9). 

4.2.21. (3) x (B") = 2, x (B") = n. 

4.2.28. Two. 

4.2.45. (1) Let т (m) be the number of terminal coverings of 
a chain of length m. Then т (т) = t (m — 2) + t (m — 3), 
t (1) = т (2) = т (3). The solution of recurrence relations of this 
type is given in Sec. 8.3. 

4.2.49. (1) ур (G) is the average number of vertices which are 
not adjacent to vertices of the subset U = V of power k. Conse- 
quently, there exists a subset Us, | Ua | = k, such that v (U) < 
ур (G). If IF is the set of vertices which are not adjacent to vertices 
from U,, then W U 0,15 the vertex covering of power not exceeding 
k +- v4 (G). (2) Let e (v, и) = 1 if the vertices v and и are not 
adjacent and е (v, и) = 0 if they are. Let S, (v) be the number of 
subsets U = V composed of X vertices none of which is adjacent to 
v, and let d (v) he the power of the vertex v. Then 


2 w= P2 Уши) 


USV, 1Ut=k ОСҮ,1УІ = А Еу 
n — d (v) n — dy 
=, 5.0) | " )«m[ " ). Hence 
тЕҮ vcEV 
iVi-i Р 
it^ 0 
va (б) x; IF] І (1-7). 


1=0 


һә 
p 
* 
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4a 


432 The proof can be carried out by induction on the number 
of vertices of the digraph (On an inductive step 14 19 expedient {0 
delete one of the vertices (vj or t) from the digraph 

433 Use induction on the number К 

438 The statement can be proved by induction on the number 
of vertices m the tournament 

4310 For n = 14 the inequality is obvious. Let it be valid 
for such m that і ain o ms Let us consider the tournament T 
with m 4- 1 vertices Since any tournament with m + 1 vertices 
has exactly Ch arcs there exists a vertex v, With an out degree 
=[(m + 41/2] Having deleted the vertex v, in Г we get a tourna 
ment T which bas m veruces and contains а set 5 consisting of 
at least f (т) of compatible ares The arca emerging from vg and 
ihe ares belonging to S ate compatible Usmg ihe müuctive hy 
pothesis we obtain 


ess [2 [E] ] C8] 


4342 Any even order group contains at least one element 
inverse to itself and diifering fram the unit element af the group 
[Т the group of the tournament T were even i$ would contain an 
element a satisfying the above property Since @ 19 hot a unit 
element there exist two verbtes v, and vp, such that & {ti} = v, 
and a (s — v Let F contain the are {гу г} Then the are 
(а (3) € (ry) should also belong іо T We armve at a conira 

eton 

4 315 The proof can be cared out by induction on the num 
her of strong components of the tournament If there is only one 
Yeriex m conüensalion or there are two verblces in rt. ihe conden 
sation 1s by definition а transitive. digraph 

43 19 Carry out induction on the number oi vertices tn the 
digraph On an inductive step one of the vertices with zero out 
depree should be deleted alter establishing beforehand the existence 
of such a vertex зп the grven digraph 

4 421 Proof can be сагпеё out by induction on the number 
of vertices im the digraph 

4325 Carry out induction over the length of the contour 

4329 Proof can be carried out by induction on the deter 
minant order 


4 4 


442 Starting from an arbitrary vertex of the tree we con 
struct a chain. adding a new vertex on cach step as long as possible 
At the moment when 1t becomes impossible the end vertices of the 
chain will become pendant vertices of the tree The process of con 
struction terminates since the set of vertices 19 finite. and there are 
no cycles in the tree 

444 (1) According to Problem 4 1 26 the number of edges in 
the graph & and 1ts connectiveness can be reconstructed from F ((7) 
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4.4.9. The induction can Бе carried out on the magnitude of 
the tree radius. 

4.4.12. The power is continual. 4.4.14. 2. 4.4.23. Carry out 
induction over the length of the vector. 4.2.28. It is true. 4.4.30. 
It is true. 4.4.31, Generally, it is not true. 4.4.32. Generally, it 
is not true. 4.4.33. n — 1. 

4.4.34. An irreducible network does not have parallel edges 


and is not p-reducible. Hence m < | $ )- 1. Each internal 


vertex in an irreducible network has a power not lower than 3 and 
poles have a power not lower than 2 for n > 2. | 

4.4.40. (1) (a), (b) and (c). Yes, it can. (3) (a) and (b). No, it 
cannot. 4.4.43. Consider TÈ, m >> 3. 4.4.52, No, it is not. 


4.9. 
(3) n? | | 
4.9.2. (1) 27%. (2) | |. 4.5.3. (2) Use the inclusion-exclu- 
nt 


sion relation. 
4.5.5. (1) Make use of the fact that in a connected graph, 


1 
m x E and т> п і. (2) A connected graph with m edges 
has not more than m--1 vertices. The number of pairs of differ- 


ent vertices is hence not larger than Hence x (т) < 


eu 
2 . Then Stirling's formula should be used. 


2 


^ uei 


n 


4.5.6. Note that the number of vertices in a graph does not 
exceed 2m. The further line of reasoning is the same as in 
Problem 4.5.5 (2). 

4.9.7. See Problems 4.5.5 (2) and 4.5.6. 

4.9.9. (1) The code of a tree with m edges is a dual vector of 
length 2m with m unit coordinates. (2) See Problem 4.4.24. 

4.5.10, Use the solution of Problem 4.5.4 and Stirling's for- 
mula. 4,5.14, See Problems 8.3.18 and 8.3.19. 

4.9.16. The network Г (a, Б) having properties I and II is 


а result of substituting the networks of the type ГР, k = 1, т 4- 1 


for the edges of the network T$, (а, b). The number of such net- 
works is equal to the number of arrangements of m objects in n — 1 


boxes so that none of the boxes is empty, and is (no : 
n — 


4.9.17. (2) Use the solution of Problem 4.5.14. 

4.5.49. Tf a graph is not connected, the set of its vertices can 
be divided into two parts that there are no edges connecting the 
vertices of different parts. The number of vertices in one of the 
parts lies between 1 and [n'2]. The graph with numbered vertices 
ts completely determined by the choice of the edges. The number 
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of edges which are forbidden rs equal to k (n — k) where k ts the 
number of vertices in one of the parts 

4522 Any subgraph of the cube B" is completely defined 
by specifying the set of rta vertices The set of vertices of a con 
nected subgraph is defined by specifying 118 certam spanning set 
(re the tree cantaining all the vertices) in order to specify the 
tree which 18 a subgraph of the cube B” we can choose any vertex 
of the cube belonging to the tree (there are not more than 27 ways 
of dang sol and a tree with & vertices (there are not more than 
ДА 1 «aya of doing so) For each edge of a tree 113 direction as that 
of an edge of the cube B" can be speciGed in not morte than n ways 
Hence че obtam the required estimate 


4534 Let & (n) bea submuliple ої graphs for М p {бу = 1 


In view of wmequalty (i) wehave 5 (n) —p (n) > 0 às n —- oc 
Hence we obtain the result 
1 


4992 (2) Zir (Ea a) d. ts ty fg bs} 2! 3! 


Hila- ta) 

а o 33 (i) Let us consider an arbitrary permutation ajas dn 
of numbers of the set [1 2 n} and arrange parentheses iu 
it so as to obtain a substitution with a eche structure (у) — 
у Je Jn} First we have у, cycles of length f then у, cycles 
of length 2 and soon (re the substitution has the following form 
{а,} (a) (2,) (ааа „м } — ) Let us now assume that two 
substitutions л, and ч, with a cyclic structure (у) are constructed 
from two different permutations of elements of the set {i 2 
"| in the way described above When does X, coincide with x," 
The co;ncidence is possible for two reasons (1) rdent cal cycles in 
the substitutions т, and чу are їп different positions (2) although 
the cycles are identical (a5 cycles of a substitution} in the above 
construction they start with the different elements (say 123 and 
231) The first reason leads to a repetition of the same substitution 


ui oti 


Т Ti 
|! jj! times while the second reason to а repetition | К * times 
kl =i 
the reasons being mutually independent (9 The prosi can be 
carried out by ynducthion on л using the relatious from parts (1) 
and (2) of this problem 

4534 Use the following obvious fact a cycle 1з an even sub 
stitution 1f and only i£ ats length ts odd 

4936 This follows from the Polya theorem 

4 5 27 Interpret the coefficients of the binomial 1-++ + approp- 
riately and use the Polya theorem 
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4.5.40. Associate each graph with a tuple of connected graphs, 
i.e. the tuple of all its connective components. Then apply the 
Polya theorem. 

4.5.42. Any tournament is uniquely determined by its con- 
densation (with numbered vertices) and the tuple of strong com- 
ponents. The numbering of the vertices is required only for assn- 
ciating them with the corresponding strong components of the 
tournament. 


4.6. 


4.6.3, 14. 4.6.4. See Problem 4.6.2. 4.6.6. This follows from 


the fact that any function f (х) has a d.n.f. whose complexity 
does not exceed n2"-1, 4,6.16. See Problem 4.6.15. 

4,6.20. This follows from the fact that the complexity of a 
scheme dual to a given one is equal to the complexity of the initial 
scheme, and from Problem 4.6.18. 

4.6.21. If а scheme contains not more than seven contacts, it 
can be plotted on a plane so than the addition of an edge between 
the poles leaves it plane. Consequently, there exists a scheme dual 


to it. The substitution in the latter scheme EJ for all contacts of 


the type z? leads to a scheme representing a negation of the func- 
tion which is represented by the initial scheme. 

4.6.22, Let us choose an arbitrary contact of a scheme without 
repetition representing the Boolean function f and consider a chain 
passing through the contact. The values of variables differing from 
those in the chosen chain can be fixed in such a way that the contacts 
not contained in the chain will be disconnected. The obtained 
scheme represents an e.c. depending on the chosen variable. Thus, 
it turns out that a certain component of the function f, and hence 
the function f itself, essentially depends on the chosen variable. 

4.6.25. The scheme X in Fig. 21 has the sets (zr, у}, u w), 
(z, г, v, z) and (z, ш, t, и} among its sections. Then if there 
exists a scheme without repetition 2, representing the function f*. 
it contains chains with conductivities zy, rw, zrvz, xwtu. Without 
any loss of generality, we can assume that the contact x adjoins the 
pole а of the network X,. Then either contact г or contact ш also 
adjoins this pole. In the former case, X, does not contain the chain 
zruz, and in the latter, zwtu. 


4.6.26, No, it is not. Make nse of the fact that f (хә... тд) = 
Ї* (x, ..., т) and the result of Problem 4.6.25. 
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9.1. 


9.1.1. Let p (v, ш) < 2t for some v and w in C. Then S; (ь) П 
п 
S; (ш) Æg. Consequently, any mapping р: В" — C such that 


n 
Sy (и) S po (и) for any и € С is not single-valued. 
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512 (1) Generally 1t 15 not true (2) It is true (3) Generally 
1t 15 not true 


513 The sets Cy (x €C lxiiseven) and c, — (a€€ 


il e fis odd} are codes detecting a s ugle error At least one of them 
contains not Jess than half the number of words in C 

5124 (t) It detects one and corrects 0 mistakes (2) It detects 
п — 1 and corrects {п 1)/2] mistakes 

517 (216 518 221519 2 5112 No there does not 

3113 Let for a certain n > 7 there exist a densely packed 


J 
(n 3)code Then in view of 5111 the number У (5) for 
D 


this n 1s a power of two Consequently for a certain k the equality 
(a -+ 1)(n* — п- 6) = 3 X Z^ is valid. Then either. n+ 1 ts 
a power of two огл + ihastheform3 X 2 fora certain natural r 
li nt і == 27 then п —5-F6-3X 2^ г Substituting л — 
27 41 into the last equality we obtain 22 3 — 3 X 2 7-4-1 
dx 22 r5 Forr — 3 the left hand mde rs an odd number exceed 
ing 3 while the nght hand side їз either an even number or 3 The 
second case can be considered similarly 


5444 Let the vertices © — ia, сл) B. б) 

and Ач = {ү, Ya) form ап (n d} code Without loss of gener 
ality a = 0 and ( (a B) = d We put Ах = {i рс T; 
т) а r£ i40 1| Let us consider a vertex & such that 6, = 0 for 
t É А, and $5 — 1 for ig A), We have p ia B) ub i — 
E U Aia U Aga 127 Ay ПА = р (B. Y >d pÉ 6) 2 
Iylzed pió у) Б] ad 

9116 Without Joss of generality we assume that ÜcC For 
any uc Бору ‘here exisis a umque veriex PT. C such that 


р (a xy) xd Since the weight of any non zero code word 1s not 
less than 2d--1 vY€82,,, Let A(y) {а «CB5,, pia pa 


Then _ U A (Y= Biy and for any T "Ya m CN E3444 
vECN Bogs 1 

we have A (yi) fA (т) 2 

2117 The code distance of any equidistant code of power 
higher than 2 15 even 

5120 (і) In each of the faces BÀ o d and Rita 4 T 
we construct codes Cy and Су of power min d) Then СС 1з 
ап ќа d} code of power Z2mím © (231 Hint LE С ts ап 
{ d) code in B? for (n—1}-dimensional face g the set СПЕ ts 
ап {л—1 d) code 

9 123 Let а < 2d and let С be an arbitrary {n d) code of 
power m = 2 Weconstruet a manx M whose | nes are code words 
Let Л he the sum of pairwise distances between (unordered) pas 
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of code words. On the one hand, Az E d. On the other hand, 


= NW h; (m—h,), where A; is the number of unities in the i-th 


m (m — 1) 


row of the matrix M. Since д (m—4A) <m-/4, we have 5 d < 


2 od 
m са 

н: НЕРУ ШЕ. = 
ООСО р 
5 


‚1.25. (3) Let С be the maximum (п, k, d)-code. Then the set 
C; = (a: a € C, a; = 0} is an (п — 1, А, d)-code. The number of 


pairs of the form (:, B) such that 1 SiS n, В € C;, does пої ех- 
ceed n max | C; | < nm (n — 1, k, d). On the other hand, each 


vector а € C generates n — k such pairs. Hence 
(n — К) m (n, k, d) < nm (n — 1, К, а). 


5.4.26, Let & € B^, Се В" and let C. = (y:* = & Ө B, 
с, 


n 


ВЕС}. Then, if C is an (п, d)-code and р (a, В) << d, c.f = 
a 


P md мә 


@. Indeed, let T€ Сы óc TOME S =$ Ф P, Y = ү Ф а. 
© 


Then p(n$)—p(aOy, PES = jivoy opo? I= 
[| (a e B e (v' Ө 8) || == 0, since otherwise a Ө B = ү Ө $', 
and hence р (a, В) = р (v, $). But p (а, В) < d and p (v', ò’) =d 
since y, ó' € C. Hence follows the statement. 

3.1.27, This follows from Problem 5.1.26 if we take into account 


that in any (d — 1)-dimensional face of the cube В", the pairwise 


distances between vertices do not exceed d — 1, and the number of 
vertices is 24-1, 


9.2, 


0.2.2. A linearly independent system is, for example, В". П. 
5 Vectors in В" are linearly independent, all their combinations of 
the form (1) are pairwise different. If there existed a subset con- 
sisting of n + 1 linearly independent vectors, we would have the 
equality | B^ | = 2241, 

2.2,4, This follows from the fact that an (n, k)-code is a &-di- 
mensional subspace of В", i.e. the maximum number of linearly 


Independent vectors in it is К, and any linear combination of code 
vectors belongs to the code. 


9.2.9. If there is a vector with an odd weight in the code, half 
the number of code words have odd weights and the other half 
even weights. Otherwise, all the vectors are of an even weight. The 
former statement follows from the fact that the number of linear 
combinations containing the given vector with the odd weight is 
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equal to the number of combinations which do not contain it AH 
the combinations are divided into pairs їп which exactly one com 
bination has an odd weight 

5 26 А non zero vector in Б can be chosen in 2?— 4 waya 
TE i haearly undependent vectors ate chosen the corresponding sub- 
space has 2! vectora Апу vector 1n the complement to this space con 
stitutes with : chosen vectors a Imearly independent set and any 
vector in the subspace can be represented as à linear combination 
of the chosen vectors Thus the (f+ 1) th vector can he chosen in 

-— 2+ ways 

527 See Problem 268 528 25! 5210 It ts trie 
eA m € Um = B a(€ UN) = 2 6) (С UD = 92 

5214 The matrix M (С) generating the (п Ё) code C can bo 
reduced to the form (7, P) by substituting ior rows their linear com 


binatrons and transposing the columns Ifa vector a 1s orthogonal to 


each row of the matrix Af(C) then a vector B obtained from a by an 
appropnate transposition of coordinates 1s orthogonal to расл row 
of the matrix M(C) and vice versa One of generating matrices of the 
code C dual to the code C* generated by the matrix (/,P) has the 
form (PI, 4) 16 Се isan (n. п — Е) code Hence the code C* 
dual to the code С 1s also an {л n — X) code 

5245 The problem is similar ta 8 25 

3216 The code distance dis obviously not smaller than the 


PF 


minimum werght of the non zero code vector If pie Bed 
[or some code words = and @ we arrive at а contradiction to the 
condition of the problem since a & a їз aleo a cade vector and 
pf a Ф bed 

52 17 The solution follows from Problems 5 2 15 and 5 2 16 

5218 The number of unities in the matrix of the code C 13 
equal [o > | €] n On the other hand this number 13 not smaller 
than d (| € | - i) 

$5220 Let = „і he а weight d vector orthogonal ta 
the matrix Н We shall denote hy ё; the г th column of the matrix Н 
It follows from the orthogonality of 10 each row of the matra A 


Tl 
that x — 0 Thisleadstoa hnear dependence between the 


—1 
rows h; which appear m the linear combination. Consequently ta 


each vector a of weight d tn the null space of the matrix H there 
correspond d hmearly dependent columns af this matrix Thus uf 
each 4 — 1 columns of the matrix Н are linearly independent the 
minimum we ght of the code vector 13 not smaller than d and con 
versely if there exists a set of d — 1 linearly dependent rows there 
exists а Vector of weight smaller than din the orthogonal subspace 

5221 The problem 1s a corollary of Problem 5 2 20 

5224 (1) It follaws from 5218 that g (9 5) x; 10 We can 
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easily construct a linear (9, 5)-сойе of power 4. Therefore, 
g (9, 5) € (4, 8). Let us assume that C is a linear (9, 5)-code of 
power 8. Then four code vectors have an odd weight. No two of 
these four vectors lie outside B2. But among three vectors in Bf, 
there are two the distance between which does not exceed 4. 


5.3. 


5.3.4. Consider the code {a, aabb, bb). 
5.3.8. See Problem 5.3.7. 
5.3.10. The number of words of length smaller than | in the 


бо ч, kl —4 
k-letter alphabet is 2 kt = г: 


i=0 

m (k — 1), there exists in M a word of a length not smaller than 
log, (4 + m (k — 1)). ar | 

5.3.11. (2) For any divisible code, there exists a prefix code 
vith the same tuple of code word lengths (see Ref. 6, Part 5). 

9.3.18, (1) Prove by induction on m. 

5.3.19, This follows from 5.3.18. 

5.3.22. (1) Let C ={w,, ..., Wm} bea dual prefix code, and let 
the maximum length of a code word be р. Let ш = о... оу) Беа 


Lcd 


word in C. Let y = (y,,. . ., Pn) bea vector with y;— @;, i=1, A (ш) 
and with blanks in the remaining coordinates. Then the vector 


» is a code of an (n — À (w))-dimensional face of the cube B. It 
follows from the prefix form of the code that faces corresponding 


Hence if А -- 1 < 


n- Аш) 


т 
to diflerent code words do not intersect. Hence у) 2 e 2"; 


ј= m) 
(2) It follows from the completeness of the code that for any a € В" 
there exists a code word ш which is the prefix of с. This means that 


the tuple @ is contained in the face corresponding to the word 
w. It follows from the prefix form of the code that the faces corre- 
sponding to different code words are disjoint. Thus, the set of faces 
corresponding to the words of the complete prefix code define a par- 
tition of the cube В" into disjoint faces. This leads to the required 
equality. (3) The proof is similar to that in Problem 1.1.34. 

9.3.23. (1) It is true. The statement follows from the fact that 
any optimal code is a complete prefix code. 

9.3.24, Prove by induction on m. 

9.9.29. A prefix code with code word lengths А1, ..., Am 

т 


exists if and only if 21 2 ^i <1 (see Problem 5.3.22). There- 
uL 1—1 
fore, Lm= min У! Ai, where the minimum is taken over all sets 


i=l 
(А, +, Аъ} of natural numbers satisfying the condition 


+ 


ud. m 
2 а «1. The minimum > Ài is attained on the sets {A,, 


ету 


Ф 
— 
—— 


ixi 
Am} such that |A;—A;| <1, 1<i, j < т. Indeed, if there exist 
i and A; such that à; — А222, after the- substitution 
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п 
of 4—1 for Ag and А і for à, the quantity УА 
=f 


тті 
does not change amd the condition » 2 ^t cc 4 remains fulfil 


=} 
led Let få; һу] be a set of numbers such that А: А for 
po m-—r Ags Att for т-га where A is an integer 


ч 
Then ^ Ai má-rr and the condition assumes the form m2 ^— 


t 1 
2 > tæt It follows from the condition that А> (log, т)—1 
Tri 
and hence У А zm {log mf 
i i 


5327 (i) For m = 3 assuming that p, > p, > рас» 0 we 
have L(P) = Py + 2р, +t epg = і + py + ра > 1 The state- 
ment then follows from the fact that upon expansion operation the 
value of the code does not decrease (2) For given ¢ >> Qand m z» 2 
consider the distribution 


Ре [1—8 i m—-4 


2. 
| where 6 "Hog, mi 
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6 1 


G 11 (4) No 1418 not smee the output signal at the instant £ 
depends on the input signal at the subsequent instant. (3) Yes itis 

612 (3) No ib 1s not (4) Yes it is 

613 (2) Yes 11 15 (4) Yes ib 1s 

614 (1) Yes 1115 (2) No ibis not. (4) No it ts not 

6125 а) H 19 парозе је Eo supplement the definition to a de 
termimishit function (2) The function p admis the supplement to 
the definition of deterministic functron (4) The supplement ta 
а definrtión is impossible 

616 (1) It 13 sufficient to consider the function 


49 iF X,—0* 
т! МЇ Xys¢0" and Хус 50 
G 19 (2) The weight of the function gis equal to 2 6 і 10 (1) 
The operators are equivalent (2) No they arenot 61 11 (2) Yes 


it is For example Ф, = Фф lors — 1 and 2% = 0 (3) No 1з 
yt 


not 
8 442 (d) Yes nia The weight 1з 4 (2) Yes iiia The weight 
13 
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6.1.13. (2) If r = 3, fora suitable function we can take qp (a ®) ES 
РА 


3/4 ). 
6.1.16. For г = 3, for such a function we can take 


px) == (|), 
T [IØ c9 z(—12(—1, t > 2. 


6.1.18. See hint to Problem 6.1.6 (1). 
6.1.20. (2) In order to solve the problem, it is sufficient to con- 
sider the function 


ф (2%) = 002 (2) z (8)... z(t)... 


6.1.22. It is а generated operator. 

6.1.24, (2) Н |A] = 1 and | В| Z2, then | 04,5 | = c. 
КВ] = 1апа | А | Si, then | DA, в | — 1. 

6.1.25. (1) If | А | > 1, the power of each class A; (s) i 
2) The number of different classes is | A |S. 


6.1.26. (2) 111 B] = 1 and | A | Z2 4, then | 4, p} = 1. 


uU 
е 


6.2, 
6.2.1. (4) The canonical equations have the following form: 


y (t) = F (z (t) V z (0) 9 (t — 1), 


q(t) = (z (t) ү = (0) 4 (t — 1), 
q (0) = 0. 


The input signal z (t) can be omitted since the function ф depends 
on 1t inessentially. 

6.2.2. (t) The operator definition can be supplemented so that 
we obtain a b.d.-operator of weight 4, described by the following 
canonical equations: 


y (t) = z (t) qı (t — 1) 4 (t — 1) © q (t — 1) @ ga (t — 1), 
qı (0 = m (z (t), qı (t — 1), ga (t — 1)) Ө=(0) Өф (t — 1), 


gs (t) = x (£ (qi (£ — 1)\у/уя„ @—1)) Ө а, @—1) 9 ga (t — 1), 
qı (0) = g, (0) = 0. 


, 0.2.3. (4) The weight of the operator is 3 (the states correspond- 
fed) pairs (gu qa) = (1, 0) and (gis qa) = (1, 1) can he identi- 


acie To each function of weight w (in the indicated set of 

functions) there corresponds a canonical array containing 
p 1 "input" columns (including the column describing the state of 
franca ton) and m -4- 1 "output" columns (taking into account the 
.ensiion function). This array contains wk” “input” tuples. At the 


output” of the array, there must be some tuples of the set con- 
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taning wk™ elements (output tuples) In order to obtain the maior 
ant, we must assume that each input tuple сап be associated with 
any “output” tuple 

628 (2) The canonical equations of the operator have the 


form 
y ( = git — 4) 
q (t) = d — 4} 
g (0) = 
18 18 an gutonomaus operator 
624 (1) The canonical equations of the operator obtained 
from the operator р by introducing the feedback їп variables =, 
and у, have the form 


y {H = 1 _ 
| g (f) = z, (t) rg ft} a (t — 1) 
4 (0 = 0 


6210 (I) The operator weight is 2 
& Z 11. (4) The following bd operator can be taken for ¢ 


pub» Y g-i 
q g (f) = zy (f) P zy (t) 
g (0) 0 

0 214 (i)and (2) Consider the operator quaímpa) (2) lt 13 ex ped 
nt ta analyze tbe operator qq (Ф =) where Ф о is ап operator 
сепега{ей hy the constant Ü 

6215 (3) The werrht of the superposition 154 6 2 16 (2) The 
operator 1a autonomous e The operator 19 not autonomous 

6219 (2) Such a scheme erists 

6722 First draw all possible three vertex digrapha with 
numbered vertices which satisfy condition {с} and are such that 
the out degree of each vertex 1s equal to 2 The digits 0 1 and 2 
tan be taken as the numbers for verlices The vertex marked by 0 
18 convenient to be taken as the initial оле Then the arcs of each 
of the constructed digraphs must be “loaded та all possible ways 
sa 8s to ahtain Moore a diagrams of some bd operators 
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6314 (i) Мова созед class (2) The set Migs nota closed class 

633 Prove by mduction on the number of delays that any 
Operator sp in [py Palio which has one input transforma the word 
0“ either mto the word of the form y (1) y ira} 10)” or into 
the word of the form у (1) y nil? where n, 13 ihe length 
of the preperiod {which depends on the choice of the operator sp) 

637 (1) The system is incomplete (2) The system ts complete 

638 (2 {фу {ХУ Ф сх) IE) Фк (Аа XM 

6310 The statement can be proved as follows Let M be 
a closed class in My) which differs from the entire set Day We 
assume that Af 13 not а precomplete class and consider the totality 


of ali subsets Af in Фу M which satisfy the condition [M U 
M lo = Dy; This totality is not empty We choose үй 14 a maxi 
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mum chain (by inclusion) whose existence can be established either 
with the help of Zermelo's axiom of choice, or by directly taking 


into account the countability of the set Фо) (by arranging the set 


Фоул in the form of a natural scale). The union of all the sets 
of the chosen maximum chain will be denoted by ЛГ. Then M U Mo 


is а precomplete class in Mq). In the proof, we essentially use the 


fact that there exists in the set Фу a finite system complete with 
respect to the set of operations © = (O,, Oa, O4, Оу, S}. 

6.3.13. This fact can be proved almost in the same way in 
which the validity of a similar statement was established in Boolean 
algebra (see Problem 2.1.16). 

6.3.14. Yes, there exists such a function (see Problems 6.3.13 
and 23.1.25). 

6.3.15. Cf. Problem 2.1.17. 

6.3.16. For k > 3, the statement directly follows from the 
corresponding result in P,. In the general case (for & > 2), the 
subsets of autonomous operators can he used. 

6.3.17. It is countable. 6.3.19, This power is continual. 

6.3.20. It is expedient to use the "power maps”, i.e. to compare 
the powers of the corresponding sets. 


CHAPTER SEVEN 
7,1 
1.1.1. (1) (a) T (P) = 1?0*1*. (b) The machine Т is not appli- 


cable to the word 19015. (c) 7 (P) = 10 [01[21. 
1.1.2. (4) The program of one of possible machines has the form 


0 q М q» 05 g 405 


q;iR 


qai R 


qıl R 


„1.3, (2) (а) 19021601; (c) [10]? 04,1. 
1.4, (3) One of Turing's machines transforming the configu- 
ration K, into Ky is specified by the following program: 


910902 
q11911H 
450431 R 
hatg tR 
430411, 
440902 


9419:11 
95040 R 
q51q,1L 
99:9 
q;0q,0R 
qth ik 
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dod 


745 (1) This can be done as follows each command of ihe 
form g 09,5 (where x and B belong to the external alphabet A} 
in ihe program of the Tur ng machine s replaced by Al +1 
commandsg aq BR ууу (р runs through the alphabet А) where 


q, 15 a new state (each state 1s characterized by ts own g) 


7117 in order to construct the mach ne 7,, tts sufficient to 
add т additional (new) states g m ind supplement 
(he program af the machine Г for examate with the following 
commands g ag aS gmigmas where g 15 a fixed character 
of the external alphabet 

419 (t) (a) The composit on 7,7, ts inapplicable to the word 
120212 (b) 7) 7, is applicable to the word 1401 asa result we obta n 
1010*1* 

1110 (i) (a) This iteration is inapplicahle to words of the 
form 1*^ (k 1) (b) ft 15 inapplicable to words of the form 139 
(К = 4) ether {су The iteration 15 applicable to any word of the 
form {+F (д > 1) Asa result. we obtain the word 1 

7111 (1) (a) T (P) = 1034. (b) P (P) <= 1501 

7 114 (3) One of the posable Tur ng machines is specified by 


9109,08 9.09517 
$$190HR ія 
0209015 90902 


Talgai 
qag, UA 
qaigal it 


7 1 16 (3) An example of the possible machines я 


ОР 
gig üA 
g,0g40.5 
121008 
0309305 


ggig,lL 
gag OH 
gel ggl i 


gai q, 0H 
2.0405 
941908 
ggg 1A 
galgi S 


3117 (003506) c+ р y) Ету 2 

7 1 1B If we assume as usual that machines start to operate 
n the state 7, and the extreme left unity of the cade of the number 
х 18 scanned ai the mii alo mstoni ihe machines mentioned m the 
problem can compute only one of the following three functions 
т r—1 and a function defined nowhere 

1110 Yes it is true 

7 120 (1) For a fixed (finite!) set of states there exists. only 
а finite number of pairwise non equivalent Turing machines (with 
a givem external alphabet) (23 There exisis an i such that for any 
і == 1 the subset of all functions of a variables in H conta па not 
more than { elements 


721 (2) x, + 7, — sen z, 
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7.2.2. (1) At first, we can prove the primitive recursion of the 
functions z; + x, and z^ and then apply the superposition opera- 
tion. The "direct proof" of the primitive recursion of the function 
g(t) = 2? is as follows: 


g (0) — 0, 
| glt 1) = һу (ж, g (x) = х®-- 2r -4 1, 
ie. hp(z, у) = 2e+y +1; 
hy (z, 0) = 22 + 1 == n (ш), 
pe y + 1) == 5 (һу (т, y) == (z+ y +1) +1; 
g, (0) = 1, 
| gı (£ + 1) = ha (z, By (2)) = 2z + 3, 
і.е. ha (2, у) = y + 2 
h, (x, 0) = 2, 
| ho (x, y + 1) = s (ha (z, y)) = (y + 2) + 1. 


1.2.5. f (z, y) = Sgn z- gi (y) + g (= > 1) X sgn z X sgn y+ 
g4(z— 13, y ~ 1) X sgn x X sgy. : 

7.2.7. (2) Их, ([г|/2]) ma 271. (4) и; (zi ~ Ta) a (zi "Г Lo) X 
SED р, yy (Uy = x.) = Ly — Ta. 

1.2.8, (A) f (д, ту} = zi (1 = ту). | 

7.2.9. No, it is not correct. 7.2.10, (1) No, it cannot. (2) 1 -+ 
T T2 


.12, АП these classes are countably infinite. 


7.2.17, No, not always: the function f, (т, y) can be identically 
equal to 0. 


7.2,18, (1) No, not always. 

1.2.19, (3) This relation is valid. Hint. This function resulting 
from the minimization operation is 2z — 1. (4) Yes, it is. Hint. 
This function resulting from the minimization operation is 


[55:3 - (E823 [8])) = 
tle soot Hae (Came soe ae kt) as 
1.2.2), (1) Yes, it can. (2) This statement is false for any func- 
tion f, in Kg.p\Kpry.r. (3) The statement is correct for some func- 
tions f, and f, in the set Къ рх. Крг.г. | 
7.2.21. (1) No, they are not always satisfied. (2) This inclusion 


is false for any function f (х) in Kg. Крг.р. (3) This relation is 
valid for any function f (z) in Kg.p\K 


Tt 
1,2,24., (2) No, it cannot. 7.2.26. Yes, it is true. 


7,8 


.. 1.9.1. (a) This follows from the fact that there existsa function 
m Kpr.r which assumes all the values. 


.9,2, Any primitive recursive function can be associated with 


an infinite set of terms reflecting the way of obtaining the function 
from the simplest ones. 


23~0636 
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7.3.3, If there exists a partially recursive universal function 

(rp fq ь Xp}, 10 1a defined exerywhere Then the function 
Airy fi, Ia ‚ tp} iiis general recursive and has а num 
ber y in the numbering corresponding to the universal function 
Fo Hut imn this case F (у, p, ‚ dg) Ё ty, у, yi i 

7.3 6, Carry out the proof by “diagonalization’ 7.3.7 (1) (4) 
ho, 1t 18 not (5) Yes, itis 7,3 8, The solution 15 similar to that of 
Problem 7 33 

7.3 11, Consider the function 


fft Ч k=), 
pi {4 f A(z) 14 


7.0.12 Consider the sequence Qm су, , such that a, = 1 
if ү; (1) asdefned and с, == Oif qq {A 1s nok дейпей, s = 0 1 

7.3.14, (1) For any autonomous finite automaton, its output 
sequence 's quasi periodic 

1.3.15. For example, the mermon of a word 

7 3 21. (2) This follows from the fact that there exist not more 


AP 
than ef"? different configurations of length sy (P) for a certatn с 


which depends on the alphabet of states and on the external alpha 
bet of the machine F И а configuratien 1s repeated F operates an 
infizitely long time 
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B.1. 


8.1.1 (1) The number of ways ts (20), = 20 x 19 x 18 The 
tickets аге not equivalent The brst ticket can be distributed in 
29 7 as 5 е second ха 10 ways, and ihe third im 18 ways (2 207 

) © (20, 1) 
( 8.1.2. (1) Of (2) С {9, 3) X C (6 3) The first rank can be 
chosen in C (9 3) ways, and then the second in C (6, 3) ways 
Using the multiplication rule, we obtain the result 

8,1,3. (1) Each term of a permutation with repetitions can be 
chosen independently in n ways Using the multiplication cule, «e 


obiain P (a, гу = п" (2) From each fa, ғ) combination without 
repetition, we can obtain rl different {л г) permutations, and each 
іл, r) permutation car be obtained in this wa} Hence rl € (5, Р) = 
P (n, т} Since (see Example 3) Р (и г) = (nl, we have C (n Р) = 


(n], rl = ( и} (3) Esch (m, r} combination А with repetitions 
compased of elements ef the set U = {e , ap} we associate 


with a vector a (A) of length n + г — 1 consisting al r unities and 
n — 1zerosand such that the number of zeros between the (i — 1) th 
and a th unitres 1s equal to the number of elements a; 12 the com 

bination A, i = 2 „ п. while the number of zeros hefore the 
frst unity (after the (m — 1) th unity) ss equal to the number of 


CHAPTER EIGHT 359 


elements a, (resp. elements ап) constituting the combination 4. 
There is a one-to-one correspondence between the combinations 
and the vectors. On the other hand, the number of vectors with 
n — 1 unities and г zeros is С (n + г — 1, n — 1) since each such 
vector can һе put in one-to-one correspondence with a combination 
of n-- r — 1 elements taken n — 1 at a time. Therefore, taking 
into account the result of the previous problem, we find that 
^ n--r—1 

C (n, 7) = ( 2 j. 


n 
8.1.4. (1) А, (2) kiko ... ka. (3) ("| А 
8.1.5. (1) 2тл, (2) (2). 
8.1.6. И И! The multiplication rule is used. 
r S 


—! 
8.1.7. (1) GU А | (n—a&—B). n.n. At first we choose the 


r 
places for the letter a(in , ways), then we choose the places 
i 


—/ 
for the letter b [in [ А )) ways. We still have r—h—k 


places the first of which can be occupied by one of the remaining 
n — & — В letters, the second by one of n — a — В — 1 letters, 
and so on, (n — о — В), һ.һ ways in all. 

8.1.8. (1) 4 (n — | The suite can be chosen in four ways, after 
which the smallest value of a card can be chosen in n — 4 ways. 
(2) án (n — 1). The number of four cards can he chosen in n ways, 
alter which the remaining card can be chosen in 4 (n — 1) ways. 


(3) 12n (n — 1). (4) 4 н | . (5) 45 (n — 4). (6) án uw š 


Q (5 ra). 


9.1.9. (1) 147. The number which appears on the two chips can 
be chosen in seven ways. It may turn out that this number appears 
` оца chip twice. Then the second chip can be chosen in six ways. 

Otherwise, we must choose two different numbers from the six 
numbers that appear on the chips. The number of ways in which 


this can be done is equal to (5) . Thus, 7 X (6 + н = 147. 
(2) 26. The number of occurrences of identical faces is 6, and the 


number of occurrences of pairwise different faces is (3) = 20. 


(3) 300 +- 300° +- 3003. A newlyborn baby can be given one, two 
т MX names, The number of ways in which & names can be given 


8.1.10. (4) dae . We associate each division n= 


m+... пр with a binary vector with А — 1 unities and 
ad* 
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n — k zeros as follows the number of zeros precédiog the first 
unity ig n, — 1, the number of zeroa between the: thand (i -+- 4) th 
zero id n; 44 — 1, i = 1, , #— 2 the number of zeros after the 
(k — 1) th unity 19 ny -— 4 This is а one toone correspondence 


The number of such binary vectors 15 a \ (2) (^ re 


Hint, The solution should be reduced ta the problem af decompo 
sition of n mto three addends after which the result of Problem 8 1 4 
should be apphed (3) + on +> ([n/2] + ір The 
representation of the number 7^ in the form of three multipliers 
corresponda to the representation of n in the form of the sum of three 
non negative addends л = m + л, | na Among these addends 
two can be identical Jn this case, the number of disordered 
Partitions за [m/2] +- 1 When all the addenda are different the 
number of ordered partitions ts six times as large as the 


number of disordered partitions, which 15 equal to E ((5] — 


з(| = | 41]). Using the summation rule, we obtain the 
required result 


81.11 (1) The answer rs Let a= (Gi ' 


Casa) be а tuple of zeros and unities, in which there are at Jeast m 
zeros between two consecutive unitres Let B (a) = (B, 

Ба-а (т — 4) + 1) be a tuple obtained from й by deleung m zeros 
following the first, second, »(k— dp-thunity The tuple В (а) 
contains k unites ара 15 uniquely determined Irom & On the other 


hand, the tuple a fs uniguely determined from the tuple B (a) 
and the number т Thus, the number of initial tuples is equal to 
the number of tuples af length n — (m — 1} k 4- 1 containing & 


unifies (2 (o) We associate each number A satisfying 


the condition of the problem with a binary vector with n unites 
and ten zeros The number of unities preceding the first zero 1s 
equal ta the diiference between п and the number of digits of the 
number 4 The number of unities between the г th and {i + 1) th 
zeros, i xoi = B is equal to the number of digits equal to x in the 
number 4, and the number of unities following the ninth zero 18 
equal to the number of nines in A Then we apply the result af 


Example 4 for k — 10 (3) | "A Any of the shortest walks 


consists cf m southward and й westward segments The length of 
а segment 13 equal to the side of the square Such a walk can be 
assigned a binary vector of length z + k, jn which the i th coor- 
dinate 18 equal to zero if tbe i th segment 1s directed southwards 
and equal to 1 if t has a westward direction The number of such 


vectors 13 (^i 


n—kin-—1-.1 
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8.1.12. (1) (4 + a) (L + Oo)... (1L - о). Each divisor 
pP "" per, 0<8;<a;,i=1,..., r, can be put in a one- 
to-one correspondence with a vector (В,, ..., B,). Then see Prob- 
lem 8.1.4. (2) 2/2r. Each divisor рё! ... р" of the number n, 
which cannot be divided into the square of an integer, can be put 


r 
in correspondence with a binary vector (Bj, . . ., В,). (3) I] (p Eh-i 
k=! 


тала. 
-—— 


— 4) (p, — 1). Hint. Note that after opening the 


parentheses in the expression (1 + pi +... + р)... (A+ 
pp ... + ре”) each divisor appears exactly once as a summand. 


ni (nh . пі o (nk _[ n 
Bn d | 4 — kK | k(n—k) — (n—k) -[.54) ' 


Another proof. The number W is equal to the number of ways 
in which a k-element subset can be chosen from U = {a}, ..., ay}. 


But each k-element subset we can put in a one-to-one corre- 
spondence with its complement in an (n—k)-element set U. 


a MET TENET ae 
kjÀr] | k(n—kMrl(k—r) (а-г) (п К) (Е) — 


n\ {n—r n—1 n—1 (n — 1)! 
ми (5) | k )* cg M—k—1) Т 


(n —1) |. (n— t) | n n n 
(k—1)0(n—Ek)M ^ kb} (n—k&)! «—*+ю®=(„) ea) MINE 


kl (n — ky (К), 
(Ет (n— ka ru = (пкт) " (5) Use the fact that 


А 
n—r—1 n—r n—r— | n—r-—1 
| k—r JG). - » | k—r )= 


r=() 
А 
2, GoD- =(„) 6), (7) Directly. (8) Inducti 
A i-r aie) On irectly. (8) Induction 
: k 4-1 
on n. For n=k, we have У MERI T ' Inductive 
k k 4-1 
rk 
п} n 
transition n — m + f: > [(„)= 2 ИШИ Ву 
rah r-—R 


һ 
inductive hypothesis, we have b MEM . Hence we ob- 


r=k 
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+1 
Р 1 
tain from this and the previous equality Ў; | "| pi | п - | 4. 


К 4-1 
n-d-1 n+? 
Ca Gu QED | 
8114 (1) Let us consider the ratio un WC) enit 


К 
L--1) This ratio is greater than unity lor all Osei E zz н Henco 


the statement (2) Hint The ratio METTE [or 
k—r— г 


15 Hn 
k-n (3) The ratto ARNET for & x [n/2] and Iess than 


unity for k jej? (4) This follows from (3) (5) M the sum 


confatns two binomial coefficients M and Nu such that Hg —- 


n;—1 7 1 
n;i then replacing them with f | and М 
obtain a sum smaller than the initial опе bor this reason the 
superstiipis of any two binomial coefficients in the minimal sum 
differ hy not yore than 1 and assume not more than two values 
If с 15 the smaller of them we assume that the superscript of ғ 
binomial coefficients (0 sz r« 5) 19 9-1-1 and that of the remain 


r—h 


ме 


a 

ing s--r coefficients із ¢ Then fiom the condition "S, ny = n 
i=} 

we obiam (g4-1) r--g$s— r) ә whence фир ran—s [nis] 


1 
while the mintmum value of the sum 15 #—2{ + un | 


(6) Hint Nate that ИЗИ u X 


i 


п 
„> = | (7) We 
have {ру == A kl The number (pj, is divicible and Af is not 
divisible by p for kp. Consequently "| за divisible by p 


2 
(8) We have ол " | (n? The nmnber (2nM 1s divisible by 
Fi 
апу prime number p, where n << р EA and the number {nt} 
is nat divisible by p, Consequently | | is divisible by Pj 


8115 (4) Solution We put Ed Suppose 


that the coeflictents a, у ay 2 m, у have been determined 
Then 


m — саа (n—i)—as Q(n-2)—  — — i)i 
— E па (n1) ann Gn cO Н 
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The uniqueness of the representation will be proved by | contra- 


diction. Let two vectors о x (т) = (01, ...› €) and B (т) = 
(В, „ Ва -1) correspond toa certain т. Let j be the largest of 
fe s subscripts in which the vectors differ from each other. Without 
any loss of generality, we can assume that a; < Ву. We have 


n=- i 


0 = y Bai! — 2 ai! > (Bj—o j! — 5 a;i! 


i= t i£ 
j-1 
>jl— уу ixi0. 
i=1 


We arrive at a contradiction. (2) a (4) = (0, 2): a (15) = (4, 4, 2); 
в (31) = (i, 0, ^ „1); (3) н (0, rs 0, 4) = 100; u (0, 2, 1) = 10; 


aa 2) = 7 2. (4) v (2, 3, 1 ‚ 4} = 12; v (3, 5, 2, 1, 4) == 85; 
А (1, 4 3, 5, 2) — 20. (5) Let the number т be specified. We pre- 
sent it in the —- т= 0х1 0, Хх 21 -+ ... + «1 X 


(n — 1)!, where a; Gi, 1< г< n. The construction of the re- 
quired permutation д is equivalent to that of the vector (x (1), 
л (2), ..., л (n)). The coordinates x (j) will be given p induc- 
tion. We put л (1) = ару + 1. If the coordinates л (1), 

л (j- 1) are specified, we put л (D = «4-5 1 - s (J), where 
s(j) is the ENDE of x (k), 1 < k < j, for which л * ча" 
(0) 7; — (2, 1, 4, 8); TM, = (2, 3 ‚ 1); Hog = (2, 1, 9, 9). 


8.1.16. (1) The coordinates of the vector В (m) = (Bi, ..., Da) 
are defined as follows: В, is the largest integer such. that 


n> 6 | . If By, ..., B; have already been specified, then Bizi 
is the maximum ínteger such that n—( ^ )-(, Ps | —...— 


| XT | 22 ба | . The uniqueness is proved as in 


Problem (8.1.15 (4). (2) (a) B (19) = (6, 4, 1, 0) since 19= (7) 


(5) : )+( : |: (b) В (25) — (6, 3, 2); (с) 8 (32) — (4, 3, 2,1). 


Se ( 2) (1 Jam: mats 


(c) m—10. (4) First we put in correspondence to the vector 

G=(G1, ..., Œn) in By a vector B=(B1, o Br) in which B;-+1 

is the number of the coordinate of the (k—j + 1)- -th unity on 

the left in the tuple а, ix і < Е. Then we put v (9) =p ( (B) + 1. 

For example, if  — (1,0,0, 1, 0), then 8 — (3, 0), v (a) == н (B) 4-1 — 
3 0 

f |+( 1+1=4, 


(8) (а) m=23 since m= 
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8117 For п = і equality (1) сап be ъргбед directly Let 
the equality be proved for а certain п> 1 Vee have 
"i 


3 Cis 2 (02) GA) 3 GJ 
aede dte 


h—.0 


Lir b^ =(i-+7™! 

81 18 (1) Put ? — fin (1) (2) Put = —{ in (i) (3) Differ 
entrate (1) with respect tot and put? == 1. (4) Dillerentiate (і) twice 
and put £ = 1 (5) Using (1) and (3) we obtain 


п п п 
n n Ңң 
D en(7) 22 *{,)+2{,) 
h—U х —їу n—i 
sagt 29 = (at і) 23 

(6) integrate identity (2) with respect toi between © апо d (5) Inte 
grate identity (1) with respect to 1 between —1 and 0 (8) Carry out 
induction on п by using Problem 8 1 13 (2) and B 3 17 (7) (9) Com 


pare the coefficients of t> on the left and right hand sides of the 
identity (+ £y? (EH £1 = (i -p (m 


(10) Put m (9) k—n——m (it) Dividing by | én | reduce the 


n nih 
prohlem ta (10) (12) We hawe >, У | Н (2) 


k—0 r—ý 
А н п 
X()2(7)-X()n* weXc»(2)- 
ae ri} k= ak r=k 
SP {yt ) = 2 (— D? DEN n) = 
n m> 


У) ayar (7) dà) The problem is reduced to (9) by subst 
r= 


tuting a—k for k (15) Note thal 9 (—1)5-^ | SIME 
Acn 


TTL 


(a) 2 cv(^7") 


ae 
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8.1.19. 022 e } = (4+ A+ dA) = 2", (2) 4 zí a) = 


Uyeda ou e+e" = а-н 0% 
»--(3" ( 7 Ty» (cos $—isin 2 ) = 
. nir. 2niv 


лп Um п n =. 
оп 2902 2 соз 77-. е | 4-е -— 


m-i oxir 7-! y esi +s) ОЕ Ей 


2 e = > (аве) ® aa b Pm à 
v=0 $—0 К "oam 


m-i omzi(Ih--s-r) 
r 4 n 
23 e nm = т ` eased . In the latter case, we have 


v=0 
used the identity 
m—{ oa: 
5 may m if n is multiple of m, 
i ~ LQ otherwise. 
№0 
8.1.20. (1) The solution із similar to that of 
m-i _ 2дігу 2діу 


Tt 
Problem 8.1.19. (3). We have » e n" (tae n == 


v=0 


Н m-1 2д{(В-т)у п 


2, MP 2 e S = m 2j (а) emer 
0 


k=0 y=) s= 


In „the latter case, we have used the fact that the sum 
m- 
> exp {2nilv/m} is equal to 0 for 1 «1 «m and is equal to m 


v 


for 1:0. 6) - (1 4-V 3" 4- —V3)). Use (1) for m=2, r=0, 
a-V3. (3) (+y —2) Fi riy —2) 34-0—Y — pes 
(iiy —2 2) "4/2. Use (1) for m=4, r=1, а= — 

(4) (—3) ^ түт) (i+ y 53" — (1— V —3)'77)/3. Using 


Problem 8.1.13 (2), we obtain У (—1) 3 rd (S ~ 
h 
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r=] 2А4-{ -r 


( } Ec 3 ac] sa? (” ) Ac -3 ?*' x 


R—r E 
a] Further we use (1) for m--2 a-- V ^ 3and rz i—r 


8121 (1) 4 The term of the expansion С®2"/23027- 8/3. 13 
rational if and only if Ё 1з even and 20 — X 13 a multiple of three, 
те for = 2 8 14, 20. (2) 13 ( 9 (4) 6 

8122 (D) —536 The general form of thek th term of the expansión 


has the form ( ) 4^ where 4--1(2-—31) and the expansion 


A* contains from the kth to (24) th powers of t The power 
t* appears 1л A® At д: and АУ with the coefficients 


- 114 6 J d 8 7 
(Jaa (3) moor (Lear (8) mi 
respectively The coefficient of 1% 1s the sum of these quantities 
and 18 equal to — 5950 [2» —91 (3) 13 (4) 0 


E173 4 We put t=m—nv Then the identity 1s trans- 
formed aa follows 


— (na | ntt (n). i 
2 Pro ET ©“ 3 TESES IMENE e) 


The latter relation can be proved hy induction Assuming that 
(0,—1 we can easily verify the validtty of (9) for 42-0 
Vie assume that {+} is valid for a certain a and prove that 


nti 
У Арел) We have 


à (nt t+ 2) 
$ (ai), _ i 
a intita apart 
ы (n+ 4} (n) 
LAE Мс _ у _, 1. 
+5 @Є-2+а@-+ 14 йк- ntti 
А ri 
TTG >; а= (у using (*)) 
А0 


і nti i 


Sa fe --—.. 
~a+2+-t | nger ti l| 
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H n 
(2) y "у =o nat = У pn, 


kR=0 k=0 
ws )) m | m-rn ) " ( m-n ). Similarly, 
т n n 
e n-|- k—1 J2«(^ t") 
2; | К (Mon ft 
hz 
Ө. BOT (a)r +k (a)n-4 (a 4-1)һ 
2 = ———— ы: —————— 
BIS Aa ТОЗ ЛУГ kl m C 
oo 
(2) The series A (1) = > | ү | tk is a series of the function 
hi 


f (t) == (1-7 0) since fC) (yi ( м | ‚ The series 4 (1) converges 


for | 2 | « 1 and for all a according to the d'Alembert criterion: 


| i ) кы /( Н | {Н — lim 
kyi k ү! ) 


i-00 


Let the term ry (t) be the remainder of the series (in Cauchy’s 
form). We shall demonstrate that rj (£)— 0 as kœ thus 
proving the equality. We have гд (t) = f(h*:) (81) (1 — 6); h*1/4] = 


(a)r (1--01)a7^-1(1 — 8) th 1/g4-- | "E | ) tha (1-+ Өг)а-! | T jJ | 


а— {1 ; а 
Here | А 0 as k— œ, the expression а (1-;- Өг)а-! is 


— 8 \! 
bounded, and 0 < (cw) <! for 0< 80 <i, ||} <1. Hence 


it follows that lim ry (t) = 0. (3) ( = (~ a)(— a— 1)... 


(—a— k-F 1) (— 1) | шш. | (4) 5 E H “| = 


к= 
n 


R(E- EFO) = EE-E) e w 


Е identity (rot (14 0)0 = (1-4-2), (6) It follows from (5) 
Н we put b=—1. (7) It follows from (3) and (5). (8) 
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By using (5) we obtain У | Н | i (а, 
Oak т=п 


| = 
2 (1) 2 {›)(„——.)- Z (U- 
Qe kezm Qe in А оета 
(атте) (9) By using (2) and the ientit, (2 j- 


(—4)^ | B | we obtain $ ( —1)* { ^E) ( | — 


Аз= () 


$CISGR eee» yZ qoom gus 
А à 


кө аы WS [6 A) AS (P) Xe- 


k=} 
rm E 
(H-S (9) meme À GL 


[yz Y*ys (11) See 8 1 20 (1) 
п 
8125 (1 (ылу (ууз 02) ( k k " (3) Let us 


calculate (n two ways) the number A, (К, k,) of orderings 
of n objects among which there аге k, objects of the frst kind А, 
objects of the second kind ete and k, objects of the sh fond 
First method We first choose k, places among n for arranging the 


objects of the first k nd Thus can be done in | N ways Then we 
choose k, places for arranging the objects of the second kind This 
гап be done in | "I | ways and so on Us пр tbe multiph 
cation rule we find that 


An (k; k)—( k, | ("i | nnn -— ki | } 


Second method Let us calculate the number a of orderings of 
pairwise different objects We shall assume that the objects are 
divided into s groups sọ that the ith group contains A, objects 
{i= і з) The choice of X, places for objects of the first kind &, 
places for objects of the second kind etc can be made in 


CHAPTER EIGHT 365 


An (y + + +» Ks) ways. In the group i, the objects can be arranged 
in k, ways (i= 1, s) Hence An (Ay, ..., As) Kl... К = п! 
(4) For s = 2, the identity follows from (1) by substituting (to/ty) 
for t. Suppose that this identity has been proved for a certain 
с >> 2. We shall prove that 


\ | У! n! kik R 
| gem $ 
(titt: і +.“ Ту)! T ve КЕ. : doge +. { E 


^ti 
В, t.» В5+1 
Ry+ eo Взы=п 


We put T = (ti + ...--t. Then (т + T)" = 
n 


n 
n n 
2i Oe нген | +. тА у= 


Е hy. Rg kil... Rl d к 
һ==0 Rit . tkhs=n -Rk 
: \ 
is hs,h 
TENE NIS sk 
2i 2 Ki... EJAP 5c fist hs 
һ=0 


8,2 


8.2.1. (1) Proof. For n = 1, Na = N — №; = So — S, and 
formula (2) is obviously valid. Let the formula he valid for n — 1 
properties, and let N- - bethe number of objects which do 


11, t.. p 


k 
not possess апу of the properties ij, ..., ig. We have 


A n-1 
pem 
М№= №. EST == > №: + >; Ni, j 
А n-1 i-1 i<i<j<n-1 
—- У маф...) su па (9) 


<і<ј<А<т- 4 


= formula is also valid for а setofobjects having the prop- 
n: 
"5 i a ын 2: Ni,n 

IKin- t 


ee tC APTI, ui пл, п (**) 
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ч here № 1 а 18 the number of objects having the prop- 
erty m and none oi the properties 1, ,Qn-1 Орусу 
Na тты” xu 740 ua 


Subtracting {+s} From {#) we obtun formula (2) (2) By def 
nition formula (3) can be written in the form 


H — fiù 

A m -+ К 

й. = dy (07ar( ] » My quu 
А0 в АА 


Lei us prove that any object possessing т properties will be taken 
into account by thia formula only once, and а]] the other objects 
with not be taken inta account at all Indeed, the elements having 
з < m properties are obviously not taken mto account The ele 
vents havrogs = m + i given properties will be takea into account 

moet 

not k 


tt — tri 


3 ceo" 


xD 
і 
(ун) 60 9 


) times in the second sum But 


Thus, the elemenis having exacily m properiies аге taken rito 
account 10 (2) Just once while the remaining objects are not taken 


into account at all. (3) It should be noted that Nunes = Nm Кул, 
then (4) сап be proved by induction on m By дешипоп, №, = 
TL 


N = 5, Then, = Sa — (Sa S,-F $,— = У) tks, 
к= 

Thus, (4) holds for m = 4 Let identity (4) be valid for a certain 

m1 Then 


Ti — TH 
inti (Ч) Cz] a 
mem = n imi) 
Ў, (—1)*^7! (moire | Sa = У eA Sma 
&—1 - 


(4) Let us derive, for example, formata (5) irom (29) By putting 


mon in o we obtain Na=Sp m accordance with (5) Let 
formula (5) be valid for all Atpa—v+i, viet Substituting 
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n—v for m in (3) and using the inductive hypothesis, we 

substitute the right-hand side of equality (5), in 

which & is replaced by n — v 4 k, for Syyip for 
v 


"TUE" ^ n—v--k 
апу k zz 4. This gives Sp.y= Мау — У) (—1)^ | е: \ X 
hl 
n n 
ni ^ A т 
2, = Nm = Naay — 2: Lid Маҳ 
т=п -У+А т=пһ-у+і 
ni-nTdVv 4 m 
in --1 v "m ^ 
2j (—1)* | k | = К? ( cu] Nm. Thus, 
k=1 т=п ~ ү 


formula (5) is proved. Formula (6) is proved similary. 
Let us prove (7). For this purpose, it is sufficient 
71 


; FEL M nor CR) 
to verify that R (п, r)= 2 ( —1)^ » Sk > 0 


k=p 


n d 
for all г. Let us use formula (5). We have R(n, г) = »(-— и! i ) x 


h=r i 


"n ¥ 7 


Ў (1)-3 А ce (5) (D) 23 al) x 


y-R vor kh=r vcr 


Y Ti 

vy —1n ^ v v—m-—1 
2 (в {усш )= У Ny ( | Eu ld (5) Let 
=f 


v—r 


us prove that Suc. We put А (л, m) = Sy — Ng. In view 


n-m 
of (3), wehave R(n m= > (кч ("EEN loros 


k=} 
n-m n 


(according to (5))= 2 com) 2, me № = 


k=! r==h+m 


1% 
2; (—1)4*1 [a je > N. MEE Let us prove that 


r==m -+} " 


n-m 
In view of (3) we have R’ (п. т) == У (е үе" Sm+k= 


=r 
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п = т Tt 
(according to {2 = ` ( —1)* id M me Nps 
kr r= -+m 
п r m 
(«ee estimate Ain, m)p-— HM („| » ( — 1] ("у )= 
т-а 1 ==? 


X (e-ma 


r-—m-z 


&R,2 2, The total number of ways in which the hats can be re 
turned is 4! = 24 The nrahahiluy that exactly m persons obtain 


their own hats rm N tál, where Nn is defined by formula (3) for 
n--4 We have Ng = dy SUT Sg SIT Sa А — 4x3 -t 
G x 21-— 4 X 11-19, p, 3/8. М, = 54, — 28,-++ 38, — 
45, 4X8I—2X 6X 21--3Xx 4—4X1-—8 p, = 1/3 
pa = 1/4, Pr 0, Ра = 1/24 

823 (1) The number of distributions of the objects for which 
the given k boxes remain empty 19 (n-— X), S=] . | (rt — k)" 
14 remains fer us ito appl, formula (2) (2) Saiz 

к=п 

n ^ 7 m -d-& 
MISES Ё бг n, m= Nu = >) (а | M ) x 
k= 


ваен Зн e-a 
ki) 


(3) Use formula (4) in Problem 821 (3) 

8 2.4. Hint Use Venns circles (1) 20% (2) 60% (3) 707, 

8 2,5. (1) 2 (2) 6 (3) 3 

8 2.6. (1) Each positive integer m divisible by л and not ex 
ceeding х satisfies the inequalities d = nm sz z i16 Ü- m xz rn 
Since m is ап integer і = mx [ён] Hence we obtain the state 
ment (2) 457 Using formula (1), we obtain 5, = 675 S, = 141, 

ah, 

Ss 9 №. == 457 (3) 734 (4) We have N = S, = 30m §, = 
(От, S,- 8m, Sym = S,— $+ S,— $34 = 22m 
(5) The number p such that V n < p x n is pnme if and only xf 
1t 18 noi дзее by any prime number smaller than V n The 
number №, Я €i numbers iotlivasible by any prime number 


irom p, s р, 18 [n/p,, X x Pat 


Sp = У! N 


ti E 
і<р,. b p. 
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for koe i, 50 == n. Applying formula (2), we find that the 
required number is — —1 -+ 3 (—1)t S = n— i- 
ба<к<}Сп 

Vo q—[) Sp The unity is subtracted since 1 is nota prime 
ich Vn ] 
number. (6) 25. | SM 

8.2.7. 1/3". Irrespective of the distrihution of other elements, 
each element can belong to one of the sets! XY, XY or XY. 
(2) n 2"-1, One element їп U belongs to the set XY U XY. The 
remaining elements belong to the set XY or XY. (3) 3". The equal- 
ity X UYZ-— XUY is equivalent to the equality XY U 
XT7 =U. Therefore, each element in U is contained in exactly 
one of the sets XYZ, XYZ, XYZ. (4) 3" — (п? + 7n + 16) 2173 + 
(1/2) n (4 D) -+ 1. Solution. From among the total number 3" 
of pairs (X, Y) satisfying the condition of Problem 8.2.7 (1), we 
must exclude the pairs belonging to the set C = A, UA, U Bo U 
В, UB, where А, = (X, Y: | X10), 4, = (X, У): 
JX} = 1), B, = (X, Y):] Y | = 0}, B, = ((X, Y): | Y | 
B, = {(X, Y: | Y |= 2}. Obviously, Ao f) Ау = Ø 
О << ј <2). Therefore | C | = | 4)! +] a 
Bili Bs} — | Aon Bol —lao Bl — 1. 2 
di N Byl —14, N By} — | А, П B, | (see the figure). It can 
easily be seen that | Ay | = 2" (n elements of the set U are distri- 
buted among the squares XY and XY. The squares XY and XY 
are empty since X -- Ø). Similarly, | А, | = 2771, | Ba | = 2", 
| Bi | = 37, | Bap = : 3"-*, Further, we have |А, П 
Ву = 114,08, 1:14, 0 Bo 1,1 А, Q By | = n (n—1) 


r 


| da 0 8, {= E | d f) B. |-a(" 7). Hence | C | = 


? 


— p 


) 


C n (n? 
(а 4- 2) 2* -- 4 (n — 1) jii BES —1, and the 


number of required pairs is 3"— |C}. (5) n (2*— 2n). From among 
the pairs (X, Y) satisfying the conditions of problem (2) we must 
exclude those for which the power of a set X or Y having a lower 
power is smaller than 2, Considering that the smaller subset is 
composed of 4 — 1 elements, their number is n. (0) (n + 2) (22-1 — 
1). It follows from Problem 8.2.7 (3) that the elements of the set U 


can be contained only in the squares XYZ, XYZ and XYZ. Since 
| Z | S 1, two cases are possible here: (а) Z = @. Then the square 
XYZ is empty, and there are 2" — 2 ways in which n element in 
U can be distributed among the squares XYZ and XYZ so that 
IX 12 1and| Y | 1, ie. so that the squares are not empty. 


(b) |Z] =i. Then the square XYZ contains one element which 
— M M — ái 


* The expression "the element v belongs to the set X Y" is under- 


stood here and below in the sense X Y) and v € XY 
IS equivalent to x c (СУХ) П (US Y) Б. 
21-—060J6 
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tàn be thosen үл n wats The remaming m — i elements must be 


distributed among the squares XYZ and XYZ sn that | Х| 4 
and | Y | > 1 The condition | X | zz 1 has already been satished 


since lhe square XYZ is not empty Therefore we must fulfil the 


only condition that the square X Y7Z is not empty The number of 
such ways of distribution ef p — 1 elementa sa 27 ! — 1 Therefore 
in case (b) we have n (07 * — 1) ways and the total number of 
ways is (n + 2) (2^ ! — 1) 

8238 We calcolate the number Yap of seating arrangements 
for which k given pairs of warring knights are not separated We 
combine each of the given pairs ино a single object We obtain 
2n — k vbjects which can be arranged in (2n—% 1)! ways In each 
of the given. & pairs, the adversaries can change posttiens Thus 


we obtain У, y= 28(2n—k—4}1 and S, = | һ Ум, n Applying 
iormula (2) we find that the required number 15 


>; (59 ( X } 24 (2н kt) 
ho 


62 9 We calculate the number NW, , of sealing arrangements 
of a married couples 1f X piven couples are not separated We com 
tune each of such k couples into a single abject Then we have 
2n — k places for arranging k objecta the number of arrangements 
being 2(22—k—1), у ithe seats are assumed to be numbered) After 
К isolated couples are arranged we presume the evenness of the 
seats occupied hy ladres (these seata must be all either even ог add 
otherwise two ladies will be seated side by side) The seating arrange 
ment of ladies (gentlemen) remaining after the arrangement of 
married couples can be realized im (n — KM ways Using the multi 
plication rule we obtain № р Z(2n — k-i; dina — D? Furt 


her Sy = ( ; | Mug it remains for us to apply formula (2) 


8 3 


&31 (1) Induction. The numbers a, a, ар таге spec 
бей by hypothesis If all the terms a, have already been defined 
lor f sn by using (9) we then obtain @, 4; dum -— 
Pan р — Hyd, kay (2) We must prove that cá" 
p, Ah 1 + + pea” = 0 or which is the same eA" (44 + 
pat 3 4 + рь) == 0 Since А 15 a root of polynomial (10) 
the expression in the parentheses vanishes (3) The (act that g, = 
cih + T cA? satisfies relation (9) follows from (2) and from 
the fact that if two sequences a, and b, satisfy relation (9) the 
sequence d, = aa, + Db, salisites this relauon for ail @ and 
Let us naw prove that any sequence a, satisfying (9) can 
represented in the form a, = cÀ? + + cå where e, are 
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appropriate constants. In view of Problem 8.3.1 (1), any sequence 
ay — | (9) is completely defined by its first terms a, a), ..., 
0 


ару. Therefore, it remains for us to demonstrate that for any 
dy, . ++. аһ] there exist cj, ..., Cp such that 

Cic C» 1 ; T Ch == dg, 

C4À4 -- Cake “| „а тұ с, — (4, (+) 


The determinant of (+) is a Vandermonde determinant (see, for 
example, Richard Bellman, Introduction to Matrix Analysis). 


jt is equal to [| (A; — Àj and does not vanish if 
{<1<7<А 
М A; for i Æj. Consequently, the set of equations (ж) has a uni- 
que solution. (4) In order to prove that any sequence of the form 
specified in the problem satisties (9), it is sufficient to demonstrate 
that the sequence a, = n?"À?, where A is a root of multiplicity 
г> т of polynomial (10), satisfies (9). Substituting a, = s™43, 
s— n,..., R+ К, into the left-hand side of (9) and putting 


ро 1, we obtain Z (п) = (n -+ Еу”?! Anth -L p, (n--k —1ymaneh-i....., 


h 
eT pnm =" » (n4- k — ј)т wj == 
j= 
k | n 
(Bond (1) ener) = 


3=0 1=={) 


k 
А дт (3 | i n~t У) p;Ah-J wnt) = 
0 


i= 3=0 
k 


ni 
Anm р | | пїР; 2 where Р(х) = У) p; (k—j} zh. It 
i 


i=0 j=0 


should be noted that Р, (ғ) = Р (х), where P is polynom- 
ial (10). Since А is an r-tuple root of the polynomial 
Po, Po (2) = (x ~ A)" Qa (т), where Q, is a polynomial. It 


can be easily verified that Р, (1) = x x Pi (х). Therefore, 


Pj = (z — 7-і Q; (z), where О; is a polynomial. Hence it follows 
that Р; (А) = 0 for all і < ез Consequently, Z (A) = 0. Thus, 
(9) is fulfilled for the sequence пт х A? for m < г, and thereby 
jd the sequences of the form specified in the condition of the prob- 

Let us now prove that any sequence аһ satisfying (9) (provided 
that À; is a root of multiplicity гі, Ì = 1, ..., s, of polynomial 
(10)) has the form mentioned in the formulation of the problem. 
Here, without loss of generality we assume that p, 52 0, i.e. zero 
24s 
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1ч not я root of the characteristic polynomial (1 p, = 0 Eq-(8) 
can be sum 1га) In order to prove this itis sufficient to show (see 
solution of Problem 8 31 (3)) that for any а, a, dy , the 
aysiem 


ĉ& a + +t, у= а 


{4 pte at + e ri al UE Tos 4 
+ с, shag = #1 


(61 4 d- z (& і) 4 Té. a Ge D? "yak 1 
T + {fa at es {#— 1) + Fep i 


X (к — 0072 pA 1 ру 


has а solution For thes purpose if 13 sufficient to prave that tts 
determinant differs from zero or which is the same that the vectors 


Á, An. where А, = (М.М үз ty h, 
Al {+ Mj a=0 k—1 are lnearlyindependent We 
assume that the converse 13 true Then there exist constants d, 
di d, у which are not all equal to zero апа such that А = 
—- = — і 
dge + ^d, hy, 0 Let Qi У dz and let A 
1—0 
be an operator such that Af {z) т We put Ар = 
— T 1 
A (44 IH) Then A = (О (A) AG a) At Q 
Q he} A О буу 16 should be noted that Q (Ауу = 
AQ (Aa) == = AT AA for A= 0 if and only if А 15 An 


r-Inultiple root of the polynomial Q {x} Thus A = U means that 
Ay 18 а root of multiplicity ғ А, 15 a root of multiplicity ғ, and 
fimaliy А, ла a Toot of muluphoty r, 01 the polynounal Ө (7) But 
rc fe -+ г, = k and 0 (х) 1s a polynomial of a power 
lower than k and hence 1% cannot have k roots We arrive ata con 
tradiction Therefore the set of equations (s) has a unique solution 
832 (fie + 2" The characteristus polynoral х? - 47464 
has the roots А, = 1 and 4, — 3 Using Problem 8 31 (3) we obtain 
the general solution sA? + 26,47. (21 e, (—3]7/* + e, (—1)* (ay? 
(0 «(С 572)" + e C(t —~ 5/2. (4) C20" (6 t сул) 
(3) (e + сан) (74? + су (—2)^ (27 (—1}7 (e H буп T eant 
833 (7 -+ 3^ The general solution has the form Су + €,3" 
(see Problem 832 (f) From the imitial conditions we obtain 
(pr dey = 10 et 90, — 16 Hence ej = 7 cg 1 a, = 7-4 
$^ Q)3--(q/—U'c-(-Yv-0 eg eant ea 2)" 
where су = {4— b — 43/9 ce, = (b -F ¢— 2ay3 са = (25 — 
€ — «VAS. (A) сов an The roots of the characteristic polynomial are 
Ay a = et^ — cos c + p sin a. The general solution is a, = 
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n А, From the equalities a, = cos Œ, a, = cos 20 we 
н PU a c, = 1/2. Hence a, == (АЛ + №)/2 == cos an. (9) 1 — 
(—1)". (6) 3" (1 -- m. | 

8.3.4. (1) Substituting ап-- b for a, in (11), we obtain 
a(n + 2) + & + p (a (n. + 1) + b) + а (ant 5) = «п + 
Comparing the coefficients of n on the left- and right-hand sides, as 
well as the free terms, we obtain а = &/(1 + p + 4), b = ((1 -- 
p +q) B— (2+ p) -+ p+ ay. (2) It follows from the fact 


that х = 1isa root of the polynomial z? + pz + q that g = —1— 
p. Substituting п (an + b) for a, in the equality an +2 + Pans, — 
р 4- 1) аһ = ап 1 B, we find that а = a/[2 (р + 2); b= 


( an А 

2 + 2) — « (p + 4))/(2 (р + 27). (3) Since z = 1 is a mul- 
Tae root. of the polynomial z?-- pz T 4 р = 2 and д = 1. 
Substituting n? (ап + b) for a, іп the equality аһ, + 222, + 
a, = an-+ В and comparing the coefficients of n3, п?, nand n°, 
we find that the coefficients of n? and п? are equal to 0, and a = a@/6, 
b = (В — a)/2. (4) For (1), the general solution has the form 
a, = cQ с + anit + pq) + ВИ + a+ р) — 
а (p + 2))/(1 + p +q}, where Ao = (—р + V p? — 49)/2; for 
(2) a, = c (—p — 1)" + e, + an/{2 (p + DI + (28 (p + 2) — 
a (р + 4))/2 (р + 2)2; for (3) a, = п? ((an/6) + (B — 2)/2) + 


сп F Ca. 
8.3.5. (1) a, = 1 + | > ). The general solution of the recur- 


rence relation a, 4, — ар = 0 is an arbitrary constant с. A partic- 
ular solution of equation (1) is sought in the form аў = n (an +- 5). 
Substituting this expression into (1), we obtain ak = n (n — 1)/2. 
The general solution of equation (1) has the form of ар = af + c. 
From the condition a, — 1, we find that c — 1, and hence аһ = 
{+ п (п — 1)/2. (2) a, = 2 (—4)" — 3 x 2^ + 5". The general 
solution of the homogeneous equation an 49 + 2a, 43 — 8a, = 0 
has the form су (—4)" + с,2". A particular solution of equation (2) 
is sought in the form аў = d X 5^. Substituting this relation, we 
obtain d — 1. The general solution of the inhomogeneous equation 
(2) has the form с, (—4)^ + c,2^ -+ 5^. From the initial conditions, 
we find that с = 2, cg = —3. (3) 1 + n -+ 2; (4) n(n—5) + 
(—2)", (5) 2"-3 (n2 + 8); (6) (—3)^ + 2? + n2^. 
8.3.6. (1) A non-degenerate case is when either д = 0 огр, 5 0. 
f q = р, = 0, we obviously have a, == cip}, bn = cage. Let 
47:0. Then b, = 1/q (any — Piüdnh Оп+ = Ш (ап+а — 
P19541). Substituting b4,, and b, into the second relation, we 
obtain an+ + (—р, — 9) алуу + (P192 — Раф) аң = 0: The pro- 
ur. js reduced to Problem 8.3.1. (D аһ = (5 + 2n) i bn = 
= n) 2". (3) a, = с —1)1;£ Jon, b, = c 0.5 
(AY o. ts Б n pr (Dar n = С E 
8.3.7. (1) Induction on n. For п = 2, the relation Fam = 
bil Pak mes = Fm + Fm+ holds ^" z 1. The Pr 
кекп ` Pnaem = Fry nem-1 = PgAF 
РР ЧЕ Е-Е ЁрЁ = Рабы + Рата. (2) Carry 
out induction on К. (3) If F,,, and F,, had a common divisor d > 1, 
then Fa- and Fa would have the same common divisor since 
ы = Fnai-— Fg. It follows by induction that F, and F, should 
ave the divisor d. (4) Method of representation. If N = 2, then 
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N = Бҷ F, LEN 2 2, we choose the largest a, such that Fy & 
А, then the largest n, sucn that Fag x; N — Fí,, and so on Then 
N = Fy, + Fa, + Since F,,; > Fa for п> 1 the герге 

sentation cannot contain two numbers with the same index n _- 2 

The representation cannot contain two adjacent numbers Fa and 
Faar since F, + Fay, = Fhag and hence F,,4, must be chosen 
at {һе step on which F,,, is chosen (5) The general solution of the 
recurrence relation fay, = Fnsi + F, is given in Problem 3 3 2 
(3) Using the їпмйа[ conditions, we obtain the required result 

(6) and (7) The proof 15 carried out by induction on лп (8) Applying 
twice the identity of Problem 8 3 7 (1), we obtain Fy, = Ën iF sn + 
Enfine = Fac) (Pa fa E Enfo) + FQ (FR + FRG = 
Ға. T FaciFaAFnl,cd- Fn + Phew (Pai — fn у) = Fia 

FR T Fh Fa + Fnaf n-i (Fa — Tm = FA + Fic 
FR tfn Разд д а = Ati ко 1 


$3.6 (1) (—t£y* The generating function for the sequeace 
ti} 
G4 1, a=, i is by definition the series. 4 (1) = ^ "m 


—0 
which is an expansion of the junction f(t--(1—1)! into a 
seres for peipei (2) 144+ „+ Е) и 1) 
(3) (f —at)*! pe" (5) +a (60 tü—0* We 


Dmm ти E! 

hae A(t) = $] ni" = £X (n4-1) t^. The series У) (n +1) 1" 
"=й н 0 п 0 

is obtained by the termwise differentiation of the series 


>) Munformly converging ta 9()—(0 07 for dt xt 


n=) 


Thus, the series у} nt^ converges to the function ў ¢(£) = tp’ (1) = 
т — 0 

tiat (7) 2:1* (1-12) * (8) (1-2-0) (3) (44 n*. (I rU 7-5) x 

1—02 di) tun a {i—i cosa 4- t£]. We put фо) е‘ = 

Cos d -Lisina and use the fact that Ф" (x) = e — cos "Un 

isinga, фе (—a)z-e ^ "7" —cosan-—: unn Let us consider the 


generating — [functions A, (t) = > q" a)" = {1 — ọfa) ij 
ск т —Йй 
A, (t) = у) p {— abe ——(1—*(—23):1 ! Samet qnan = 


n-Ü 
(Шү (о (ал) — q(—an), we have A(t) = У) Sid ant" 


H— 0 
(Zi}~? (Ay (t}— А, C= 020) 1 (1— ф fap} (0—0 — o)19 P= 
(2:)~*t (9 (а) — pi— a)) (4 — (o(x) + ф(—0)) 1 3- fy = 
simt [i—i coso |03) 1 (12) (1— cosg) (A —2zcosa + PF) 


i 


839. (1) ef By definition, Е{}= >) ам" n[ — >) t" n] 


ж —_0 == 
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This series converges to ef. (2) е, (3) tef. (4) eet. (5) (i+ t)m. 
n 


By definition, Е (2) = >; (т) „пі = У! s] i — (1 +. t). 
п==0 п=0 
(0) e! (2° 4- 1). 
8.3.10. (1)-(6) Compare the coefficients of 2". 


8.9.14. — (1) (2) amp". оу 1. (3) c-»( w 


n 


(4) (т) (9) (—1)-” 23 (~ pe» ( к )х 
h 


meum It should be noted that (t + é°+...+#")= 
t (1—¢")™({—2)-™, The coefficient of ?^7 in the expansion of 


((—)" js {-—{)® | ня | . The coefficient of #1-т-Аг in the 


expansion of (1— 1)? is | ds ). (б) (изн C») ior 


n—m—kr n/2 
even n and 0 for odd a. (7) (—2)™ >} (F) | m ‚ The coef- 
R 


: | , , —12 
ficient of tè in the expansion of (1-1-21)-3/3 is | : 24, The 
coefficient of 21-0 іп the expansion of (1{~—¢'2)-™ is 
m 
‚| (—1/2)"-®, Therefore, the coefficient of 2" in the expansion 
n—k 


of f(t) is 2 (С )ssc uae ("мэх 
"T 


(08) e (5)ec ue 2 073) 


п — [К 


B (aa) 2 (75) n. (9) C a. (10) (н (234—1). 


і 
We shall use the fact that Tz = агсіапр і. We have (1-4 


оо 
ajo >; (— 1)" z. Integrating the left- and right-hand sides 
n=O 


oo 
— рү 2+1 
between 0 and £f, find that arctan ¿= > ALES Tli 


n= 


і 
iX3x...x(2n—1) | à і 
11 um ———ÀÁ——— —— ————— — ` е ои a LET sx 
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[123 {DPA n2 for even n and ior edd o». {413 (— 1" (ir 
1)! for even п and 0 for odd n (44) 1 ( п, ) 


8312 (1) Let us compare the coeIficients of @ tin the 1dentaty 
ata (1-4-£) m= {i4 Hm * On the опе hand this coefficient 


n j--m-—2 ала 1 ni-l- s 
5 EG eet PLM CT ae) бае 
t Р 
other hand, (т. 0) zn ile ‚| (2) Consider the 
identity +o" (4 — (0)? — (1 — £j)" and compare the coefficients 
of (3) Consider the identity (01 — £17 (1— 20 7712 
oe tyre ењ (4 —1)7 В 1 and coefficients of ск m (4) Consider the 
identity (4 У 0?))2— (eye 4-2 (1 — 22) ty and 
coefficients of ff" (5) Consider the identity  ((f-7 2) * 4+ 
(1 — 1)77-!*) itt) * 1-—(1-— 2077 1) m (t 07 *-— (0 — 17^ * and 
the coefficients of :275**!1 (6) Consider the identity (1-—0*^ (f+ 
2t (1— 1) 3) — (1 4+2°)" and the coefficients of 120 


н н 


8313 (1) A()e У ar- У) Shs | es dex | (X x 
| 


л] л=- 0 () 
nE Il (zt) dz e XE (zi dz (23 \ е text dro “3 \ e Udy 
nz) u | 
(1-1) (3) For the sequence dn we have А (2) У (n) , 1^ 
un 
E (i= 2, S a » us Further \ er E txt) dz — 
[ж-н (xxn T 
J - (zi)" mor » 
jet р сту lente Ze 


U 
8314 (1) We ase" “the identity TEM E Ne а ра 12 -r p 
Comparing the coefficients of {7 we find that (21) 


2, { x] à ; | = 2 тт {a} {б Muliiplying both 
А 


sides by л! we obtain. the 1equiréd equality (2) Vic put a —ak 
b"=b/h Applying the identity proved in 8314 (1) toa aud 5 


ne find that {а +2), 2 P } (а In & (5), Multiplying both 
sides Y А" we arrive aL the lequired identity (luck {0 }a A — 


ut. i5 (1) We mulliply the equality a, —5, Ро 1 by t" and 
take the sum over п In the icgion of canveigence of the seris 


y ant” and Y ba, the following identities ale valid 
n--b ie 
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V а = У (ba Бал) = M bat? — CN bs uem B (t) (1—1). 
az nc : п-=0 nzí 

(2) We multiply the equality an = ба, b, by t"*! and take the 
sum over n hetween 0 and co. We obtain tA (1) == B (1) — 54 — tB (t). 
(3 We note that bn —a5.1— a5. Hence B (t) — — A (t) (1 — 2) 4- ag, 
where a= В (1). (4) Multiplying the equality an = nb, by 2” and 


. , d т 
taking the sum, we obtain А (t) = X nb, t = b B(t). (5) The 


n-—1 
proof is similar to that in 8.3.15 (4). (6) Let us compare the coef- 
ficients of 2" in the equality А (2) = (1—58 В (2). By definition. 
this coefficient on the left-hand side is an and on the right-hand 


п n 
| . f —k k--j—1 : 
side, J} (=D ( 7 )mu- 3 (PTI Jem $^ (n). (D We 


— 


ј==0) J= 


have B (11/2) — bi БАГШ, B(— 002) = V (— 1)? bnt”. Multiply- 
п== (0 n-ü 

ing the sum of these series by {/2, we obtain ER (B (11/2)--B(—11/2)) — 
Xi dant? У ant” A(t). (8) Note that bn — a4 a5. TI l- 
L! n РА л * dà n = dni1 In. 1e equa 
n-u n= 
ity A(t} —B(t)t(1—1)7! now follows from 8.3.15 (2). 

8.3.16. (1) First method. Let C(t) be a generating function of 
the sequence 1, 0, 0, ... . By hypothesis, C (#)=4 (t) B (t). 


Consequently, the equalities 1= abg O=agby+a,b), ..., O= 
n 


it 
| m 
У Q,-j0,, ... must hold. Since an = | д ) : bo | D 0 


n — in—i 
=i) i=) 
| m : 
for all п=1, 2, ... and | " ) =! for n=0. Consecutively, 
ме obtain by 1, by=—m, b,=m(m+1)2, у= —m (m--1) x 


(m~-2) б. By induction on л we can easily prove that b,= 
—mX , н 
| i ). Thus, В (2) == (1-- 0). Second method. A (t)=(1+2)", 


— Hi 


B (t) [A ()]- — (12- 2), Hence bs = ( | ). (2) b-1, b= 


4, бъ = 0 for nz» f, В (0) == 1-а. We have А (0) = У) (at)?= 
nz 

(1— Шу, and since 4(/B(5)-1, we obtain В (2) 1-а. 

(3) Ug — lis — 1, pe —32, by = 0, 0923, B(r)-—(1—12). (4) Б.а 

(— 1) t bana — U, п 2» (0, В (t) — (1+ t3)71, (5) bo = b= 1, В (t) = 


Lt. (6) (5 Е. 
ML = ( n ), B (t) = | i-t. 


А 8.3.17. (1) Multiplying by 21% and taking the sum, we get 
а (t) =at ay pt (H — pa gt + qa (0 t°. (2) We represent A (2) in 
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the form 1002 Having determined су and су, we 
х= t—Asé 
o+- pagt- Arty 61 Pus tpt Asay 
find nat Ap (Sets Th | Having 


determined the coefficient of {7 yn the expansion. of A(t} into a 

series if Г we obtain an expression far a, (3) Let us represent 
Ct E či ur MEN 

A (2) in the form Tr атт Ё гош Tour tü- 7 

da + (84 — Ada) € 


—'ud-Ay ' we find that ey — 0 4-24, а= ay 


Expanding (f) into a series, we obtain А{Л= Y (eA 


€, (n -EF- 1) A) d", а= (agt n [Se a) ) a" ™ 


8318 (1) Hint Use the identity in Problem 8 1 45 (3) (2) We 
multiply each relation of 8 3 18 (1) by 27+! and take the sum aver n 
between O and оо Using the mitral conditions, we obtain the re- 


i—t 
1—3r-+7PF C 


(4) The roots of the equation 1—3¢--7=0 


lations between generating functions {3} А) 
B= re 
ате 4,2 (3.- V SV2 and A, (3— V БУЗ We express Aft} im the 
form А {t}=- mir Р + ——— [XS Since A {р = (1 — Dit —A0 X 
(1 — àt), equating the right hand sides, we get a(1—A,it)-+- 
biE—3,t)—1—4i Hence a= {h iO Ago РУБ V 5). 
b-—1i1—a-í(y5—t1Vi2y5) Thus, iom gy Ue 


v$ ah 1 
5—41 1..1 
T] Similarly, we oblan Б (r)-— Уз 5-а) 


Expanding A(z) and Ai} tata series in £ we find that 24— 
(2 Vari (oc ИБ) Ал +-(Y 5—1) 48). 6, (V5) 3 2—22) Taking 


into account the inequalities О<2 Ag << Ау we obtain lum ард = 
Hc с 
(t-- V 52 y 5, Jim $ „Ат Ay 5 


8,319 (t) Muliaply ing by @ and taking the sum of the initial 
relation, we get (t) a.c C (t) (2) We have AQ Qu 101 — 


4— 4p) = quy (4 S jr ( Y? шу] =з Y (mx 


== 0 n-1 


(2) eer im 2i = ЭР, (3) Multiplying by £^ and 


== 
taking the sum over a, we ohtam fer the generating function 
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co 
A(t)= У! ant” the equation A+ (t)= A (22). We seek its solution 
n= 
in the form А (t) = е. This function obviously satisfies the 
equation. Considering that a,—1, we find that @=-{ whence 
a, —1/n!. The uniqueness of the solution follows from the initial 
relations. 

8.3.20. (1) We number the vertices of the (r -H 2)-соп hy 
22, ..., nd 2in the clockwise direction. Two cases are possible 
ere. The first case. None of the diagonals passes through the ver- 

tex n 2. Then there must be a diagonal between the vertices 1 
and n- i, and the number of ways of dividing the polygon is 
а, 1: The second case. There exists a diagonal emerging from the 
vertex z + 2. Let k be the smallest number such that the (А + 1)-th 
vertex is joined to the vertex n + 2 by a diagonal. If А > 2, there 
exists a diagonal of the form (1, А -+ 1). Then the number of 
divisions of the initial (A + f)-gon is equal to the number of di- 
visions of the (А -}- 1)-gon with the vertices 1, 23, .. ., k +1, 
multiplied by the number of divisions of the (n — А + 2)-gon with 
the vertices A + 1,4 + 2, ..., n dt 2, і.е. is ay a4 4 (tk x 
ti 


n). It is natural to assume that ag = f. This gives a, = NE аруа. 
k=l 
`) 
Аз in Problem 8.3.19, we find that a, — —r | » | . (2a, = 
‘} 
WC | Pe | . The problem is solved in the same way as 8.3.20 (1). 
8.3.21. (1) al. (2)(—14)'V (n— 1)!. (3) fx 33 X ... X 
(п—2)/ пі for odd x, 0 for even п. (4) О for odd n, (—1)/227/(5/2)1)71 


- 


for even п. (5) а? for odd n and 0 for even л. (6) a, = Fn, where 
{Fan} 1,1, 2, 3 is a Fibonacci's sequence. We first prove that 
if {an} satisfies the relation 

ni2 = цы T ап, % = a, = 1, (+) 
it also satisfies the relation 


айы — anans = (— 1)”, dg = a, = 1. (=+) 


For п = Q and 1, the statement is valid. Let us prove that (ж) leads 
to the identity 


E * 
Sree 77 ЧдЧ@д+у = Unts — nelni (***) 
W e = = : — == 
Bs have One, — ад0даз = (05,3 — Gn.) ae (an+2 арад) Anse = 
nel 770 "@п+з@в+з T analne: = ады — 2 an+ 7 nea Ones T 
Опъадъз = ahes — ansni — @п+зйд+4 71 2аң+з T @д+айд+о = 

PN MES е 

анз Чң+айц+4 T nes (— an+ T aniz T ansa T ane) = айы — 


In san 4, ER nea (—a 43 i1 апаз) — Gn ч — a a i* 

Identity (***) is proved. Relation (**) follows from (***) by in- 
duction. Thus, {Fn} satisfies (**). In view of uniqueness (which 
can be proved by induction), relation (**) has no other solutions. 
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8322 (1) Multiplying the recurrence relation by t^ and taking 
the sum over & we obtain {1 - Аһ (ft) = A, 10 (2) Since 
а{0 U)— Land a(0 xj Oforallk — 0 A, (0 = 1 Carrying 
eut induction on a and using 8322 (1) we find that A, (f) — 
(à — i) ^ (3) Expanding a (n. k) into а series. we obtain a (п Ку = 


-- й EMEN n-i-k-—i 
La ae arene, 

8323 (1) 20 (2) 6 (59 

8324 й) AQ (1—1]9)*(1—19)?(1—:9) ! Let us 
prove that A (t) 15 the required generating ionchon We noie that 


11 — 19) $ i frk 2 3 5 re all non zero expansion 
£—üÜ 

coefficients are equal to і The coefBeient of t? in the expansion 
of the product (t — #7} ! (£ — t9) 1 (1 — 1*) ! 1s equal to the sum 
of products of the form a bicem where a, 15 the coeffcrent of £^ 
m the expansion of (f — i1) 1 b, 15 the coefficient of a; 1n the 
expansion (1 — 45) 1 and c, 18 the coefficient of i*'" and 26 -+ 
H- 5m n It should be noted that a, = b; ce; = 1 and 
the number of summands 25 exactly equal to a, i2) A (H — (1 -+ 
{++} (3) A (0 тъ + FP) (t+ 
a T 57) + 4 -F t) 


8325 (1) It should be noted that A (gt) — |] (1 + g} = 


k=l 

A (0 {i + yi) 1 and hence A (t) = A igh) {t + zt) The coefficient 

of і? on the left hand mde 13 by definition а, and on the right 

hand side ang” — ар tg” By induction on п we hence obtain 
т". 


a, = gs J| gril n 4 2 а; = 1 (2) See 
а= 1 


solution to Problem & 3 24 (1) 


8326 (1) (2) 5(а & TL (э \— 


¥-=0 


n+ 
(вт) fert - 9X Тш (^7! eco yon " 
v 1 


у= 


(2 otp =s (nit kO+S{n k D (3) {л ki H= 


n тї 
Liaw c(^)eesuex $a raf? ijet 
LLLI w=] 

п 


DSi кй a cn {ÒF HS e & a 
у= 0 


(п D 5 (п k D--nS(n—1 k i) (4) The proof is careg 
out by induction on k and by using 8 3 26 (3) For any Zand a > 0 
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n 

we have S (n, 0, 1) = ^ 0)" ( . )=0. Let the statement 
=0 

be correct for a certain k > 0, any n > k and any I. Letk -- 1 < n. 
From 8.3.26 (3), we have S (п, k -+ 1, 1) == (n 1) S (n, k, D+ 
nS (n — 1, k, l). Since k < n — 1, in view of inductive hypothesis 
5 (п, k, D = S (n — 1, k, 0) == 0, and hence S (n, k+ 1, 1) = 
0. (5) Induction on n. We have 5 (0, 0, 1) = 0 = 1 = 0l. Let 
S (n, n, 1) = n! for a certain n > 0 and any l. Using (3) and (4) 
of this problem, we obtain S (п + 1, n+ 1, 0) = (nd-1--0Dx 
S(ati, n, D (п + 13) S(n, n, D) == (nd-1) S (n, n, D) = 
(п + 1)1. (6) Induction on К. In view of 8.3.26 (5), we have 
5 (n, n, 1) = n! > 0 for all n and all 1. Let 5 (n, А, 1) > 0, for 
a certain Ё > n and any n and 1. Using 8.3.26 (3), we get S (n, k + 
і, 1) = (n--DS(n А, D4 nS(n—1, k, 1) 0. (7) This 
follows from parts (1), (2) and (6) of this problem. (8) This follows 
from (3) and (5). (9) This can be derived from 8.3.26 (3) and (4) 
by induction on ~. 


< 


8.3.27. (1) In view of 8.3.26 (9), we have о; (t) У! $(1, k, 
k=0 


со 
0}%= Ур =t (1—41). Further, in view of 8.3.26 (3) we have 
К 


=i 
5 (n, Е--1)==п5 (п, k)-+ nS (1—1, k). Multiplying both sides of 
this expression by ¢&*! and taking the sum over k, we obtain 
Од (t) (1—nt) = пісь; (t). The statement can now be proved 
by induction on п. (2) For n=1, the right-hand sides of 
formulas in (1) and (2) for o, coincide. If we prove that for 
n 


On (t) =t У (— 1)1-8 k | А (1-——А1)-1 the recurrence relation 


k=l . 
Сп (f) = ((1 —nt)/nt)On (t) is valid, the statement will follow from 
—nt i—nt 


+t І : Е 

it by induction. We Һахе "T On (t) = ur 9 
п n 

; Er x ) ET MNT pue {—nt — 
2; (SDA k (а-н у ctm (2 1) = 


hA—1 h—1 
n 


n-i 
2 ev (zt) (145R) -3 cam (121 


X 
hi 
Bi n—í 
n—5 n—1 
Tom =* Dy (tet (^L) dart Gna (0. 
k= { 
8.4. 


) 
(i) (2, 0, 0, 0, 0, 1, 0, 0). 8.4.2. The transposition of the ele- 


8.4.1. (1) (0, 0, 0, 1). (2 (2, і, 0, 0). (3) (0, 0, 2, 0, 0, 0). 
ments i and j will be denoted by (i, j). Then (2, 3, 4, 1) = (1, 2) X 


3282 SOLUTIONS ANSWERS AND HINTS 


(2 333 4) (4 2 3 ed 4a adit 3 (4356 1 2)— 
(1 5) (2 6) (3 5) (4 6 (8 217 4 6 35) — d 3 (3 x 
(4 5) (5 8) (8 7) 

843 (4) There exist Tour rotations of the square in the plane 
Which transform the former into itself by 0° by 90° by 180° and 
by 20 These rotations correspond to permutations {1 2 3 4) 
(2 3 à 1) (3 4 1 2) {4 1 2 3) The first permutation js 
af ihe 44 0 O O) type while the remaining ones are of the 
{0 G 0 1 fype Thec4cleindex has the form Pe (4, t, te ty) 
(f -+ 32/4 (2) In addition to the permutations mentioned in 
O43 (1) we also have jour permutations id 4 3 2) (3 2 1 4 
(2 1 А 3) (4 3 2 1 corresponding to the rotations oi the 
square about the diagonals Two of them are of ihe type (2 1 0 0) 
while the other two are of the type © 0 0 1) Hence Pg = 
(1$ + Bi, + Z0H,V/B. {ду There exist 12 ratations of the tetra 
hedron identical eight rotations by 120° about the axis passing 
through its vertex and the cenire of the opposite face and three 
rotations about ап ахуѕ pasang through the midpoots of opposite 
edges Hence Ро — (t1 + Stt, c Biyi? 4) Р. (n + 80 ++ 
S12 (5) Pe = (+ Bita + 3012. (8) Po ity + 3814 + 
Ha (7) Ре = iri -+ 811, + ЗИ) 12 (8) From 24 rotations of the 
tube ope эв identical ihree are rotalons by 180° and siz are тә 
tations by 90° shout the straizht lines passing through the centres 
of opposite faces six are rotations by 1807 about the straight lines 
passing through the midpoints ol opposite edges and eight are 
rotations by {20° about axes connecting opposite vertices The 
identical permutation gives six cycles of length і the three per 
mutations corresponding to the rotations bv 180° give two cycles 
of length 1 and two cycles of length 2 the six permutatrons corre- 
sponding to the ratations hy 90° geve two cyclea of length 1 and one 
cycle of length 4 and the other six permutations corresponding to 
the rotations by 180° give three cycles of length 2 The e:ght per 
mutations corresponding to the rotations by 120° give two cycles 
of length 3 Hence Pe = (tt + Wi + 6r, + 012 + 822)725 
(9) We have five t3 pes of rotation by 0° (state of rest) corresponding 
to the identity permutation the rotatien by 90° about the diagonal 
the rotatión by 180° about the diagonal the rotation by 480° about 
the strarght Пле passing through the midpoints of opposite faces 
and the rotations by 120° about the siraight line passing through 
the mipemia of opposile faces The identity permutation corres 
ponding to the state of rest gives the cantribution ta 7g equal ta 
1% the second type permutation gives (2, the third type permu 
tation 2112 the fourth type permutation # and the fifth type per 
mutation f$ Each of these types corresponda to 1 © 3 6 and 
8 rotations respectively Hence Po — (1-2 601 4- 30931 + 04 — 

{5 

845 (1) We prove this statement directly by using Bernside s 
lemma The group G consists of permutations л, — (1 2 3 4! 
л,= (2 3 4 1} m,— (3 4 1 2) m,—(4à1 2 3) Н is 
immediately seen that for any pair dis } = 4 there exists а per 
muiation л such ihat л, — ; Thus all the elements are equivalent 
and we have one equivalence class 

Let us obtain the result by using Bernside s lemma We have 
IG] —4 b(n) = 4 b (n)-01lori-2 3 4 Hence у {Су = 
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(24+ 0 4- 0 -- 0)/4 == 1. (2) Note that the elements 1 and 2 are 
transformed into each other by permutation лу, while permutation 
л, transforms elements 3 and 4 into each other, but none of the 
permutations transforms the elements of the set (1, 2} into the 
elements of the set (3, 4). Thus, we have two orbits. Applying 
Bernside’s lemma, we obtain | G| = 4, b, (л) = 4, bi (л) = 
b, (лз) = 2, bi (л) = 0, v (б) = (4 + 2 -+ 2 + 0)/4 = 2. 

8.4.5. We must prove that |G|v(G)= Уу bi(z), where |G | 

AEG 
is the order (number of elements) of the group G, v (С) 15 
the number of classes of G-equivalence (orbits) on the set Zn, and 
b, (л) is the number of elements which do not change places 
upon permutation л. We put Gee = AME G: лу= х0). If Мс Zg 
is a certain orbit апа z€ M, then G= U G, ,.. In this case, we 
ye M 


obviously have G,_,.G,..=@ for vÆ y. Note that | Gy |= 
IG, lif y~z, Le ify belongs to the same orbit as x does. 
Indeed, if 0€ G,.,. and G ,,—(m,, ..., Am}, then {олу,..., 
бл} E б, where ол, on; lor ij. On the other hand, if 
Gye ={F1, +++. On} and OEG pa then (0770,, ..., olor) = G, ,. 
and 0-10; + 0-10; for i Æ}. Hence it follows that |б,_„|= 


16... |. Let now Mj, ..., Macq) be orbits and z; Є М;. The 
v (С) Y (С) 

№ 6л) = У! lGxacl= У У 16,,-»161-161v(6). 

x€G x€Zn i—1 y€M; t ded 


8.4.6. (1) Each permutation л in S, of the type b= (bı, 
2; ..., Òn) сап be represented in the form oí the product of 
cycles so that the length of the cycles does not decrease: m= 
(i) (19) ... (i, ) (à s thao) cree Such two notations can gener- 


ally lead to different permutations. This can be in two cases: 
(а) when identical cycles occupy different places in these nota- 
tions, and (b) when the cycles are equivalent (as the cycles of a 
permutation) but start with different elements (e.g. (4 2 3) and (2 
З 1)). The first reason leads to the repetition of the same permutation 


n 

|| ba) times, while the second reason, to the repetition of 
hz 

п 


bye 
[| К В times. These reasons are independent. (2) By definition 
=l 


bdb (3 
Fg, (fy... tg) (n у; 0: e), p ш (nl)! x 
IES a 


n 
b, b -> 
2 2 р. "n = (nlt 9] А (b) H pi, (3) We have 
b 


+ ЛЕН (5) ; 
Ь 1-1 
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ан 
T rt 
exp (tye + a ч 15 3 г | = [i exp {ise fA} = 
zzi 


р e 
ho, 2 b 

([ | >; ЖЫГЫ АИЫП 3 The coefficient of т” is equal to 

k— | hy 

the sum over possible mon uegative tntegete гу 2, «ucl 


n 
that 5; 4-2ba + + ib, nm af terms af the form | | X. (iy EJ 
h 


i 

8,5 7 it should be noted that a cyclo of an exea length is АЙ 
odd permutation wlule a сусе «f an odt length is an exea par 
mutation Each add permutation of the typa (b, b.) makes 


to the expression Р. (t, t) а contribution. 2! ł 
and to the expressuon Pgo {i —t (—1)* I) a contri 


bution z”! t" Therefore the terms on the right hand side 
of tbe equality to be proved which correspond to wid permutatrans 
are cancelied out while the terms corresponding to even permu 
tations are doubled Besides it сай be easily seen that | 1, | = 
[ 5, 17/2 == (nly2 Hence follows the statement 

8 48 (1) We must prove that the set fa ~ o) with dhe mult 
plication operation forms a group that rs 

(1) there exisis a unit element 

(2) each element has its inverse 

(3) the operation 1з associative 

The unit element is obviously a, X Op where ty (Op 215 а mit 
permutation in the group G (respectively an the group H) The 
inyerse element tà m X aig a permutation x 1o пі where m! 
and g ! are the corresponding inverse elements It remains to |j rose 
that (л, х oy} X ((x4 X oa X (a, X 04) = (Oy “ы оу) X (m, М 
Oa) X (m, X dy} Let us consider the action oT a permutation on 
an elemeni ре X UY Without loss of cenerahiy we tan assume 
that vc X Then (л, X dij X (Gt, X a,b M (ua X dal) v 
х (mz. s (лу хо) W (л, X с,)) w {7g X су}: — (mm) Лу 
and the associativeness [ollows from the fact that the maltiphcatian 
oeperauon im ihe group G 1s associative. The rder ol the group is 
obviously equal ¢3 1$ G 14 Д | since the elements a and o I thy 
permutation a X dg are chosen independently and the iw per 
mutations zt, “опу and л, X a, are obvi misi different if 2, Єл, 
Of gd 34-04 (2) II 7, (е) 14 the number Wescles d length. f the 
Errüutation n (a) on the set X (Y? thin the nomber f iscles of 
ength i o£ the permutation т X c isaqual te &. A- e {1} Wo tas 


Г 1 it MEN | 
Рохи lly tak Taxi 21 f Тег 
ter N 
Ў; j^ сл) Gr) e (лус (0) Еи У и {лу EZ шр 
JT x. dd ner 
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= The necklace of seven beads can be coloured in 

„ЕЯ у" — 128 ways. We have a set С of seven — 
rotations л, .. 4 % transforming the necklace into — The 
гуре of identity permutation is (7, 0, 0, 0, 0, 0, 0), while any 
xd permutation is of the type (0, 0, 0, 0, 0, 0, 1). The cycle 
index iS Pg (ty - «5 t) = (1-05). According to Polya's 
theorem, the number of different equivalence classes is Pg (2, 
9 9, 2, 2, 2, 2) = 20. (2) The cycle index is P (tj, . . +) tn) B 
(D +. (n — 1) п), The number of necklaces is P (k, ..., К) = 

m n — 1) kin. | 

j $310. d the cycle index is (see Problem 8.4.3 (2) Pg = 
(HL 81,15 + 3t})/12. According to Polya's theorem, the number 
of colourings is Pg (2, 2, 2, 2) = 5. (2) The cycle index Pg can 
he taken from Problem 8.4.3 (9). The number of colourings is 
Pg (3, 3, 3, 3, 3, 3) = 54. (3) Let M be the set of cube faces, & 
the rotation group and AN the set consisting of three colours: red, 
blue and white. We ascribe the weight z to red, y to blue and z 
to white colour, The cycle index (see Problem 8.4.3 (8)) is Pg = 
(06 +- 3,212 + 6120, + 643 + 812)/24. According to Polya's theorem, 
ies is Pg (n fa» fav А), Where fy = zh - 


the function counting series is | 
yh + zh, k = 1, 2, 3, 4. Therefore Рс (f. fas fa» fy) = ЭЛ ((т +- 


yt +3 tyt 2) (23 4 0 4 PEt 6 (Е ty + sx 
ht ot + а) + 6 (а t yt cp 4-8 а t y 239). The num- 
er of different colourings for which three faces are red, two are 
blue and one is white is equal to the coefficient сз, з; (2с) ol 
rid In Pg (fi fas їз, fs). We have Cz.01P6 (fi fa» fas n ЕТ 


, | 
Fam ty HIH 8+ y 3 GP and) = эу 
6! 

(aan + 3X 2x2 | — 3. 


8,4.14. Pc (V, N, ..., №). It follows from Polya's theorem. 

8.4.12, (1) If a rooted tree has & >> 4 vertices, it has 1 < n << А 
edges incident with the root. The subtrees "planted" on edges which 
are Incident with the root will be referred to as branches of the 
tree, Jf the branches are isomorphic to one another, by transposing 
them we can obtain a tree isomorphic to the initial one. The per- 
mutation group of branches is a symmetry group of order n, and 
Ше figure counting series (branches) coincides with the rooted trees 
counting series 7 (х). The result follows from Polya's theorem. 


4, l3, The solution is similar to that of the previous problem. 
If the connectivity 


components of a graph are isomorphic to one 
another, they can he transposed to give a graph isomorphic to the 
initial one. For a graph with п components, the permutation group 
of components coincides with S,. The figure counting series is 
l (n). The result follows from Polya's theorem. 
8.4.14. (1), (2). Let x be a permutation of n elements, havin 
k cycles. The element n in it may form a unit cycle. Then ine d 
a permutation can be put in a one-to-one correspondence with 
à permutation of n — 1 elements with & — 1 cycles (the number of 
са permutations is equal to Р (п — 1, k — 1)). If the element п 
Ses not form a unit cycle, the permutation л can be obtained from 


à certain permutation of n — 1 elements having k cycles each by 
25—0636 
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including the element into à certain cycle For à fized permutation 
of n — 1 elements with k cycles, such an inclusion can be carried 
Gul 1h n — і ways (the element n cannot be placed rst since n 1s 
the largest element) Hence it follows that Pin b = Pin — 4 
коо 4р P {nc t, к) {а 1) Multiplying the equality by (à 
and taking the sum over & we obtain the relation 9, (1) = 
G -+ 5 — 1) Pa- () between the generating functions By in- 
duction taking into account the equality P, {г} = ¢ we obtain 


AMORES (Ё 4- n — t) 


Bo. 


B51 (1) Note that s+) inme < tint 42" for pg 
fi 


(«n Hence ats Ji {iti} {з—{ xz nl I ll (t-1- 1) 
пу? ^ dei«n/2 
(n— 0 s; ((n-F1)/2/*. (2) Note that (13-1) (n-p sin (841) 
n TL ч 


1 үл ni. 1 | 1 

(39 Ye hayp [tt ) = 24 М \ x ^ «pe 2 ^k = 
= k= =] 

З (4) Induction on n For n-1 the inequality ys valid 

TF (#/3)" « nI then ((n--1]/3)*! = (n 3)n (n -L-1)/2) (in T- 11/2)? я 

(see (3)) = (n/3)" (n-F 1) S (n43-1)) (5) Note that (at)? (27)! 27? 

and use the result of Problem 851(2) (6) Use Cauchy s inequal 


n ————— 
liy y ауа a Sz (dy +a -aak a, <= 0 and the fact that 
the arithmetic mean of the multipliers on the left hand side of 
TE 


2 _ anti u 
Ше inequality is тту 2 t= (4) Putting än 


(2a — Hx И Зя 1 nayi, prove that a3,,/a& <i Further, carry 
cut induction on п (8) Note that (2n — i) «z пу for e «n. (2) ee 
= 


» пур апр (10) For ns=4 the mequahiy is obviously 


k=l] 

valid We assume that {({--}У" —- 1-Pa5 for all -~igja and a 
certain Hai Then itta = iita Ha с> d-a) (1+ 
an =i+a (ati) оп ә іо (84-1) (ii) Expanding both 
sides of the inequality according to Newton s binomial theorem 
we compare the terms of the expansion with the same numbers 


we have (а) ^ ES (21) for k=0 1 Further 


the ratio n^ nti (¢+1)-* is equal to (1 — k/in-+ 


iy (1-—1/(--1)^ In view of 851(10) the ratio does not exceed 
f Therefore, each term of expansion of (1-L 1/n)? does not exceed 
the corresponding term in the expansion of (1i-4-1/(n-L1))"" 
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Besides, in the latter expansion we also have the (n+ 2)-th term 
(n4-1) (1*2 > 0. Hence follows а strict inequality. 

8.5.2. (1) We put ад = (222. /( : | and verify that 
акһ„1/ад <i for Кр>1. Since a,--1, it follows that the first 
inequality holds. The second inequality follows from Prob- 
lem 8.5.1 (9). (2) (n/K) < (n)k/k! for 1 <k xn. The second 
inequality can be obtained by using the ratio аһ,1/аһ, where 
ар = : | kk (n— k) En". We have аһ, аһ == (14 (п — Е — 
jy iyi (14 1/À)*5. Since (14- 1/т)т increases monotonically 
with m (see Problem 8.5.1 (11)), aj,,/agy 221 for k x; (п — 1)/2. 
Considering that а; < 1, we find that the inequality ар < 1 is 
valid for k xz (n—1)/2. For k — п/2, the inequality follows from 
symmetry considerations. (3) We prove the first inequality by 
induction on n. For n—1, the inequality holds. Assuming that 
it is valid for a certain n >> 1, we have 


uL 2п-- 1 i 5 2n--1 ån 


n+ 1 n+1 \п «Oni on 
> leet!) n li. gan. 
Yn-r-1n 2 Y n-F1 


The second inequality can be proved by induction and using 
the result of Problem 8.5.1 (7). 


8.5.9. (1) (2n — DI = (2n)! (n!)-127^ — y 2л (2n) (2n)? x 
е2 (21n)7!/2n7"e22-^ ~ 1/2 n^e-^2n, (2) | P | == (2n) (nl)? ~ 


V4nn (2п)2пе-2" (2nn)-lin-?"e?" ~ (z5)-1/24^, (3) nl ([n/3])? x 
((n—2 [n/3]))71 ~ (21)!/2n*e-?(2x. [n/3])*1 [n/3] 7217/3] 6209/31 у 
(2x (n — 2 [n/3]) 1/2 (n — 2 (n/3]) P+ 2[n/31 en 2 [n/3] „, (2x21 у 
[n/3]7! n (n—2 ([n/3])-1* n?” [n/3] - 7/31 (п —2 [n3] ^ 209/31. we 
note that (n/3) —1 < (n/3] < п/3, n/3 < n —2 [n/3] < n/3-1-2. We 
have [n/3]~! (n — 2 [n/3]) 1/2 >> ((n/3) —1)-1 (п/3)-1/2 >> (n/3)-3/2 x 
(1 — 3/n)1— (а/3)-3/25 [n[8]-1 (n — 2 [n/3])-1/? < (n/3)-1. (n/3) — 
2) 1 = (п/3)73/° (1 —86/n)1/5 ~ (n/3)73/. We put œ= п/3 — [n/3], 
0<@®< 1. This gives [n/3}7!"/9] (n—2 [узуу - 29/21 = (3) — 
2)*U3] (08/3) 4- 20) 20/31 — (n3 (4 — 3ajn)? 0/31 (4 
6x/nyt7 209/31. Further (1 —3a/n)"I/31 = (4 —39g/5)2€/3)- a) — 
(1—3a/n)*^/3 (4 — 3a/n) - ** ~ (4 — 3a/n)?!/3 ~ e7?*, Similarly, 
(1 4- боп)? 219/8) : Ex -— kn pen E EM asympto- 
tic : Ami)... (тп) _ А (ncm! kl 
equality. (4) (&--1) ... (k--n) ml  (n4- kJ m! m 


V m (n--m)^*m (n+ kytk) gh-m T пт-кек-т (4 -4 
m/n)'tm (4 -Tn-h м AL -hoh- mj = ni 
n) (1 + k/n) ш. m (1-7) (ttu) А 


m! 
25x 
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(1) (iE) лт In thelastcase we have used 


asymptotic oqualityesa of farm (1+— | - e" ту + 


eit м1 for m*—oin) (5) (2n ({2л — Фуу == (2n) [2л — Dy 
Then we can use Stirling s formula and the result of # 5.2 (4) 


ng net су А i 
854 (1) ü-F 1) ev (t+) |, “nti apt 


0 


On the other hand TTE _\ y * ) T | Н ) x 
Ü 0 


hl h-lÜ 
i 
k dt — n 
\ dt 2 ziií | (2) Using the result of Prob- 


lem 8 1 19 - we ohtain 


DAS Оту y 


2; и.) Ж X. dest 


yl) 


k-i LI ла» 
— А. = 2" 4 2i ё ux PME: ) 


y= 1 


11 should be noted that jexp{—2nirv/k}j = 4 and |14 exp(221iv/k]] = 


Zw ¥ mv dv ү 
| cos pte sin x = |2 соз” {cos al sa 7 }|= 
lajer Hence 


.nirv 


bo e * (ser) |< te—-1)( 2e08 =0 (=) 


(3) Use the result of Problem 584 20{i) noting thas } 1+ 
ge? VÍ Ii-a 22 соз T «d pa for O-zv«zk (5) Using 
Problems 8118(9) and 853 (2), we obtain 


n T} 
2 4 М J =a (кез | ја" Ua 
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8.5.5. (1) Yes, they are. The validity of the inequalities follows 
{тот the fact that - 


(s) <) msi) 


(2) No, they are not. A counterexample is a sequence {bp} such that 
b, = 2 X 37^ for even k and b,= 374 for odd k. Putting a = 1/3 
and с = 2/3, we obtain 0 < ah < b, < ck < 1. However, in view 


of 8.1.20 (1),. we find that 
3 c»(1)-23c»(1)($) 
k=0 k=0 


HX (2) (4) а-и 


n 
| 


1 na і үл п 
+5 (а-ы) + (1—5) ) (1—a). 
` ix i 
8.5.6. (1) We have Da=—- b (a; —a) > pu 2i (а; — 
i=l а;:{а;-а@| >t 


a)*> 6,2. Hence 6; < Da/t?. (2) Let us consider а set А:={ау, 
dy e. Bin re) in which a, is the number of unities in the 


binary vector a= (Œi, ..., Qn) having the number v. It should 
be noted that 


a= 2-0 У, dye zm k( y). 


0<у<2" 0:<&<п 


Further, we note that the number on the left-hand side of 
the inequality to be proved is equal to the number 


of ay for which |ay—a| >t}/n. In view of Problem 8.5.6 
(1), this numher does not exceed 2"Da (tV n)-3. But 2"Da = 


pet. > Ta o ad R уа 
2 (a, — a) = >, (av—22)— — 2"la* + P» " )=-2 (п/2)2-- 
gre?" üscvc2n 0<А<а 


(1? i- n) Z5 n27-2. Therefore, 2*Da/(tl/ n): — 21-202, (3) Mino- 
шаш. We put ?- nn. Taking into account 8.5.6 (2), we сап 


1 
эше 2 3-1) > kei) Í -— 
а oz ХЕХ (nat уп)? 
A: [k—n/2] «iy n 


2 | И | = Ст (2? — 2n/13) — Aantz СЫЙ Majori- 
lh-n/2|et Và prar 


JA) BOLUTIUNS ANSWERS AND HINTS 


tahon We first note that | ү ) < EN in vew of 852 (1) 


mà (," QUU j= — TEXT «4/3 for k<ajé Therefore, 


n 
Xe(1ezx(GM + 2 (5) + 

=l kaji h | h-n/21—1Yn 
(Sty 38 ` (x) (еу ^ Heny 
; k (h-nile a =ù 
pr (i evs а эз 

857. (1) Using formula (13), we obtain 
(3 )- V ^n^ 4-0 (1/5) 

kl ViskQ УАК (n — 197^ 
We put х= п/2-— & Then the obtained expression can be written as 
Li MM TO оша 


Further, we have 
р (o) 5) a (6) 
(+) (i=l) (“Foe )- ) 
tM. )j€A—) 
_(2h-n)! 
Hence ( 1] ~ =e n (2) As in 85 7 (fj, by using 
Белта formula wt hund that 
п | nm V natn” (13-0 (1/1) 
k V 2nk (5 — k) КА (n — BPA) 
Puthog z--a/(a-]-1), В= H/(a-]- 1), T= xn— k, we pet 
( п ) gh. EtA а-о (Ln 
V лла (4 — z/an) (4 4- z, Bn) 
(x — zin) 9" 7 (6+ г/п) Р" 


u (a+ ty? 4 --O atdin) 
^ Vna (i — z/any*" 4 2/gny 77 " 
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Further, we have 
In ((1 —2z/an)*^7* (1--z/pn)Pt*) 
= (an —z) (— z/an — x3/2a23n3 — 23/303n3— . . .) 
+ (Вп +z) (z/Bn — z3/2f2n? + z3/3D*n3 — ...) 
= 23/2n (1{®--1/8) 4-0 (z3/n2) = х3 (a4 1)2/2an 4-o (1/n). 


Finally, we obtain 


n ) ak CED AO lin) GG 1)/2an 
k Улпа 


where z— na (a-]- 1)1 — Е. Since z= o (n?/3), = l о (n-1/3), 
Hence it follows that 


1 — 0 (z) > (21)-1/2 e7 9/2 (3-1. 273) — (25)-1/2 z-1e7 2/2, 
a x1/2 


We put D=@® (z,,-+ (А/2)) — Ф (zy —(5/2)) and V (=) = E e 


It remains for us to prove that 

D — (Y 22)7! (V (zk) —'Y (2m). 7) 
Using (ж), we obtain 

D 2 (zm)—© (zx) ~ (22)712 (Y (zx) — Y (25). 
On the other hand, according to (ж), we have 
V 2x D ~ V (zy — (h/2)) — V (2m + (h/2)) 
= V (ть) (1H- О (zh)) — V (ту). 

For tm — z& 221, zh—> оо and zh —0, we obtain V (3m) = 
о (Y (z,)) and V 2x D ~Y (zy) ~ Ч (zx) — WV (zm). If, however, 


tn—Zp<i, we put qoem(n, m, А) = (хы 2) А-1. It follows 
from m —k —- œ as n— со that n = n(n, т, k)— оо. We note 


that (zii —23)/2 = E (tm — zh) X (tm + =) > hnka. Further 
V2x D ^ V (ль) (1 + О (zh) — ¥ (2m) = ¥en) — V (zm) + A, 
where A= Q0 (V (zp) xh) =O (V (zp) zkh). But W (zy) — ¥ (2m) > 
F(z) (1 — exp (— (zm ~2h)/2}) zz V (zx) hn тд. Hence it follows 
that A = o (¥ (zy) — V (2). Consequently, Y 2x D xc У (zy) — 
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Yim GED Thus it follows from {+} and (eas) that 
> (5) av ow (2л) 05 CF (4) — (тыу) 


Кеча ‚ 
1 | B Afe е xA/2 
B V 2n Th Tm 


827 (4) We put 21-242 V Inm (а) = II ALT 
Then 
23 ue Ж (ler ж (5) 
у(х) hx VLA x.) VDA (zi) 
But 
уу « \ ач & n (7 IE M 
Vo (xa) 


where w= [8 iz;}| In view of 857 (2) we hence ohtain 


» ("| а“ < n (2nna) 5 (A +-a)™* exp (— 22/2} 
чэй {х у 


2 a 
= ду? (am) ра) exp { =~ V Inn—2ln n} 


&& ni 8 (2n)1/3 (14 a)*1g 7 **/2, («) 
On the other hand ıt follows from 8 5 7 (3) that 


y n) а ctt det үе” e 
Vi ar Ij (**) 
А {хуу ЕК (xa) 
The required estimate follows from (s) and (++) 


858 (1) Using inequality (13) and the inequality al > 
F 2an n"e” following from it we obtain 


(7 | V Inn пЗехр ( —n4- 1/124) 
An 2nn V Ар (An)* (ил}Н" exp {—Ал— pn) 
ol/ (320) G 1 
~ y Bana AM" 60 А 
Оп the other hand 
n V лп n” exp {— л) 
(м) > 


— 4 1 
AIR Vis (Anj*" (un)^" exp | s зул) 


—exp(— (Un ЧА + НЫН ain А 
V anni АТЫНА e 
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(2) The minorant follows from the solution of 8.5.8 (1). In order to 
obtain the majorant, using inequalities (13) we find that 


n | 1 1 1 | 
h ОАР END { im Tan — Tun 360 Àny 


1 
+ 360 (un)? j ` 


Without loss of generality, we can assume that А >> р. Then 


Í | 1 1 
| 


—; — < 0. Consequently, | 


{2un п <6 (п, А. (3) Using the minor- 


К, 
А d. 
ant from 8.5.8 (2), we obtain (z) G(n, ўе 12nàu, But 


exp {— ({2nAu)-!} zz exp {—(3n)+} Sexp (—1/9) forn > 3, 


exp {— 1/9} > V x/2. For n — 2 and Àn == п —1, the equality is 
observed. (4) Majorant 


7? ao | | 
2 (i) < (ia) 2 C5) mr (м). 


h=An 


(5) The inequality can be easily verified when (a) A= 1/2 


[= У MEL (5) =)" ) (b An-n-1 


hzn/2 


| the left-hand side is n-i, and the right-hand side is 


n—1 
checked directly.) Let now л;>5 and n/2<An<n—2. It fol- 


lows from (4) and (1) that У n ФА (242—1)! (24) Ф MEX 
RAN 
(2A — 1)71 (2n (1 — 4))71/24 "7 9?. We put f (A)2-A1/? (2.—1)-ї X 
(2лп (1—24))71/2. We must prove that у (А) «1 for АЄ [1/2 -+ е, 
(п — 2)/п], where £--1/n for even п and 1/(2п) for odd n. Differ- 
entiation with respect to А reveals that the function f(A) is convex 
down on the segment under investigation. Therefore, the max- 
imum values must be sought at the ends of the segment. We 


n n-1 : 
(с=т) п); (с) 3«5n «5, n/2<An<n—1. (This can Бе 


have Free) = р Ae 1-293. (an (2 — 9) = 
(à — 482) 211)-1? < ((1 — 16/n3) 2zn)-1/? < 1 for all n >> 5. For 
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пэ б we have f(m -— Zyn) = V4—2/n (4 — Ant Gayl д 
(1 — Amy! (dny NI -— 1 Tf A e 1/2, than p = 1— E 1/2 


(0) Since (1) = ( Nn ), using 858 (5) we obtain 


т 
3 (0-3 (pee 
ОА Ал hopn 
h-i Аі 
859 (0) Ge = п T] 0) = oF exp У 1а (4-09), 
LP de 


X la (1—i/n) e — 5 у = {E “= — 
ii pæl {=i 

2) We have, оп the one hand, (ny ez nA, which ig obvious On 
k~i 

the other hand, (n) = П (n -- i) 2 (n — ky = nh(d — (k/n))^ > 


А-1 


"hd 


n^ (1 —k*5jn) ле because sol V3) aw nh ta (ij) (3 We use 
the fact (see Problem 6 5 43 {2)у that 3 Vee (9 уы + 
11 


Ok’) Hence in view of 8.58 (1) for k—- ca aud бео (н) we 
have 


(na o n^ exp | — S) (уну (v4) 14 0 wnt 
vri 


т (2 (унуу UI 


But 
n pti m-i xri А КУТ ~ 
D фера = 2 veda 2 y (4-4) яу 
sæi y_i "b mM 


дут! kN күт i ( 
уу n =k 2; (—} =k (—} 1 —k/n nid r1 
"ilm Vm 


Hente we oblam the required equahiy (4) Use 8 9 9 (3) for m = 3 
8 5 10, (1) In view of 8 113 (6) and 859 (1) we have 


GM mme GY 


(2) Make use of 8 5 9 (3) 
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8.5.11. (1) We have 


k-i 
n—s ni  (n—S), __ (1— s 
| k VG) = (п)һ = || n—i 
1-0 
k-i h-i œ А ‚ 
$ 
=a) n (1I—57)]- (-2 X 5 (RI 
i= i=0 v=1 
h-1 E k-i ‚ , 
$ $ 
=exp { —s J n—i 2 уг 2i b TG | 
1:0 = i=0 vz3 
Using 8.5.12, we obtain 
h-1 і k-i ; 
1 n 1 
йз“ РОТ 2 ow 
m k 1\\. п _ а 4 | k—1 \®, 
С n(n3—k) (1o 9)! ш n—k+i = 2 О | n |? 
g= 


k-i 
2 (n—i) = L ((n—k--1)7 t1 —n7 V *1)-- O((n — k) У) | 


i=0 


for у> 2, Therefore 

n-—s n S 1 Кі X6 s*k 

| k )/ (к) е E 2 sí n | "On (п К) 
g :== 


Е y sY птен 


у (v — 1) 
y= 
= _ sk s(k—1) s*k 
=A { n 2n? 2n (n — k) 
чә оо y 1 Vl lt 
ығ Ў =~ (=) Mk (1+0 ( Ny 
o руу і 
0—3 А т=з vn (n— k) 
k К" 2r k 
Mui EE x Rudi) 


і ( k—1 үс s" (14-0 (1) 
“г? memi —k n ———— »(aad 
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(2) It iollows from 45 п (i) (3) The majorant follows from the 
-k 


fact (see 8 5 14 (0) that T (0) (E) «e? In 
і. ü 


order to obtain the minorant we shall use the relation 
(see 85 44 (1)) 
А i 


CIC) (M) (ae) 
=ехр [аш (1———- )} erp (2x4 (M 
ЕЕ 5 Gy) 


=@р{—5 ЕЕЕ recae 


8512 Hint 51 (А) is the upper and T f (k) the lower 
k=n+t h—n 


т 
integral sum for \ f (x3 dz 
T 


m 
8513 (1) We have (ее 8512) >) Inksz | Inzdz + Јат 


к= 1 


| In zdz=alnz— |dz- nz — x Hence У Ink zz m lim- 
А 
TH т 
m--i4d-dinm On tne other hand (see 8 5 12) У in k = | ju ғ 
А-1 i 
dr=minm—m-+4 {2-6} are similar to 8 5 £3 (0 
8214 (1) Induction on n Por n=} we have py = p, — 
a pP -=1— g Hence О — p, «1 Let Q «p, «1 for a certain aS 
і Then рь, PQ — ape = Pn (1— pl у Since Ox ox ti 
pot and Geo paai Oprea «3 (2) Ut follows from the re- 
Bk урь 


lation pa,; — Pa= -—aph<<0 (3) Majorant We have 
ape , 
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n { 
Ph-1— Р "dr __ | i-p 
== ААВ g \ ————- — 1). 
1. Hence л app ! Au | отб a (B — 1) (Pa ) 
h—1 bx Pn 
Therefore, pl-Pzm1-ra (8—1) п or, which is the same, 
Pn < (14-9 (B— 1) n) tE, (*) 


Minorant. It follows from (ж) and the recurrence relation Pn == 
рп-1 (1 — eph -i) that 


PnlPn-i > 1—0[(1-{- & (0 — 1) (n —1)). (жж) 
Further, 
1 i d = 
1-B oL ad Pk-1~~ Pk 
Du k=1 


It should be noted that, according to (жж), рк © рд—1 (1—@) for 


і <Е< | V a [ and Ph Zph-i(1— (с V n)) for k>] V n [, where 
c is a constant. Taking into account the relation (рд .1 — рһ)/ 


р} ,—1 we obtain 


n 
b 2-3 < У = Ger ра" 
ея ауар ^^ 
ats b Ph-1— Ph 


В { S 
Уй pee ЁТ (7 (1 Y в) 


<(a (1—2))1] Үп [4-n/(1 lei Vn) 9 n4-0 (Y 9). 


Taking into account (*«x), we find that for f — 1, = X 
(5 — ) ҳа (Vn). Hence paz(x (B—1 (n+ 


O(V n)))!! 0 -P.. Therefore, for n — co pn ~ (æ (B— 1) n) / 4 0). 


8.5.45, (1) We write the equation in the form = = ln t — 
In x (ж). Since ¢ — оо, we can assume that t > e, and hence = > 1. 
Then it follows from (ж) that z < Int, i.e. 1 < z < In t. There- 
fore, ln = == О (In in 0). Thus z = Int + O (In In t) for t оо. 
agr d logarithms, we obtain In z = In Int + In (4 + O (In In t/ 
n 3) = а #40 (ln In ¢/In#t). Substituting this into 
Y. we obtain а new approximation: = == nt — ln In t 4- 

(In In t/In 0). Taking logarithms once again and substituting 
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the result sato the right Бара side of (+) we obtain the next approx 
imatian providing the required accuracy (see MG de Bruyn Азу 
ptotic Methods in Analysis , North Halland, Amsterdam 1958) 
(2) Since f — ow, z — œ as well Therefore, ет < or which is 
the same z«lntí Hence e*-£—luzt— lola: and 


z > In: la (1 — In In t/t) = int —» y 1 (In In say = in t — 
x71 

In In t/t + O (In In A) Using this relation we obtain. ех = 
t — la z -= t — in {in t£ — In In ff? + O (ia lo ЇН = t£ — 
ln la £ — !n (1 — (In la tit la £) -- O (ln gt (ln Án tit = t — 
In ln t -+ O {ln In z/(t1n D) Taking logarithms, we obtain = < 
n (2 = In dn f + O (a In 2/0218 09) = In t + in (1 — 1n In t/t + 
О da ln t/( to гуу} = lg t — In lp t/t + О {ida ln te) The major 
ant and minorant coincide with the required accuracy 

8 5 16, Hint, Fifst prove that ў (t) = o (2) dor ёч co Then 
the шша] equality can be written in the form е0 = 2 + o t 
O (1) Using this equality, prove that f (у= д (3 and transform 
the anal equahty to efi) = t+ {i Fmally prove that 


iD = Indi +o (=) 


8517 (1) We expand Á(t) into simple fractions A{t) = 
íi (ít Cm 
nr жа дар үг Жау ty th Uh where Б (t) is a poly 
somal iw order to determine the coelfierent Cy, we multiply 
-— — = Fo 
Ait} by A4;--? Then (Ау Аф = G—XS AQ) r 
t=-A, the left hand side 1s equal to С, and the right hand side 


~@ (Ax) NETT | 
to “Pap Thus, Ср == Р (А) Similarly We Сап calcu 


—— i 
late the coefficients Су (12-2, m) The fraction Tom n 


і yot _ - 
be expanded into the geometrical series [1- x) == >; A 
п 
і c C ш f n 
— 4 = — —- Birt) Hence 
(3! We obtain А (0) у У {зү} + t) 
i—i =й 


C1 C Cn 
Agri antl gmt 


(2) Let us first consider the case when P(t} has no roots other 
than Аз and Q (i) hasa power lower than that of P (f) and A 15 not 
r^i 


а root of ОН) Then P (n) —(t—A)', Q(t)— 9) qt! The expan 
{=f 
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sion in powers of t P-*t) has the form 


р) (и (trt = =~)’ 5, (TE) en. 


н 
"—d 


Hence 

oc r-i 
{ \r Don E 
коо (E) 3 (3-) a (сл) 

nz i=0 

Therefore B 
r-i 

ар = (— 1) apr”) 2, 2i “A М. 

і = () 


In the general case, А (t)— 4, (t) + > —Q Q0 , where A, (t) 
ii (t— às) $ 

is a polynomial, and 0, (t) is a polynomial of degree smaller 

than r,. In this case, the asymptotic value of a, is determined 

by the coefficient of 1" in the expansion of the fraction Q, (0) (1 — 

ài). The problem is reduced to the one considered earlier. 
8.5.18. (1) 2х 3", Use the results of Problem 8.5.17 (1). The 

polynomial P, m has the roots А = 1/3 and А = 1. 


We put 00 3 ES (1—1) and Р (t) =t — TUE. Then 
"M 0003). (+ )" u 4/9 ий зей 
"a ~ “Br (3) wae $5 0x3 
n+ 


i 
) К The smaller (in magnitude) root 
t*--5t—6 is 2/3. Using 8.5.17 (1), we obtain 
8 3 \л+і 
the required result. (3) a, ~ (—13 t2 hi (4) ain = 0, 
аздар ~ (— 1)? 2553, (5) Hint. 673 — 17/3 + 35 — 22t -- А = 6 х 


- 2 


1 3 
2 ЖЫВЫ 
€) а^ | 43 @ 
of the polynomial 62° 


(6) qom (7) : -aqy (V 3—1)-"-2. The roots of the equation 


—2=0 are у=} 3—1 and А= — V 3—1. Representing 
un in the form 


LA- b ct -- d 
UT ЕУ Еа. 
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we find by the method of imdetermnate coefficients that а= 9 and 
b—1 Using 3217 (2) we obtain 


ence t (CS) ne (A) oom (72) 


(8) ал 7» (10 Тун (7) The smallest in magnitude root of 


the denominator js (0 7 and has à multphedty 2 We note that 
| 2d 2 
40 = (1—0 7)# 21? 4- 1 


{0 ntd f —2 
(ж) a) 
R519 (1) 2, ^ (—3(—2)^) Let A= У dni Multiplying 


both sides of the relation by 17** and taking t the sum ме obtain 
Af{t}—ayf a, +f (4 (adt e A (H=0 Since agi and 
«4-2 we get d (D= (i—i) The roots of the de 
nominator are h= —4/2 and A4---—1 Using 8347 (4) we find 
that a, ^—(—3(--2)5) (2) 1/2 Asm 98519 (4) we can write 
А Чу (2 14-0) 1442 (1—fg—p)t)) 1 Since gtp =i and р 
>й Jq—pl«1 the roots of the denominators are Аз = і and 


A. qp 1411 14,1 Using 8517(t) (or directly) we орат 
1 AME mh Attn " эп 
d Ле чу (3) ЕЙ "uno 8m | (4) T ~ 


(5) ap ~ n*2h 3 

8520 (f) Hint If the limit of ag exists and ts equal to a 
we have a-(a--b/o/2 or n Y b from the recurrence relation 
since a >> 0 If a, = Fb епа == (a+b a) 2==(ү b+ V 62 


V? И can be easily obtained by induction that аһ pb Letus 
consider the case when dgb {the case apb 13 similar) Ve 


prove that a, decreases and a, > 1 b for all п 220. Ifa, > YA 
for a certam п> then ал, ор Цада D ср — (b — an) 
(Zan) « 0 Thus ap decreases with increasing оп das, V 5— 


+ (en аһ) — 1 b= (a — V 5)*/(2a4) > 0 


Using 85 07 (23 we ома a, ~ 


Consequently a, decreases and has a lower bound This means that 


there exists a limit 2 = lime, As was shown above thua Inmit is 
ft on 


equal to Vh (Z2) Asin 8520 (1) af the limit fa exists Н 13 
equalto $ & Let us consider the case when ayez 3 Е Аз in 8 5 20 


(1) we prove that a, monotomeally increases and а < 7 b for all 
n Hence it follows that there exista a limit of a, 15 hm dp = а 


њ-+ oS 
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then proceeding to the limit in the recurrence relation, we obtain 
a= Vb. (3 Vit b —1. Note that a, — a, = (b — аў)/2 — 
ay == (—b — #)/2 < O and a, = (b — b*)/2 > 0, ie, 0 < a, < ay, 
Further, а, — a, = (b — а2)/2 + (b + 5°)/2 = (a$ — 1°)/2 > 0, 
a, — dy = (b — a3)/2 — b/2 = —a$/2 < 0. Hence a, < a, < ap. 
In general, ал+» — an = (аў, — а2,1)/2. By induction, we find 
that {an} increases, as; < dy for all n > 1, and (a5,,,j decreases, 
аздар > 91: Consequently, there exist the limits с = lim asn 
* n --oo 
and d = lim a,44,. Proceeding to the limit in the recurrence re- 
11-»00 
lation, we obtain c — (b -— d?) and d — (b — c*). Hence (c — d) X 
(2 — c— d) = 0; since c < 5/2 < 1/2 and d < b/2 < 1/2, we 
have 2 — c — d > 0; c = d. Therefore c = V1 -+b — 1. 
8.5.21. (1) Using relations (14) and (15), we find that a; = 
9/128 and a, < 11/128. For n > З, inequality (15) can be written 
in the form ал+» < 17/1024 + a, (323/1024 4- ap). Hence it 
follows that if ap < 1/8, then аһ. < 1/8 for n >> 3. (2) Using 
the fact that a, < 1/8, we derive from (15) a new inequality 


{ n-+ 1 1 3 \л+2, n42 
tue < gues ta ty ( (+) +r Han ) 
ү 


‚З 1 
<(7) туй. 
Hence, by induction, a, <9 (= a (3) Using 8.5.21 (2), we 
obtain from (15) ал. < 1/2"+53-]- 66а, (3/4)"*?. Using this ine- 
quality, we get an = 2"-1 (1 +0 ((3/4)")). 
8.5.22. Induction on n. For n—1, we have aa, х1. If an xz 
ayn, then арь S ag J- a4 < а (n-1- 1). 


—R ой 
8.9.23. (1) Consider the relation gee Qu E 1) == ET 27* 


n, k У ` 
If k< (log. loga п], then ap 2 1, and i k А, [log, log, nj, then 
аһ < 1. Consequently, the maximum value of f (n, k) is attained 
either for k = [log loge п], or for k = {logs log. п] +- 1. (2) The 
same result as in 8.5.23 (1). 


8.5.24, Note that A (n, r, К) =f (n, r+ 1, A/F (п, r, k) = 
(k — г) 22 7! /(к--1) and that X (n, r, Е);> 1 for ЕР r2 0. Con- 
sequently, f(n, r, k) increases in r. Hence max f(n, r, k) — 
f(n, k, k) = (2) ga hte" mi = ni 

) И PES f (n, r, k) 22 "E 

8.5.25. (1) 
aijn if [logs n] > log, (n— logs n), 
(2^/n)(4 -- 22U08s 21—108 (7108s п) it Jog, (n—logs n) < 


[logs n] < logs (n — logs n — log, logs п), 
9n – [log; n] 


(п) ~ 


if [log; п] < log, (n —1ogs п — logs logs n). 
26—0636 
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The function fin д] as a function. of a real argument k is 
conver down abd the min mum 15 attamed аі k д 
log, [ n— logs п --0 (е: )) Ve pot k, = flog, пу Obripush 


either g(n):f(5 E)org(n)-f(n k,—1) In order to find g (n) 
we must choose the minimum value between fin k) and 
fin ка —1) Let (a) log, n zx k, — log, (n-—log, n) "Then 


fin keg — 1) == 2” Ret iy o 298 i m BFE py 


fin k= А9029 s om dogm р 200840" 0600 ones iy 


Let (b) log, (n— log, nh 2 hy => loga (n — log, n— log, logan) Then 
qh, =іора са logn} 


Hn ky) Lp E ay NINE 
nel 
Б Consequently (п) fòn kj Let (c) kx, log, (n — 


logan — leg, logan) Then f(n Ау == 2” hoy 92 me ON Ву pt 


5n 
„© э!°фз mn А, fin k,—1) 22" hati s fin К) Hence g(n)— 


n" 
1 in Ky} = 55 ka (2) g (n) ^. ӘП (275 4 2 sin» where @ (n) = 
log, n — [logan] af «x фп) 1/32 and /(п) ~ 25 (21 - 200 4. 
2909.3) Et a(n} o> 1/2 
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